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Graphical	  Model
• Let	  y	  be	  a	  vector-‐valued	  random	  variable
• Suppose	  some	  condi8onal	  independence	  proper8es	  hold	  
for	  some	  variables	  in	  y.
– 	  Example:	  variable	  y2	  and	  y3	  are	  independent	  given	  remaining	  
variables	  in	  y.

• We	  can	  encode	  this	  condi8onal	  independence	  proper8es	  
in	  a	  graph	  
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Graphical	  Model
• Hammersley-‐Clifford	  theorem:	  all	  probability	  
distribu0ons	  that	  sa0sfy	  condi0onal	  
independence	  proper0es	  in	  a	  graph	  can	  be	  
wri8en	  as

4

P (y) =
1
Z

exp

�
�

c∈C

fc(yc)

�
,

cliques
in	  graph

variables
in	  cliquepoten8al

func8on



Graphical	  Models

• The	  probability	  distribu8on	  is	  determined	  by	  
choice	  of	  poten8al	  func8ons

• Example:
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1. fc(yi) = − τ2
iiy
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2. fc({yi, yj}) = − τijyiyj
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3. fc(yc) = 0 for |yc| >= 3.



Gaussian	  Graphical	  Models

• Define	  matrix	  as
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1. Σ−1
ij = τij if there is an edge between yi and yj

2. Σ−1
ij = 0 otherwise

Σ−1 =
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0 τ23 τ2
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Network	  Discovery

• Gene	  expression	  vector	  y	  is	  assumed	  to	  be	  
distributed	  as

• Likelihood	  given	  data	  (n	  arrays)	  is	  then
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y ∼ N(0,Σ)
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ABSTRACT
In this paper, we describe an approach for understanding
transcriptional regulation from both gene expression and
promoter sequence data. We aim to identify transcriptional
modules—sets of genes that are co-regulated in a set
of experiments, through a common motif profile. Using
the EM algorithm, our approach refines both the module
assignment and the motif profile so as to best explain
the expression data as a function of transcriptional motifs.
It also dynamically adds and deletes motifs, as required
to provide a genome-wide explanation of the expression
data. We evaluate the method on two Saccharomyces
cerevisiae gene expression data sets, showing that our
approach is better than a standard one at recovering
known motifs and at generating biologically coherent
modules. We also combine our results with binding
localization data to obtain regulatory relationships with
known transcription factors, and show that many of the
inferred relationships have support in the literature.
Contact: eran@cs.stanford.edu
Keywords: probabilistic models, gene expression, tran-
scriptional regulation.

INTRODUCTION
Many cellular processes are regulated at the transcriptional
level, by one or more transcription factors that bind to
short DNA sequence motifs in the upstream regions of the
process genes. These co-regulated genes then exhibit sim-
ilar patterns of expression. Given the upstream regions of
all genes, and measurements of their expression under var-
ious conditions, we could hope to ‘reverse engineer’ the
underlying regulatory mechanisms and identify transcrip-
tional modules—sets of genes that are co-regulated under
these conditions through a common motif or combination
of motifs.

In this paper, we take a genome-wide approach for dis-
covering this modular organization, based on the premise

!To whom correspondence should be addressed.

that transcriptional elements should ‘explain’ the observed
expression patterns as much as possible. We define a prob-
abilistic graphical model (Pearl, 1988) that integrates both
the gene expression measurements and the DNA sequence
data into a unified model. The model assumes that genes
are partitioned into modules, which determine the gene’s
expression profile. Each module is characterized by a mo-
tif profile, which specifies the relevance of different se-
quence motifs to the module. A gene’s module assignment
is a function of the sequence motifs in its promoter re-
gion. However, our model does not assume that all motifs
are necessarily active. In fact, as motifs are usually short,
there are many genes where a motif is randomly present
but does not play a role. Furthermore, our goal is to dis-
cover motifs that play a regulatory role in some particular
set of experiments; a motif that is active in some settings
may be completely irrelevant in others. Our model identi-
fies motif targets—genes where the motif plays an active
role in affecting regulation in a particular expression data
set. These motif targets are genes that have the motif and
that are assigned to modules containing the motif in their
profile.

Our algorithm is outlined in Figure 1. It begins by
clustering the expression data, creating one module from
each of the resulting clusters. As the first attempt towards
explaining these expression patterns, it searches for a
common motif in the upstream regions of genes assigned
to the same module. It then iteratively refines the model,
trying to optimize the extent to which the expression
profile can be predicted transcriptionally. For example,
we might want to move a gene g whose promoter region
does not match its current module’s motif profile, to
another module whose expression profile is still a good
match, and whose motif profile is much closer. Given these
assignments, we could then learn better motif models and
motif profiles for each module. This refinement process
arises naturally within our algorithm, as a byproduct of the
expectation maximization (EM) algorithm for estimating
the model parameters.

