
Least Squares Solutions 
  X is data matrix (n by m), d is desired 

output vector, w is weight vector 
  J(w) = ½ eTe where e = d- XTw 
  minw J(w) = minw½ dTd -½dTXTw - ½wTXd  

+ ½wTX XTw 
  Solution minimized when gradient ∇J(w) = 0 

and solving for w;  X XTw = Xd 



2) Pattern classification (2 classes) 

  Function output y is binary valued. 
  Learning algorithm takes labeled training 

examples and updates parameters w so that 
most if not all training examples are 
correctly labeled. 

  Pattern classification problems have 
different degrees of difficulty requiring 
appropriate binary function to perform 
classification. 



Linearly separable 

Set of points is linearly separable if a linear  
hyperplane can partition the +  
points from the o points. 
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Not linearly separable 

A set of labeled points that cannot be 
partitioned by a linear hypplane is not linearly 
separable. 

+ + 

o 

o 

Set of labeled points that are not linearly separable 



Gaussian data drawn from two classes 



Linear threshold units 
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sgn(s)=    1,  if s>=0 
-1, if s<0 s = wTx + w0 



What can LT units do? 

  Capabilities: can separate labeled patterns 
that are linearly separable 
–  Can they realize all dichotomies of a set of 

points?  This is related to the capacity of a LT 
function.  For points in general position in Rn 
capacity of LT function is n+1. 

  Learning: if points are linearly separable 
does there exist an algorithm that finds the 
separation? 



Perceptron Learning Algorithm 

An iterative learning algorithm that can find linear threshold 
function to partition linearly separable set of points. 
Assume zero threshold value. 

1)   w(0) = arbitrary, j=1, k=0 
2)   Pick point (x(j),d(j)). 
3)   If w(k) T x(k)d(k) > 0 go to 5) 
4)   w(k+1) = w(k ) + µx(k)d(k), k=k+1 
5)   Increment j, if at end of data, set j=1,  check if cycled 

through data without changing w, if not go to 2 
6)   Otherwise stop. 



PLA Example 
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x(1)=(-2,1),d(1)=1 
x(2)=(-4,-1),d(2)= -1 
x(3)=(1,-2),d(3)=-1 
x(4)=(3,1),d(4)=1 

w(0) 



PLA comments 

  Energy function 
J(w) = - (sum of synaptic strengths of misclassified 

points) 
w(k+1) = w(k) - µ(k)∇J(w(k))    (gradient descent) 
  Margins 
  Proof (Novikoff, requires margins) 
  Homogeneously linearly separable 
  Version space (weight space where feasible 

solutions lie) 



Energy Function 

  J(w) = - Σx∈M (wTxd)  where M is the set of 
misclassified points by w. 

  Can find optimal solution using iterative gradient 
descent algorithm with 
w(k+1) = w(k) - µ(k)∇J(w(k))    (gradient descent) 

  Gradient given by ∇J(w(k)) = - Σx∈M xd (use all 
misclassified points). 

  Perceptron algorithm given uses estimate of 
gradient ( one misclassified training input).  



Margins 
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Assume ||w||=1 and  let margin 
be γ(i) =d(i) x(i)Tw, then γ(i) is 
distance from x(i) point to 
hyperplane. 
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If minimum margin > 0, then training points 
are linearly separable. 



Novikoff’s Theorem 

Let S be a nontrivial training set and assume zero 
threshold with  
w* a solution  
||w*||=1 
w(0)=0   

Let max||x(k)||=β be finite and min d(k)x(k)Tw*=γ>0. 

The number of updates will be upper bounded by k 
≤  ( β/ γ ) 2   


