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Dimension reduction algorithm

Examples include:
1 Isomap - 2000
2 Locally Linear Embedding (LLE) - 2000
3 Hessian LLE - 2003
4 Laplacian Eigenmaps - 2003
5 Diffusion Maps - 2004

Laplacian Eigenmaps is based directly on the graph Laplacian.

2,



Motivation
Definitions

Results
Open problems

Acknowledgements

Laplacian eigenmaps

Given data points x1, x2, . . . , xn ∈ IRp which we wish to map into
IRk , k � p,

1 Construct a graph (association matrix) A out of the data
points.

2 Compute L = D − A where Dii =
∑

j Aij

3 Compute eigenvalues and eigenvectors of L

0 = λ0 ≤ λ1 ≤ λ2 ≤ . . . ≤ λn, f0 = 1, ..., fn

4 Map the data points into IRk by the map

xi 7→ (f1(xi ), f2(i), . . . , fk(xi ))
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Laplacian eigenmaps example
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Near 0 homology

Near 0-Homology?

Near-Connected Components?

John Steenbergen & Sayan Mukherjee (Duke University)Near-Homology and its Applications October 5, 2012 3 / 19
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Clustering
Motivation: Cluster Analysis

Clusters

John Steenbergen & Sayan Mukherjee (Duke University)Near-Homology and its Applications October 5, 2012 4 / 19
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Near 0-homology for graphs

Near 0-Homology on Graphs

Given a graph with vertex set V the Cheeger number is defined to be

h = min
∅�S�V

|δS |
min{|S |, |S |}

this is how many edges must be cut
←− to make S a connected component
←− this measures how large the smallest

resulting component would be

where δS denotes the set of edges from S to S . Fact: h = 0⇔ b0 > 1.

S SCut

John Steenbergen & Sayan Mukherjee (Duke University)Near-Homology and its Applications October 5, 2012 8 / 19

For a graph with vertex set V , the Cheeger number is defined to be

h = min
∅(S(V

|δS |
min

{
|S |, |S |

} .

h = 0⇔ graph is disconnected.
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Near 0-homology for graphs

Near 0-Homology on Graphs

The Fiedler Number λ is defined to be the second smallest eigenvalue of
the graph Laplacian matrix L and the Fiedler Vector is its eigenvector. L
itself is defined to be a |V |× |V | matrix satisfying

(L)ij =





−1 if i �= j and the i th and j th vertices are connected

di if i = j , where di is the number of edges

connected to the i th vertex

0 otherwise

Fact: λ = 0⇔ b0 > 1.

John Steenbergen & Sayan Mukherjee (Duke University)Near-Homology and its Applications October 5, 2012 9 / 19

For a graph with vertex set V , the Fiedler number is defined to be

λ = min
f :V→IR

f⊥1

∑
u∼v (f (u)− f (v))2

∑
u(f (u))2

.

λ = 0⇔ graph is disconnected.
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Cheeger inequality for graphs

Theorem (Alon, Milman, Lawler & Sokal, Frieze & Kannan &
Polson,...)

For any graph with Cheeger number h and Fiedler number λ

2h ≥ λ1 >
h2

2M
,

M = maxu ud , maximum vertex degree.
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Edge expansion

Expander graphs are families of graphs that are sparse and strongly
connected.

A family of expander graphs G has the property h(G ) > ε > 0 for
all G ∈ G.

Cheeger inequality lets us use λ as criteria λ(G ) > 0 for all G ∈ G.
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Higher-dimensional notions
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Homology
Homology

0-Homology 1-Homology 2-Homology

β0 = 1, β1 = 0, β2 = 1β0 = 1, β1 = 1, β2 = 0β0 = 2, β1 = 0, β2 = 0

Hole Void
Connected Components

John Steenbergen & Sayan Mukherjee & Caroline Klivans (Duke University)Near-Homology and its Applications November 3, 2012 2 / 20 20,
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Near one homology
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Near one homology
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Simplicial complexes

A k-simplex is the convex hull of k + 1 affinely independent points,
σ = {u0, ..., uk}.

46 III Complexes

III.1 Simplicial Complexes

There are many ways to represent a topological space, one being a collection of
simplices that are glued to each other in a structured manner. Such a collection
can easily grow large but all its elements are simple. This is not so convenient
for hand-calculations but close to ideal for computer implementations. In this
book, we use simplicial complexes as the primary representation of topology.

