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Confidence Intervals for Proportions
• OBJECTIVE: Given the value of a sample proportion 

estimate the population proportion p

• EXAMPLE: Tobacco industry monitors all surveys on 
smoking. One survey showed that among 785 randomly 
selected subjects who completed 4 years of college, 
18.3% smoke (data from AMA)



Notation
• p= Population proportion (usually unknown)

• �̂ =
�

�
(x is the number of successes in a sample of size n)

• �� = 1 − 	 �̂		

=	sample	proportion	of	failures	is	a	sample	of	size	n

In our example:
We have a percentage: 18.3%
As a proportion: 18.3/100=0.183 (from the sample)
X= number of successes in the sample= 785⨯ 0.183=143.7



Point estimate vs. Interval estimate
• Point estimate: A single value or point used to 

approximate a population parameter
• Interval estimate: A range or an interval used to estimate 

the value of a population parameter.

• In our example:
�̂ = 0.183	

is	the	best	estimate	of	the	population	proportion	 p



Confidence Interval
• A confidence interval gives us more information about 

how good is this point estimate
• A confidence interval is associated with a confidence level
• The confidence level is the proportion of times that the 

confidence interval contains the population parameter 
assuming that the estimation process is repeated a large 
number of times. It is also called degree of confidence or 
confidence coefficient. This proportion is expressed as a 
probability

• The confidence level is expressed as a probability (1-�) or 
as a percentage (1-�) ⨯100.



Confidence level
• For different values of �:

�

Confidence level 
as a probability 
(1-�)

Confidence level 
as a percentage
(1-�)⨯100

0.05 0.95 95%

0.10 0.90 90%

0.01 0.99 99%



Some definitions
• Critical values: Is the number in the border line that 

separates sample statistics that are likely to occur from 
those that are unlikely to occur.

• EXAMPLE: Given �=0.05, z
�/2 is a z Score that separates  

an area of �/2 probability in the right tail of the standard 
normal distribution.

- If �=0.05 �/2=0.025

- Area to the  left of z
�/2

Is 1-0.025=0.975

- From the body of the
Normal table 
z
�/2 = 1.96

z
�/2 =1.96

Area= 0.975

-z
�/2 =-1.96



Other critical values

� Confidence
level

Critical values 
(z

�/2 )
0.10 90% 1.64

0.05 95% 1.96

0.01 99% 2.575

MARGIN OF ERROR (E): It is the maximum likely difference 
(with probability 1-�) between the sample proportion  �̂ and 
the population proportion p.

� = ��/� ×
�̂��

	

Critical Value

Standard 
Deviation of

�̂



Confidence Interval or Interval Estimate 
for the population proportion
• Confidence interval for p:

�̂ − � < � < 	 �̂ + �

where � = ��/� ×
����

�

Other forms of expressing the Confidence Interval:

• �̂ ± �

• (�̂ − �, �̂ + �)



Procedure for constructing a Confidence 
Interval for p
1. Check requirements:
- Sample is a simple random sample
- Conditions for binomial distributions are satisfied (Normal 

approximation is valid: 	. �̂ 	≥ 5	
	�		. �� 	≥ 5)

2. Find a critical value for a given � (��/�)

3. Evaluate the margin of error � = ��/� ×
����

�

4. Find the values �̂ − �	and	 �̂ + �

5. Rounded Interval (3 sig. digits): (�̂ − �, �̂ + �)



Smoking and College Education example

• a) Construct the 98% confidence interval for the true 
percentage of smokers among all people who completed 
four years of college.

• b) Based on results of part a), does the smoking rate for 
those who completed 4 years of college appear to be 
substantially different than the 27% rate for the general 
population?