Bioinformatics 19(Suppl. 1) c" Oxford University Press 2003; all rights reserved. i273
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Module Networks: Segal 2003
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Module Networks: Segal 2003
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Genome-wide discovery of transcriptional modules

PROBABILISTIC MODEL
The basic entities in our model are the genes in some set
G. We assume that the genes are partitioned into a set
of K mutually exclusive and exhaustive transcriptional
modules. Thus, each gene is associated with an attribute
M ! {1, . . . , K } whose value represents the module
to which the gene belongs. We now describe how these
modules are related to expression profiles and to motif
profiles.

Gene expression model For each gene g in G, we
have expression measurements g.E1, . . . , g.E J , where
g.E j represents the log ratio mRNA expression level
measured for gene g in experiment j . We assume that
all of the genes in a single module exhibit the same
gene expression behavior, and use the simple yet powerful
Naive Bayes model (Cheeseman and Stutz, 1995) to
represent this behavior. In this model, as applied in our
setting, we assume that the expression measurements are
conditionally independent given the module assignment:

P(E1, . . . , E J | M) =
J!

j=1

P(E j | M).

As the expression measurements are real-valued, we
model each conditional probability distribution P(E j |
M = m) using a Gaussian distribution N (µ jm; ! jm).

Motif model The second key component in our model
is a set of variables that represent the regulation of the
gene by motifs. For each gene g, we have a set of
binary-valued Regulates variables R = {R1, . . . , RL},
where g.Ri takes the value true if motif i appears in the
promoter region of gene g, allowing the motif to play a
regulatory role in the gene’s expression. We model the
motif using a standard position specific scoring matrix
(PSSM Bailey and Elkan, 1994; Roth et al., 1998), which
assigns a weight to each position in the motif and each
nucleotide " ! {A, C, G, T }; this weight represents the
extent to which the nucleotide’s presence in this position
is associated with the motif.

We use the discriminative PSSM approach of Segal et al.
(2002), which trains the PSSM weights to discriminate as
much as possible between the presence and the absence
of the motif. This approach provides better predictions,
and entirely avoids the problems arising from high-
frequency but meaningless motifs that are common in
many upstream sequences. This model is specified using
a standard binary logistic model. We have p position-
specific weights w j ["], one for each position j and each
letter " ! {A, C, G, T }, and a threshold w0. For a
promoter sequence of length N , we assume that binding
occurs once, and with equal probability at each of the N "
p + 1 possible positions in the sequence. The probability

P(g. R |g.S)

g.E1 g.E2 g.E3

P(g.E | g.M)g. M

1

2

3

0

0

0
CPD 1 CPD 2

CPD 3

g.R1 g.R2

g.M

g.S 1 g.S 2 g.S 3 R Rg. M

1

2

3

P(g.R |g .S )

Fig. 2. Illustration of our unified probabilistic model, for a simple
example with upstream regions of length three, two sequence
motifs, three possible module assignments and three expression
measurements for each gene

of binding given the sequence is then specified simply as:

P(g.R = true | S1, . . . , Sn) =

logit

"

log

"
w0

n " p + 1

n"p+1#

j=1

exp{
p#

i=1

wi [Si+ j"1]}
$$

.

Regulation model We define the motif profile of a
transcriptional module to be a set of weights umi , one for
each motif, such that umi specifies the extent to which
motif i plays a regulatory role in module m. Roughly
speaking, the strength of the association of a gene g with a
module m is

%L
i=1 g.Ri umi . The stronger the association

of a gene with a module, the more likely it is to be
assigned to it. We model this using a softmax conditional
distribution, a standard extension of the binary logistic
conditional distribution to the multi-class case:

P(g.M = m̄ | R1 = r1, . . . , RL = rL) =
exp{%L

i=1 um̄iri }
%K

m#=1 exp{%L
i=1 um#i ri }

.

As we expect a motif to be active in regulating only
a small set of modules in a given setting, we limit the
number of weights u1i , . . . , uK i that are non-zero to some
h $ K . This restriction results in a sparse weight
matrix for P(M | R), and ensures that each regulator
affects at most h modules. In addition, for interpretability
considerations, we require all weights to be non-negative.
Intuitively, this means that a gene’s assignment to specific
transcriptional modules can only depend on features that
correpond to the presence of certain motifs and not on the
abscence of motifs. For a module m, the set of motifs umi
that are non-zero are called the motif profile of m.
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Segal and Widom, 2009



Network	  Discovery

• Recent	  efforts	  in	  discovering	  networks	  directly	  
from	  expression	  data

• Main	  idea:	  
–treat	  en8re	  vector	  of	  gene	  expression	  for	  a	  given	  
sample	  as	  mul8variate	  normal

–A	  sparse	  (inverse)	  covariance	  matrix	  induces	  a	  network
• This	  is	  related	  to	  gaussian	  graphical	  models

• Banerjee,	  et	  al.	  [ICML	  2006,	  JMLR	  2008],	  
Friedman	  [Biosta8s8cs	  2007]
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Gaussian	  Graphical	  Model

• We	  can	  write	  P	  as

• By	  a	  nice	  property	  of	  exponen0al	  families,	  this	  
makes	  y	  be	  mul8variate	  normal
–	  implies	  
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P (y) =
1
Z

exp
�
−yT Σ−1y

2

�

Z =
�

2π det(Σ)