Simplices. Let u0, u1, . . . , uk be points in Rd. A point x =
!k

i=0 !iui is an
a!ne combination of the ui if the !i sum to 1. The a!ne hull is the set of a!ne
combinations. It is a k-plane if the k + 1 points are a!nely independent by
which we mean that any two a!ne combinations, x =

!
!iui and y =

!
µiui,

are the same i" !i = µi for all i. The k + 1 points are a!nely independent i"
the k vectors ui ! u0, for 1 " i " k, are linearly independent. In Rd we can
have at most d linearly independent vectors and therefore at most d+1 a!nely
independent points.

An a!ne combination x =
!

!iui is a convex combination if all !i are non-
negative. The convex hull is the set of convex combinations. A k-simplex is the
convex hull of k + 1 a!nely independent points, " = conv {u0, u1, . . . , uk}. We
sometimes say the ui span ". Its dimension is dim " = k. We use special names
of the first few dimensions, vertex for 0-simplex, edge for 1-simplex, triangle
for 2-simplex, and tetrahedron for 3-simplex; see Figure III.1. Any subset of

Figure III.1: From left to right: a vertex, an edge, a triangle, and a tetrahedron.

a!nely independent points is again a!nely independent and therefore also
defines a simplex. A face of " is the convex hull of a non-empty subset of the
ui and it is proper if the subset is not the entire set. We sometimes write # " "
if # is a face and # < " if it is a proper face of ". Since a set of size k + 1 has
2k+1 subsets, including the empty set, " has 2k+1 ! 1 faces, all of which are
proper except for " itself. The boundary of ", denoted as bd ", is the union of
all proper faces, and the interior is everything else, int" = " ! bd ". A point
x # " belongs to int" i" all its coe!cients !i are positive. It follows that every

A face τ of σ is the convex hull of a non-empty subset of the ui ,
τ ≤ σ.

A simplicial complex is a finite collection of simplices K such that
σ ∈ K and τ ≤ σ implies τ ∈ K , and σ, σ0 ∈ K implies σ ∩ σ0 is
either empty or a face of both.
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Chains and cochains

X = simplicial complex of dimension m, (X ) = m.

Ck (IF) = {IF-linear combinations of oriented k-simplices}
C k (IF) = {IF-valued functions on oriented k-simplices}

Chain Complex:

0←− C0
∂1(IF)←− C1

∂2(IF)←− · · · ∂m(IF)←− Cm ←− 0

Cochain Complex:

0 −→ C 0 δ0(IF)−→ C 1 δ1(IF)−→ · · · δ
m−1(IF)−→ C m −→ 0

IF = IR,Z2
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Chains and cochains

Given a simplicial complex σ = {v0, ..., vk} an orientation of
[v0, ..., vk ] is the equivalence class of even permutations of ordering.

Boundary map ∂k(IF) : Ck(IF)→ Ck−1(IF)

∂k [v0, ..., vk ] =
k∑

i=1

(−1)i [v0, ..., vi−1, vi+1, ..., vk ].

Coboundary map δk−1(IF) : C k−1(IF)→ C k(IF) is the transpose
of the boundary map.
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Figure 1. An example of ∂(R) and δ(R).
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Figure 2. An example of ∂(Z2) and δ(Z2).

over F . In this paper we consider the fields Z2 and R. Given a simplex
σ = {v0, v1, . . . , vk}, σ can be ordered as a set. An orientation, denoted by
[v0, v1, . . . , vk] is an equivalence class of all even permutations of the given
ordering. There are always two orientations for k > 0. The space of k-chains
Ck(F ) := Ck(X; F ) is the vector space of linear combinations of oriented
k-simplexes with coefficients in F , with the stipulation that the two orien-
tations of a simplex are negatives of each other in Ck(F ). The space of
k-cochains Ck(F ) := Ck(X; F ) is then defined to be the vector space dual
to Ck(F ). These spaces are isomorphic and we will make no distinction
between them. The boundary map ∂k(F ) : Ck(F )→ Ck−1(F ) is defined on
the basis elements [v0, . . . , vk] as

∂k[v0, . . . , vk] =
k�

i=0

(−1)i[v0, . . . , vi−1, vi+1, . . . , vk]

The coboundary map δk−1(F ) : Ck−1(F ) → Ck(F ) is then defined to be
the transpose of the boundary map. When there is no confusion, we will
denote the boundary and coboundary maps by ∂ and δ. It is easy to see that
∂∂ = δδ = 0, so that (Ck(F ), ∂k) and (Ck(F ), δk) form chain and cochain
complexes. See Figures 1 and 2 for examples of ∂ and δ on real and Z2

chains/cochains.
When F = Z2, positive and negative have no meaning and therefore

no distinction is made between different orientations. In particular, it is
possible to identify Ck(Z2) and Ck(Z2) with Sk as sets. Throughout this
paper, we will identify a k-chain/k-cochain φ over Z2 with the subset φ ⊂ Sk

of k-simplexes to which φ assigns the coefficient 1.
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Figure 2. An example of ∂(Z2) and δ(Z2).