Solution
• Part a):
1)  Simple Random sample
• n= 785
• �̂=0.183
• �� = 1 − 	 �̂ = 0.817		

• 	. �̂ = 785 × 0.183 = 143.655 ≥ 5	
	�		. �� = 785 ×

0.817 = 641.345	 ≥ 5. Can use Binomial approximation.
2) Confidence level = 1-�=0.98. Then �=0.02 and �/2=0.01  

Critical value:   ��/� = z 
0.01

= 2.33   (It is the z Score 

corresponding to an area of (1-0.01)= 0.99 probability to the 

left of z 
0.01

)       



Solution (Cont.)
3) Margin of Error:

� = 2.33 ×
�.	
�×�.
	�

�

=0.032 

4) Interval:
		�̂ − � = 0.151

�̂ + � = 0.215

5) 98% Confidence Interval: (0.151, 0.215)
Based on the surveys we are 98% sure that the interval 
(0.151, 0.215) contains the true proportion p



Solution (Cont.)
• Part b) 

From the resulting Confidence Interval we can conclude 
that the smoking rate for those who completed 4 years of 
college is likely to be  any value between 15.1% and 
21.5%. It appears to be substantially lower than the 27% 
rate for the general population. This value of 27% is not 
included in the Confidence Interval.



Interpretation of the Confidence Interval

• Frequentist interpretation (Correct): If we repeat many 
surveys of sample size 785 and build a 98% confidence 
interval, 98% of them will contain the value of p (98% 
refers to the success rate of the process)

• Wrong interpretation: There is a 98% probability that the 
true value of p will fall in the interval



Sample size for estimating the value of p

• If we want to estimate p with a certain margin of error E, 
we can get the value of n from the formula:

• � = ��/� ×
����

�
	 =

��/�
�×����

��

When 	�̂ is known

• � = ��/� ×
�.×�.

�
	 =

��/�
�×�.�

��

When 	�̂ is unknown



Finding a Point Estimate for p and the 
Error estimate from a Confidence Interval
• Point estimate for p (	�̂ ):

�̂ =
����	��	���	�	����� + ����	��	���	�	�����

2

• Margin of Error (E):

� = 	
����	��	���	�	����� − ����	��	���	�	�����

2



Example:
• Sample size for estimating a Proportion. Ex. #31, Sec. 6-

2: sample Size for Plant Growers:
• You want to estimate the number of households in which 

at least one plant is being grown (Market Research).
• How many households you must survey if you want to be 

94% confident that your sample percentage has a margin 
of error of 3 percentage points.

• a) Assume a previous estimate that plants are grown in 
86% of households.



Example (Cont.)
1. For a 94% Confidence Interval, �=0.06 and �/2=0.03. 

Area to the left of z
�/2 is 1-0.03=0.97.

2. Using Table A-2 the corresponding z Score is 1.88. This 
is z

�/2 (the critical value).
3. The estimate for �̂ =0.86. Therefore �� =0.14
4. The value of E (the margin of Error) is 0.03. Using the 

formula we get.

	 =
��/�

� × �̂. ��

��
=

1.88� × 0.86 × 0.14

0.03�
= 472.8

We round this value to n=473. This is the minimum sample 
size required.



Example (Cont.)
• b) Assume there is no available information to estimate 

the percentage of households. In this case we can use: 
�̂ =0.5. The formula to be used is:

	 =
��/�

�×�.�

��
=

	.

�×�.�

�.���
=981.778

We round up to n=982

Note that if we have previous information, we need maybe 
a smaller sample size. 



Rationale for the margin of Error formula
• A binomial distribution x has a mean  and a standard deviation 

given by � = �.� and � = �. �. �

• A sample proportion is �̂ =
�

�
= 	

#	��	����	��	�

�	
����

• The mean of the sample proportion is  � =
�.�

�
= p

• The standard deviation of the sample proportion is � =
�.�.�

�
=

�.�

�

• If we approximate a binomial distribution with a normal 
distribution, �̂ =

�

�
can also be approximated by a normal 

distribution  with the above mean and standard deviation. 

• Therefore (�̂ − �)/
�.�

�
can be approximated by a standard 

normal. This expression is also E/
�.�

�


