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How many length n binary strings contain k ones?

Density is number of ones

For example, n=6 k=4

Which of these strings matches this example?

A. 101101

B. 1100011101

C. 111011

D. 1101

E. None of the above.

Fixed-density Binary Strings

Rosen p. 413



How many length n binary strings contain k ones?

Density is number of ones

For example, n=6 k=4

Product rule: How many options for the first bit? the second? the third?

Fixed-density Binary Strings

Rosen p. 413



How many length n binary strings contain k ones?

Density is number of ones

For example, n=6 k=4

Tree diagram:  gets very big & is hard to generalize

Fixed-density Binary Strings

Rosen p. 413



How many length n binary strings contain k ones?

Density is number of ones

For example, n=6 k=4

Another approach: use a different representation i.e. count with categories

Objects: 

Categories: 

Size of each category: 

# categories = (# objects) / (size of each category)

Fixed-density Binary Strings

Rosen p. 413



How many length n binary strings contain k ones?

For example, n=6 k=4

Another approach: use a different representation i.e. count with categories

Objects: all strings made up of 0
1
, 0

2
, 1

1
, 1

2
, 1

3
, 1

4

Categories: strings that agree except subscripts

Size of each category: Subscripts so objects are distinct

# categories = (# objects) / (size of each category)

Fixed-density Binary Strings

Rosen p. 413



How many length n binary strings contain k ones?

For example, n=6 k=4

Another approach: use a different representation i.e. count with categories

Objects: all strings made up of 0
1
, 0

2
, 1

1
, 1

2
, 1

3
, 1

4
6!

Categories: strings that agree except subscripts

Size of each category: ?

# categories = (# objects) / (size of each category)

Fixed-density Binary Strings

Rosen p. 413



How many subscripted strings i.e. rearrangements of the symbols

0
1
, 0

2
, 1

1
, 1

2
, 1

3
, 1

4

result in 

101101

when the subscripts are removed?

Fixed-density Binary Strings

A. 6!

B. 4!

C. 2!

D. 4!2!

E. None of the above



How many length n binary strings contain k ones?

For example, n=6 k=4

Another approach: use a different representation i.e. count with categories

Objects: all strings made up of 0
1
, 0

2
, 1

1
, 1

2
, 1

3
, 1

4
6!

Categories: strings that agree except subscripts

Size of each category: 4!2!

# categories = (# objects) / (size of each category)

= 6! / (4!2!)

Fixed-density Binary Strings

Rosen p. 413



How many length n binary strings contain k ones?

Another approach: use a different representation i.e. count with categories

Objects: all strings made up of 0
1
, 0

2
, …, 0

n-k
, 1

1
, 1

2
, …, 1

k
n!

Categories: strings that agree except subscripts

Size of each category: k!(n-k)!

# categories = (# objects) / (size of each category)

= n!/ ( k! (n-k) ! )

Fixed-density Binary Strings

Rosen p. 413



A permutation of r elements from a set of n distinct objects is an ordered

arrangement of them.  There are 

P(n,r) = n(n-1) (n-2) …(n-r+1)

many of these.

A combination of r elements from a set of n distinct objects is an unordered

selection of them.  There are

C(n,r) = n!/ ( r! (n-r) ! )

many of these.

Terminology

Rosen p. 407-413

Binomial coefficient

"n choose r"



How many length n binary strings contain k ones?

How to express this using the new terminology?

A. C(n,k)

B. C(n,n-k)

C. P(n,k)

D. P(n,n-k)

E. None of the above

Fixed-density Binary Strings

Rosen p. 413



How many length n binary strings contain k ones?

How to express this using the new terminology?

A. C(n,k) {1,2,3..n} is set of positions in string, choose k positions for 1s

B. C(n,n-k) {1,2,3..n} is set of positions in string, choose n-k positions for 0s

C. P(n,k)

D. P(n,n-k)

E. None of the above

Fixed-density Binary Strings

Rosen p. 413



Ice cream! redux

An ice cream parlor has n different flavors available.  

How many ice cream cones are there, if we count two cones as the same if they 

have the same two flavors (even if they're in opposite order)?

Objects: cones n(n-1)

Categories: flavor pairs (regardless of order)

Size of each category: 2

# categories = (n)(n-1)/ 2

Order doesn't matter so 

selecting a subset of size 2 of the 

n possible flavors:

C(n,2) = n!/ (2! (n-2)!) = n(n-1)/2



Binomial: sum of two terms, say x and y.  

What do powers of binomials look like?

(x+y)4 = (x+y)(x+y)(x+y)(x+y)

= (x2+2xy+y2)(x2+2xy+y2)

= x4+4x3y+6x2y2+4xy3+y4

What's in a name?

Rosen p. 415

In general , for (x+y)n

A. All terms in the expansion are (some coefficient times) xkyn-k for some k, 0<=k<=n.

B. All coefficients in the expansion are integers between 1 and n.

C. There is symmetry in the coefficients in the expansion.

D. The coefficients of xn and yn are both 1.

E. All of the above.



(x+y)n = (x+y)(x+y)…(x+y)

= xn + xn-1y + xn-2y2 + … + xkyn-k + … + x2yn-2 + xyn-1 + yn 

Binomial Theorem 

Rosen p. 416

Number of ways we can choose k of the n factors (to contribute to x)

and hence also n-k of the factors (to contribute to y)



(x+y)n = (x+y)(x+y)…(x+y)

= xn + xn-1y + xn-2y2 + … + xkyn-k + … + x2yn-2 + xyn-1 + yn 

= xn + C(n,1) xn-1y + … + C(n,k) xkyn-k + … + C(n,k-1) xyn-1 + yn 

Binomial Theorem 

Rosen p. 416

Number of ways we can choose k of the n factors (to contribute to x)

and hence also n-k of the factors (to contribute to y) C(n,k)



What's an identity ? An equation that is always true.

To prove 

LHS = RHS

• Use algebraic manipulations of formulas

OR

• Interpret each side as counting some collection of strings, and then prove a 

statements about those sets of strings

Binomial Coefficient Identities



Theorem: 

Symmetry Identity

Rosen p. 411



Theorem: 

Proof 1: Use formula

Symmetry Identity

Rosen p. 411



Theorem: 

Proof 1: Use formula

Proof 2: Combinatorial interpretation?

LHS counts number of binary strings of length n with k ones

RHS counts number of binary strings of length n with n-k ones

Symmetry Identity

Rosen p. 411



Theorem: 

Proof 1: Use formula

Proof 2: Combinatorial interpretation?

LHS counts number of binary strings of length n with k ones and n-k zeros

RHS counts number of binary strings of length n with n-k ones and k zeros

Symmetry Identity

Rosen p. 411



Theorem: 

Proof 1: Use formula

Proof 2: Combinatorial interpretation?

LHS counts number of binary strings of length n with k ones and n-k zeros

RHS counts number of binary strings of length n with n-k ones and k zeros

Can match up these two sets by pairing each string with another where 0s, 1s are 

flipped. This bijection means the two sets have the same size.  So LHS = RHS.

Symmetry Identity

Rosen p. 411



Theorem: 

Proof 1: Use formula

Proof 2: Combinatorial interpretation?

LHS counts number of binary strings ???

RHS counts number of binary strings ???

Pascal's Identity

Rosen p. 418



Theorem: 

Proof 2: Combinatorial interpretation?

LHS counts number of binary strings of length n+1 that have k ones.

RHS counts number of binary strings ???

Pascal's Identity

Rosen p. 418

Length n+1 binary strings with k 

ones



Theorem: 

Proof 2: Combinatorial interpretation?

LHS counts number of binary strings of length n+1 that have k ones.

RHS counts number of binary strings ???

Pascal's Identity

Rosen p. 418

Start with 1 Start with 0 



How many length n+1 strings start with 1 and have k ones in total?

A. C(n+1, k+1)

B. C(n, k)

C. C(n, k+1)

D. C(n, k-1)

E. None of the above.

Pascal's Identity

Rosen p. 418

Start with 1 Start with 0 



How many length n+1 strings start with 0 and have k ones in total?

A. C(n+1, k+1)

B. C(n, k)

C. C(n, k+1)

D. C(n, k-1)

E. None of the above.

Pascal's Identity

Rosen p. 418

Start with 1 Start with 0 



Theorem: 

Proof 2: Combinatorial interpretation?

LHS counts number of binary strings of length n+1 that have k ones.

RHS counts number of binary strings of length n+1 that have k ones, split into 

two.

Pascal's Identity

Rosen p. 418

Start with 1 Start with 0 



Theorem: 

Sum Identity

Rosen p. 417

What set does the LHS count?

A. Binary strings of length n that have k ones.

B. Binary strings of length n that start with 1.

C. Binary strings of length n that have any number of ones.

D. None of the above.



Theorem: 

Proof : Combinatorial interpretation?

LHS counts number of binary strings of length n that have any number of 1s.

By sum rule, we can break up the set of binary strings of length n into 

disjoint sets based on how many 1s they have, then add their sizes.

RHS counts number of binary strings of length n.

This is the same set so LHS = RHS.

Sum Identity

Rosen p. 417



Reminders

HW 6 due tonight 11:59pm via Gradescope.