over F . In this paper we consider the fields Z2 and R. Given a simplex
σ = {v0, v1, . . . , vk}, σ can be ordered as a set. An orientation, denoted by
[v0, v1, . . . , vk] is an equivalence class of all even permutations of the given
ordering. There are always two orientations for k > 0. The space of k-chains
Ck(F ) := Ck(X; F ) is the vector space of linear combinations of oriented
k-simplexes with coefficients in F , with the stipulation that the two orien-
tations of a simplex are negatives of each other in Ck(F ). The space of
k-cochains Ck(F ) := Ck(X; F ) is then defined to be the vector space dual
to Ck(F ). These spaces are isomorphic and we will make no distinction
between them. The boundary map ∂k(F ) : Ck(F )→ Ck−1(F ) is defined on
the basis elements [v0, . . . , vk] as

∂k[v0, . . . , vk] =
k�

i=0

(−1)i[v0, . . . , vi−1, vi+1, . . . , vk]

The coboundary map δk−1(F ) : Ck−1(F ) → Ck(F ) is then defined to be
the transpose of the boundary map. When there is no confusion, we will
denote the boundary and coboundary maps by ∂ and δ. It is easy to see that
∂∂ = δδ = 0, so that (Ck(F ), ∂k) and (Ck(F ), δk) form chain and cochain
complexes. See Figures 1 and 2 for examples of ∂ and δ on real and Z2

chains/cochains.
When F = Z2, positive and negative have no meaning and therefore

no distinction is made between different orientations. In particular, it is
possible to identify Ck(Z2) and Ck(Z2) with Sk as sets. Throughout this
paper, we will identify a k-chain/k-cochain φ over Z2 with the subset φ ⊂ Sk

of k-simplexes to which φ assigns the coefficient 1.
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over F . In this paper we consider the fields Z2 and R. Given a simplex
σ = {v0, v1, . . . , vk}, σ can be ordered as a set. An orientation, denoted by
[v0, v1, . . . , vk] is an equivalence class of all even permutations of the given
ordering. There are always two orientations for k > 0. The space of k-chains
Ck(F ) := Ck(X; F ) is the vector space of linear combinations of oriented
k-simplexes with coefficients in F , with the stipulation that the two orien-
tations of a simplex are negatives of each other in Ck(F ). The space of
k-cochains Ck(F ) := Ck(X; F ) is then defined to be the vector space dual
to Ck(F ). These spaces are isomorphic and we will make no distinction
between them. The boundary map ∂k(F ) : Ck(F )→ Ck−1(F ) is defined on
the basis elements [v0, . . . , vk] as

∂k[v0, . . . , vk] =
k�

i=0

(−1)i[v0, . . . , vi−1, vi+1, . . . , vk]

The coboundary map δk−1(F ) : Ck−1(F ) → Ck(F ) is then defined to be
the transpose of the boundary map. When there is no confusion, we will
denote the boundary and coboundary maps by ∂ and δ. It is easy to see that
∂∂ = δδ = 0, so that (Ck(F ), ∂k) and (Ck(F ), δk) form chain and cochain
complexes. See Figures 1 and 2 for examples of ∂ and δ on real and Z2

chains/cochains.
When F = Z2, positive and negative have no meaning and therefore

no distinction is made between different orientations. In particular, it is
possible to identify Ck(Z2) and Ck(Z2) with Sk as sets. Throughout this
paper, we will identify a k-chain/k-cochain φ over Z2 with the subset φ ⊂ Sk

of k-simplexes to which φ assigns the coefficient 1.

34,



Motivation
Definitions

Results
Open problems

Acknowledgements

Cheeger numbers

Z2 homology and cohomology

Hk (Z2) =
ker∂k

im∂k+1
, Hk (Z2) =

kerδk

imδk+1
.

Coboundary and Boundary Cheeger numbers:

hk := min
φ∈C k (Z2)\imδ

[ |δφ|
minδφ=δψ |ψ|

] ← distance from kerδk

← distance from imδk−1

hk := min
φ∈Ck (Z2)\im∂

[ |∂φ|
min∂φ=∂ψ |ψ|

] ← distance from ker∂k

← distance from im∂k+1
.