ML	  Es8ma8on
• Maximum	  Likelihood	  Es8mate	  is	  given	  by	  inverse	  
of	  solu8on	  to

• S	  is	  the	  sample	  covariance
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S =
n�

i=1

yiyi
T

max
X�0

log detX − (SX)



Condi8onal	  Independence
• Condi8onal	  independence	  is	  given	  by	  sparse	  
inverse	  covariance
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Σ−1 =





τ2
11 τ12 0 τ14

τ12 τ2
22 τ23 0

0 τ23 τ2
33 τ34

τ14 0 τ34 τ2
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Sparse-‐inducing	  penalty

• Use	  a	  penalized	  likelihood	  method	  to	  induce	  
sparsity

• where
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max
X�0

log detX − (SX)− λ�X�1

�X�1 =
�

ij

|Xij |



Block-‐coordinate	  ascent

• Solve	  by	  maximizing	  one	  column	  of	  matrix	  at	  a	  
8me

• Turns	  out	  this	  is	  equivalent	  to	  solving

where	  

• Solu8on	  is	  then
18

W =
�

W11 w12

wT
12 w22

�
, S =

�
S11 s12

sT
12 s22

�

min
β

1
2
�W

1
2
11β − z�2 + λ�β�1

z = W
− 1

2
11 s12

w12 = W11β

current
solu8on



Block-‐coordinate	  ascent

• So,	  we	  have	  l1-‐regularized	  regression	  (lasso)	  
problem	  at	  each	  step

–Each	  of	  these	  can	  be	  solved	  via	  coordinate	  descent	  as	  
before

–Recall:	  so_-‐thresholding	  at	  each	  step
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min
β

1
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BANERJEE, EL GHAOUI, AND D’ASPREMONT

Figure 14: Application to Hughes data set (closeup of Figure 13). These genes are associated with
iron homeostasis.

7.2 Iconix Microarray Data

Next we analyzed a subset of a 10,000 gene microarray data set from 160 drug treated rat livers
(Natsoulis et al., 2005). In this study, rats were treated with a variety of fibrate, statin, or estro-
gen receptor agonist compounds. Taking the 500 genes with the highest variance, we once again
replaced !/2p2 in (3) by !, and set != 0.05. The resulting penalty parameter is "= 0.0853.

By applying Theorem 4 we find that all but 339 of the variables are estimated to be independent
from the rest. This estimate is less conservative than that obtained in the Hughes case since the ratio
of samples to variables is 160 to 500 instead of 253 to 6136.

The first order neighbors of any node in a Gaussian graphical model form the set of predictors
for that variable. In the estimated obtained by solving (1), we found that LDL receptor had one of
the largest number of first-order neighbors in the Gaussian graphical model. The LDL receptor is
believed to be one of the key mediators of the effect of both statins and estrogenic compounds on
LDL cholesterol. Table 1 lists some of the first order neighbors of LDL receptor.

It is perhaps not surprising that several of these genes are directly involved in either lipid or
steroid metabolism (K03249, AI411979, AI410548, NM 013200, Y00102). Other genes such as
Cbp/p300 are known to be global transcriptional regulators. Finally, some are un-annotated ESTs.
Their connection to the LDL receptor in this analysis may provide clues to their function.
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Genes associated with iron homeostasis

MODEL SELECTION THROUGH SPARSE MAXIMUM LIKELIHOOD ESTIMATION

Figure 15: Application to Hughes data set (subgraph of Figure 13). These genes are associated with
cellular membrane fusion.

ACCESSION GENE
BF553500 CBP/P300-INTERACTING TRANSACTIVATOR
BF387347 EST
BF405996 CALCIUM CHANNEL, VOLTAGE DEPENDENT
NM 017158 CYTOCHROME P450, 2C39
K03249 ENOYL-COA, HYDRATASE/3-HYDROXYACYL CO A DEHYDROG.
BE100965 EST
AI411979 CARNITINE O-ACETYLTRANSFERASE
AI410548 3-HYDROXYISOBUTYRYL-CO A HYDROLASE
NM 017288 SODIUM CHANNEL, VOLTAGE-GATED
Y00102 ESTROGEN RECEPTOR 1
NM 013200 CARNITINE PALMITOYLTRANSFERASE 1B

Table 1: Predictor genes for LDL receptor.

7.3 Senate Voting Records Data

We conclude our numerical experiments by testing our approximate sparse maximum likelihood
estimation method on binary data. The data set consists of US senate voting records data from the
109th congress (2004 - 2006). There are one hundred variables, corresponding to 100 senators.
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Summary

• Using	  gaussian	  graphical	  model	  representa8on
–mul8variate	  normal	  probability	  over	  a	  sparse	  graph
–we	  can	  take	  resul8ng	  graph	  as	  gene	  network

• Use	  sparsity-‐inducing	  regulariza8on	  (l1-‐norm)
• Block-‐coordinate	  ascent	  method	  leads	  to	  l1-‐
regularized	  regression	  at	  each	  step
–Can	  use	  efficient	  coordinate	  descent	  (so_-‐
thresholding)	  to	  solve	  regression
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