Hk (Z2) 6= 0⇔ hk = 0 and Hk(Z2) 6= 0⇔ hk = 0.

h0 is the Cheeger number for graphs. hk defined by Dotterer and
Kahle.
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Cheeger numbers

Z2 homology and cohomology

Hk (Z2) =
ker∂k

im∂k+1
, Hk (Z2) =

kerδk

imδk+1
.

Coboundary and Boundary Cheeger numbers:

hk := min
φ∈C k (Z2)\imδ

[ |δφ|
minδφ=δψ |ψ|

] ← distance from kerδk

← distance from imδk−1

hk := min
φ∈Ck (Z2)\im∂

[ |∂φ|
min∂φ=∂ψ |ψ|

] ← distance from ker∂k

← distance from im∂k+1
.

Hk (Z2) 6= 0⇔ hk = 0 and Hk(Z2) 6= 0⇔ hk = 0.

h0 is the Cheeger number for graphs. hk defined by Dotterer and
Kahle.
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Cheeger numbers

Z2 homology and cohomology

Hk (Z2) =
ker∂k

im∂k+1
, Hk (Z2) =

kerδk

imδk+1
.

Coboundary and Boundary Cheeger numbers:

hk := min
φ∈C k (Z2)\imδ

[ |δφ|
minδφ=δψ |ψ|

] ← distance from kerδk

← distance from imδk−1

hk := min
φ∈Ck (Z2)\im∂

[ |∂φ|
min∂φ=∂ψ |ψ|

] ← distance from ker∂k

← distance from im∂k+1
.

Hk (Z2) 6= 0⇔ hk = 0 and Hk(Z2) 6= 0⇔ hk = 0.

h0 is the Cheeger number for graphs. hk defined by Dotterer and
Kahle.
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Cheeger numbers

Z2 homology and cohomology

Hk (Z2) =
ker∂k

im∂k+1
, Hk (Z2) =

kerδk

imδk+1
.

Coboundary and Boundary Cheeger numbers:

hk := min
φ∈C k (Z2)\imδ

[ |δφ|
minδφ=δψ |ψ|

] ← distance from kerδk

← distance from imδk−1

hk := min
φ∈Ck (Z2)\im∂

[ |∂φ|
min∂φ=∂ψ |ψ|

] ← distance from ker∂k

← distance from im∂k+1
.

Hk (Z2) 6= 0⇔ hk = 0 and Hk (Z2) 6= 0⇔ hk = 0.

h0 is the Cheeger number for graphs. hk defined by Dotterer and
Kahle. 38,
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Fiedler numbers

IR homology and cohomology

Hk (IR) =
ker∂k

im∂k+1
, Hk (IR) =

kerδk

imδk+1
.

Coboundary and Boundary Fiedler numbers:

λk := min
f ∈C k (IR)\imδ

[ ‖δf ‖2
2

minδf =δg ‖g‖2
2

] ← distance from kerδk

← distance from imδk−1

λk := min
fi∈Ck (IR)\im∂

[ ‖∂f ‖2
2

min∂f =∂g ‖g‖2
2

] ← distance from ker∂k

← distance from im∂k+1
.

Hk(IR) 6= 0⇔ λk = 0 and Hk(IR) 6= 0⇔ λk = 0.

λ0 is the Fiedler number for graphs.
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Fiedler numbers

IR homology and cohomology

Hk (IR) =
ker∂k

im∂k+1
, Hk (IR) =

kerδk

imδk+1
.

Coboundary and Boundary Fiedler numbers:

λk := min
f ∈C k (IR)\imδ

[ ‖δf ‖2
2

minδf =δg ‖g‖2
2

] ← distance from kerδk

← distance from imδk−1

λk := min
fi∈Ck (IR)\im∂

[ ‖∂f ‖2
2

min∂f =∂g ‖g‖2
2

] ← distance from ker∂k

← distance from im∂k+1
.

Hk(IR) 6= 0⇔ λk = 0 and Hk(IR) 6= 0⇔ λk = 0.

λ0 is the Fiedler number for graphs.
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Fiedler numbers

IR homology and cohomology

Hk (IR) =
ker∂k

im∂k+1
, Hk (IR) =

kerδk

imδk+1
.

Coboundary and Boundary Fiedler numbers:

λk := min
f ∈C k (IR)\imδ

[ ‖δf ‖2
2

minδf =δg ‖g‖2
2

] ← distance from kerδk

← distance from imδk−1

λk := min
fi∈Ck (IR)\im∂

[ ‖∂f ‖2
2

min∂f =∂g ‖g‖2
2

] ← distance from ker∂k

← distance from im∂k+1
.

Hk(IR) 6= 0⇔ λk = 0 and Hk(IR) 6= 0⇔ λk = 0.

λ0 is the Fiedler number for graphs.
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Fiedler numbers

IR homology and cohomology

Hk (IR) =
ker∂k

im∂k+1
, Hk (IR) =

kerδk

imδk+1
.

Coboundary and Boundary Fiedler numbers:

λk := min
f ∈C k (IR)\imδ

[ ‖δf ‖2
2

minδf =δg ‖g‖2
2

] ← distance from kerδk

← distance from imδk−1

λk := min
fi∈Ck (IR)\im∂

[ ‖∂f ‖2
2

min∂f =∂g ‖g‖2
2

] ← distance from ker∂k

← distance from im∂k+1
.

Hk (IR) 6= 0⇔ λk = 0 and Hk (IR) 6= 0⇔ λk = 0.

λ0 is the Fiedler number for graphs.
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Combinatorial Laplacian

The k-th Laplacian of X

Lk := ∂k+1δ
k + δk−1∂k

Eigenvalues of Lk measure near (co)homology

Theorem (Eckmann)

C k = im(∂k+1)
⊕

im(δk−1)
⊕

ker(Lk),

and
Hk(IR) ∼= Hk(IR) ∼= ker Lk .
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Combinatorial Laplacian

The k-th Laplacian of X

Lk := ∂k+1δ
k + δk−1∂k

Eigenvalues of Lk measure near (co)homology

Theorem (Eckmann)

C k = im(∂k+1)
⊕

im(δk−1)
⊕

ker(Lk ),

and
Hk (IR) ∼= Hk (IR) ∼= ker Lk .
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Combinatorial Laplacian

C 1 = im(δ0)
⊕

ker(L1)
⊕

im(∂1).
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Orientability

Two m-simplexes are lower adjacent if they share a common face

Two oriented lower adjacent k-simplexes τ and σ are dissimilar on
a face ν if ∂τ and ∂σ assign the same coefficient to ν.

3. COMBINATORIAL LAPLACIANS OF SIMPLICIAL COMPLEXES 26

“pointing” in the same direction around the triangle, then they are similarly ori-
ented with respect to the triangle. If the edges are “pointing” in opposite directions
around the triangle, then they are dissimilarly oriented. In Figure 3.2.2, edges a and
b are upper adjacent and similarly oriented, while c and d are upper adjacent and
dissimilarly oriented. !

a

Figure 3.2.1.

a b c d

Figure 3.2.2.

Remark. Typically, the degree of a vertex in a graph is the number of edges in the
graph containing it. In simple graphs, this definition of degree is seen to be a special
case of the more general notion of upper degree given above, because a simple graph,
once geometrically fixed, is really a 1-dimensional simplicial complex. !
Lemma 3.2.2 (Uniqueness of Common Upper Simplex). Let K be a finite
simplicial complex, and let !1, !2 be two distinct d-simplices in K. If !1 and !2 are
upper adjacent, then their common upper (d + 1)-simplex is unique.

Proof. Suppose "1 and "2 are (d + 1)-simplices in K both of which contain both
!1 and !2 as faces. Then !1 ! !2 " "1 # "2. The definition of simplicial complexes
requires that "1 # "2 be a face of both "1 and "2. Since "1 is a (d + 1)-simplex and !1

and !2 are distinct d-simplices, we see that the only face of "1 containing both !1

and !2 is "1 itself. Thus "1 = "1 # "2, which implies that "1 is a face of "2. Since "1

and "2 are both (d + 1)-simplices, this means that "1 = "2.

Definition. Let K be a finite simplicial complex. Two distinct d-simplices !1, !2 are
lower adjacent in K, denoted !1 $L !2, if both contain some nonempty (d % 1)-
simplex # in K as a face. This (d % 1)-simplex # is called their common lower

If X is a simplicial m-complex and all its m-simplices can be
oriented similarly, then X is called orientable.
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Remark. Typically, the degree of a vertex in a graph is the number of edges in the
graph containing it. In simple graphs, this definition of degree is seen to be a special
case of the more general notion of upper degree given above, because a simple graph,
once geometrically fixed, is really a 1-dimensional simplicial complex. !
Lemma 3.2.2 (Uniqueness of Common Upper Simplex). Let K be a finite
simplicial complex, and let !1, !2 be two distinct d-simplices in K. If !1 and !2 are
upper adjacent, then their common upper (d + 1)-simplex is unique.

Proof. Suppose "1 and "2 are (d + 1)-simplices in K both of which contain both
!1 and !2 as faces. Then !1 ! !2 " "1 # "2. The definition of simplicial complexes
requires that "1 # "2 be a face of both "1 and "2. Since "1 is a (d + 1)-simplex and !1

and !2 are distinct d-simplices, we see that the only face of "1 containing both !1

and !2 is "1 itself. Thus "1 = "1 # "2, which implies that "1 is a face of "2. Since "1

and "2 are both (d + 1)-simplices, this means that "1 = "2.

Definition. Let K be a finite simplicial complex. Two distinct d-simplices !1, !2 are
lower adjacent in K, denoted !1 $L !2, if both contain some nonempty (d % 1)-
simplex # in K as a face. This (d % 1)-simplex # is called their common lower

If X is a simplicial m-complex and all its m-simplices can be
oriented similarly, then X is called orientable.
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b are upper adjacent and similarly oriented, while c and d are upper adjacent and
dissimilarly oriented. !
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Remark. Typically, the degree of a vertex in a graph is the number of edges in the
graph containing it. In simple graphs, this definition of degree is seen to be a special
case of the more general notion of upper degree given above, because a simple graph,
once geometrically fixed, is really a 1-dimensional simplicial complex. !
Lemma 3.2.2 (Uniqueness of Common Upper Simplex). Let K be a finite
simplicial complex, and let !1, !2 be two distinct d-simplices in K. If !1 and !2 are
upper adjacent, then their common upper (d + 1)-simplex is unique.

Proof. Suppose "1 and "2 are (d + 1)-simplices in K both of which contain both
!1 and !2 as faces. Then !1 ! !2 " "1 # "2. The definition of simplicial complexes
requires that "1 # "2 be a face of both "1 and "2. Since "1 is a (d + 1)-simplex and !1

and !2 are distinct d-simplices, we see that the only face of "1 containing both !1

and !2 is "1 itself. Thus "1 = "1 # "2, which implies that "1 is a face of "2. Since "1

and "2 are both (d + 1)-simplices, this means that "1 = "2.

Definition. Let K be a finite simplicial complex. Two distinct d-simplices !1, !2 are
lower adjacent in K, denoted !1 $L !2, if both contain some nonempty (d % 1)-
simplex # in K as a face. This (d % 1)-simplex # is called their common lower

If X is a simplicial m-complex and all its m-simplices can be
oriented similarly, then X is called orientable.
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Pseudomanifold

A pseudomanifold is a combinatorial realization of a manifold with
singularities.

A topological space X endowed with a triangulation K is an
m-dimensional pseudomanifold if the following conditions hold:

(1) X = |K | is the union of all n-simplices.

(2) Every (m1)-simplex is a face of exactly two m-simplices for
m > 1.

(3) X is a strongly connected, there is a path between any pair of
m-simplices in K .
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Pseudomanifold

A pseudomanifold is a combinatorial realization of a manifold with
singularities.
A topological space X endowed with a triangulation K is an
m-dimensional pseudomanifold if the following conditions hold:

(1) X = |K | is the union of all n-simplices.

(2) Every (m1)-simplex is a face of exactly two m-simplices for
m > 1.

(3) X is a strongly connected, there is a path between any pair of
m-simplices in K .
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Pseudomanifold
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Positive result: chain complex

Proposition (Steenbergen & Klivans & M)

If X is an m-dimensional orientable pseudomanifold then

hm ≥ λm ≥
h2

m

2(m + 1)
.

Discrete analog of the Cheeger inequality for manifolds with
Dirichlet boundary condition, every (m − 1)-simplex has at most
two cofaces.
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Positive result: chain complex

Proposition (Steenbergen & Klivans & M)

If X is an m-dimensional orientable pseudomanifold then

hm ≥ λm ≥
h2

m

2(m + 1)
.

Discrete analog of the Cheeger inequality for manifolds with
Dirichlet boundary condition, every (m − 1)-simplex has at most
two cofaces.
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Orientation hypothesis

X is a triangulation of the real projective plane.
H2(Z2) 6= 0⇒ h2 = 0 and H2(IR) = 0⇒ λ2 6= 0.

A CHEEGER-TYPE INEQUALITY ON SIMPLICIAL COMPLEXES 21

Figure 8. The fundamental polygon of RP 2, a triangula-
tion, and the dual graph of the triangulation.

the 2-chain φ ∈ C2(Z2) which contains every 2-simplex, then ∂φ = 0 and
thus h2(X) = 0. However, if one considers the 2-chain f ∈ C2(X; R) that
assigns a 1 to every 2-simplex with the orientation shown in the figure, the
boundary of f is a 1-chain which assigns a 2 to every colored edge with the
orientation shown. In particular, ∂f �= 0 and in fact λ2 �= 0 as a result
of the nonorientability of RP 2. However, the dual graph cannot see this
nonorientability, as the 0-chain f̃ ∈ C0

S(G; R) corresponding to f has empty
coboundary, meaning λS = 0. Thus, in this case the map L2 is not the same
as the map LS

0 , and Theorem 1 of [8] still holds while part 1 of Theorem 2.7
fails.
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Real projective plane
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Orientation hypothesis

Theorem (Gundert & Wagner)

There is an infinite family of complexes that are not
combinatorially expanding, h = 0, and whose spectral expansion is
bounded away from zero, λ > 0.
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Boundary hypothesis

Consider the graph below h1 = 2
3 and λ1 = λ0 ≤ 2

k+1 .

10 SAYAN MUKHERJEE AND JOHN STEENBERGEN

Example 2.8 (Real Projective Plane). Given a triangulation X of RP 2 (see
Figure 3) we know that H2(Z2) �= 0 while H2(R) = 0, so that h2 = 0 �= λ2.
This is due to the nonorientability of RP 2. The chain φ ∈ C2(Z2) containing
every m-simplex has no boundary. However, the m-simplexes cannot all be
similarly oriented, so that there is no corresponding boundaryless chain in
C2(R). As a result, we conclude that the hypothesis used in part (1) of the
Theorem cannot be removed.

Figure 3. The fundamental polygon of RP 2.

Example 2.9. Let Gk be a graph with 2k vertices of degree one, half of
which connect to one end of an edge and the other half connecting to the
other end (see figure 4). Clearly, h0(Gk) = 1

k+1 while Lemma 2.3 implies

h1 = 2
3 . By the Buser inequality for graphs, λ0 ≤ 2

k+1 and since λ1 = λ0,
this means that λ1 → 0. As a result, we conclude that the hypothesis used
in part (2) of the Theorem cannot be removed.

k vertices k vertices

Figure 4. The family of graphs Gk.

Proof of Theorem 2.7. Given the hypotheses, λm is a linear programming
relaxation of hm. Let g ∈ Cm(R) be the chain which assigns a 1 to every
simplex in φ (all of them similarly oriented) and a 0 to every other simplex.
Then

hm =
�∂φ�
�φ� =

�∂g�22
�g�22

≥ min
f∈Cm(R)

f �=0

�∂f�22
�f�22

= λm.
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Negative result: cochain complex

Proposition (Steenbergen & Klivans & M)

For every m >1, there exist families of pseudomanifolds Xk and Yk

of dimension m such that

(1) λm−1(Xk ) ≥ (m−1)2

2(m+1) for all k but hm−1(Xk )→ 0 as k →∞

(2) λm−1(Yk) ≤ 1
mk−1 for k > 1 but hm−1(Yk) ≥ 1

k for all k.
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Negative result: cochain complex

Proposition (Steenbergen & Klivans & M)

For every m >1, there exist families of pseudomanifolds Xk and Yk

of dimension m such that

(1) λm−1(Xk ) ≥ (m−1)2

2(m+1) for all k but hm−1(Xk )→ 0 as k →∞
(2) λm−1(Yk ) ≤ 1

mk−1 for k > 1 but hm−1(Yk ) ≥ 1
k for all k.
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Buser part

hm−1(Xk ) 6≤ λm−1(Xk )

14 JOHN STEENBERGEN, CAROLINE KLIVANS, SAYAN MUKHERJEE

X1 X2 X3 X4

Figure 6. The first few iterations of Xk in dimension 2.
The 2-simplexes have been shaded according to their depth.

Now to begin the proof. We define the family Xk recursively. To begin
with, we let X1 be Σm, the simplicial complex induced by a single m-simplex.
Note that hm(X1) = m + 1 and hm−1(X1) = 1. Then, given Xk, we define
Xk+1 by gluing m-simplexes on to Xk as follows: for each boundary face
s = {v0, . . . , vm−1} in Xk we create a new vertex v and a new m-simplex
σ = {v0, . . . , vm−1, v} which includes v and s. A picture of the first few
iterations of Xk for the case m = 2 can be seen in Figure 6.

Clearly, X1 is a simplicial m-ball. The following two lemmas prove that
indeed every Xk is a simplicial m-ball.

Lemma 2.11. Xk is constructible for all k.

Proof. The proof is by induction. We know X1 is constructible. Assuming
that Xk is constructible, we must prove that Xk+1 is constructible. This
reduces to proving that gluing a single m-simplex to Xk along a boundary
face preserves constructibility. Let X �

k be the result of taking a boundary face
s = {v0, . . . , vm−1} in Xk and adding a new vertex v and a new m-simplex
σ = {v0, . . . , vm−1, v} which includes v and s. Then X �

k can be decomposed
as the union of Xk and the simplicial subcomplex T = Σm consisting of σ
and its subsets, both of which are constructible m-complexes. Furthermore,
the intersection of Xk and T is Σm−1, which is constructible. Therefore, X �

k
is constructible by definition. �

Lemma 2.12. Xk is non-branching for all k.

Proof. The proof is again by induction. We know that X1 is non-branching.
Assume this is true for Xk as well. By construction, s ∈ Sm−1(Xk) has
another coface in Sm(Xk+1) if and only if s has only one coface in Sm(Xk).
The new (m − 1)-simplexes are the boundary faces of Xk+1 and thus have
exactly one coface. Thus, the total number of cofaces of every (m − 1)-
simplex in Xk+1 is either one or two. �

As mentioned in the introduction, constructible non-branching simplicial
m-complexes are simplicial m-balls. Thus, every Xk is a simplicial m-ball.
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Cheeger part

λm−1(Yk ) 6≤ hm−1(Yk )
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Y1 Y2 Y3

Figure 7. The first few iterations of Yk in dimension 2. The
2-simplexes have been shaded according to their depth.

By Theorem 2.7, λm−1(Xk) = λm(Xk) ≥ (m−1)2

2(m+1) . This completes the

proof of part (1) of Proposition 2.10.
In order to define the family Yk we need to make use of the notion of

stellar subdivision, which can be traced back to at least [1].

Definition 2.15 (Stellar Subdivision). Let Y be a simplicial m-complex
and let σ = {v0, . . . , vm} ∈ Sm(Y ). The stellar subdivision of Y along σ,
denoted by sdσ Y , is the simplicial m-complex obtained from Y by creating
a new vertex w and replacing σ with the m-simplexes

τi = {v0, . . . , vi−1, w, vi+1, . . . , vm}

where i = 0, . . . , m. For notational purposes, we denote the j-th face of τi
by ti,j := τi \ {vj} for i �= j, and ti,i := τi \ {w}. If σ1, . . . ,σn ∈ Sm(Y ), then
we define the stellar subdivision of Y along the σi to be

sdσ1,...,σn Y := sdσ1 sdσ2 · · · sdσn Y

We now define the Yk recursively. Let Σm be the simplicial complex in-
duced by a single m-simplex σ and let Y1 := sdσ Σ

m. Label the m-simplexes
of Y1 as σ0, . . . ,σm and call their common vertex (the one created by stellar
subdivision) the central vertex v. Now, given a Yk containing the central
vertex v, we call all m-simplexes containing v the inner m-simplexes of Yk

and label them as σ0, . . . ,σn. All non-inner m-simplexes will be referred to
as outer m-simplexes. We then define Yk+1 := sdσ0,...,σn Yk. Note that v
and all outer m-simplexes (and the simplexes they contain) are preserved
unchanged in going from Yk to Yk+1 while all of the inner m-simplexes are
subdivided. Furthermore, it is clear that all the Yk are subdivisions of Σm

and are thus simplicial m-balls. A picture of the first few iterations of Yk

for m = 2 can be seen in Figure 7.
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Open problems

(1) Intermediate values of k – relation of hk and λk or hk and λk

for 1 < k < m − 1.

(2) High-order eigenvalues – λk,j and hk,j where j > 1 indexes the
ordering of Fiedler/Cheeger numbers.

(3) Manifolds – The k-dimensional coboundary/boundary Cheeger
numbers of a manifold M might be

hk = inf
S

Volm−k−1(∂S \ ∂M)

inf∂T =∂S Volm−k(T )
,

hk = inf
S

Volk−1(∂S)

inf∂T =∂S Volk(T )
.
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Open problems

(1) Intermediate values of k – relation of hk and λk or hk and λk

for 1 < k < m − 1.

(2) High-order eigenvalues – λk,j and hk,j where j > 1 indexes the
ordering of Fiedler/Cheeger numbers.

(3) Manifolds – The k-dimensional coboundary/boundary Cheeger
numbers of a manifold M might be

hk = inf
S

Volm−k−1(∂S \ ∂M)

inf∂T =∂S Volm−k (T )
,

hk = inf
S

Volk−1(∂S)

inf∂T =∂S Volk (T )
.
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