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Data Sources

• Why might we want to touch these surfaces? (aside from assignment #2)
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ABSTRACT

We present an efficient 6-DOF haptic algorithm for rendering inter-
action forces between a rigid proxy object and a set of unordered
point data. We further explore the use of haptic feedback for re-
motely supervised robots performing grasping tasks. The robot
captures the geometry of a remote environment (as a cloud of 3D
points) at run-time using a depth camera or laser scanner. An opera-
tor then uses a haptic device to position a virtual model of the robot
gripper (the haptic proxy), specifying a desired grasp pose to be ex-
ecuted by the robot. The haptic algorithm enforces a proxy pose
that is non-colliding with the observable environment, and provides
both force and torque feedback to the operator. Once the operator
confirms the desired gripper pose, the robot computes a collision-
free arm trajectory and executes the specified grasp. We apply this
method for grasping a wide range of objects, previously unseen by
the robot, from highly cluttered scenes typical of human environ-
ments. Our user experiment (N=20) shows that people with no prior
experience using the visualization system on which our interfaces
are based are able to successfully grasp more objects with a haptic
device providing force-feedback than with just a mouse.

Index Terms: I.2.9 [Robotics]: Operator Interfaces; H.5.2 [Infor-
mation Interfaces and Presentation]: User Interfaces–Haptic I/O

1 INTRODUCTION

This paper presents a method for 6-DOF haptic rendering of un-
ordered point data. We motivate this work by its application to
robotic grasping; in our work a remote operator programs a desired
grasp pose on a previously-unseen object using a haptic device with
force feedback. In particular, we are interested in situations typical
of unstructured, human environments. In such situations, a robot
can be required to handle a wide range of previously unseen ob-
jects, for which the robot has no internal model. Furthermore, the
operating scene can be heavily cluttered with objects to be manip-
ulated and with other obstacles (e.g. tables, cabinets, and vases).
A remotely operated robot can handle such difficult environments
thanks to the scene understanding and general cognitive abilities
of its operator. However, the overall efficiency of the task can po-
tentially be increased by assisting the operator using autonomous
algorithms where possible and by improving the interface between
the human and robotic components of the system.

Haptic rendering can provide the operator with force feed-
back regarding potential contacts and collisions between a desired
robotic end-effector pose and the environment, which is particularly
valuable in the context of a grasping task. Imagine an operator try-
ing to position the robotic end-effector in a scene in order to grasp
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‡e-mail: {hsiao, matei}@willowgarage.com
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Figure 1: An operator using a haptic device to direct a robot perform-
ing a grasping task. The algorithm presented is fully 6-DOF, although
the user-study was conducted using a 3-active, 3-passive DOF de-
vice that rendered forces only.

a desired object. This task, by definition, requires making contact
with the environment, or at least with the target object. However,
it is also often desirable to avoid contact between the robot gripper
and other parts of the environments, such as other objects or obsta-
cles; these types of contacts can be communicated to the operator
through haptic feedback.

In our system, the operator uses a haptic device to select the
6D position and orientation of a virtual model of the robotic grip-
per in a cluttered scene, as shown in Figure 1. Three-dimensional
point cloud data, acquired at run-time through the robot’s sensors,
serves as a minimally-processed model of the world. Running our
haptic rendering algorithm with this data, the operator can interact
with this world model while receiving force feedback on collisions
between the virtual gripper and the environment. Once the user
has selected a desired grasping pose for the virtual gripper, an au-
tonomous motion planning module attempts to compute a collision-
free arm trajectory for the desired grasp, and, if one is found, the
robot proceeds to execute the grasp.

This paper presents three main contributions. First, we integrate
portions of the authors’ previous work [7, 14] to arrive at a hap-
tic algorithm for 6D rigid proxy interactions with unconnected and
unordered point cloud data. Second, we use this algorithm as part
of a novel system for remote grasp selection based on either haptic
device or mouse input. Third, we study the effect on user perfor-
mance of using either mouse or haptic device with force-feedback
as input to the grasp selection system. We believe that combining
our haptic algorithm with run-time sensor data can enable teleoper-
ated grasping in unstructured, human-like settings. The remainder
of this paper discusses each of the above points in turn.
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Point Set Surfaces

• Approximates a smooth surface 
from irregularly sampled points 

• Create a local estimate of the 
surface at every point in space 

• Can haptically render using 
implicit surface algorithm! 
- Test for intersection with the surface 

approximation

[from M. Alexa et al., IEEE Trans. Viz. & Comput. Graphics 9(1), 2003.]
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INTRODUCTION

            

Implicit Surface Requirement

• Recall that the implicit surface 
algorithm needs two things: 
- A scalar surface function, S(x, y, z), 

that tells us whether we’re inside or 
outside the object 

- The gradient of the surface function, 
∇S(x, y, z), that tells us the direction 
of the surface normal 

• How do we get these?



Estimating Local Surface Position

• Weighted average of nearby points 

• If we are at position x, estimate a point on the surface at 

- based on object points pi, where θ is a weighting function of distance

a(x) =

nP
i
✓i(kx� pik)pi

nP
i
✓i(kx� pik)

Alexa & Adamson / On Normals and Projection Operators for Surfaces Defined by Point Sets

plicits – yielding a way to define possibly bounded or non-
orientable surfaces with point sets.

Here, we briefly re-introduce this surface definition and
then show that the gradient of the implicit function can be
computed explicitly. This leads to accurate surface normals.
We compute these normals and compare them to normals re-
sulting from a locally weighted co-variance analysis. It turns
out that for densely sampled smooth surfaces the difference
is very small, yet non-zero. We sketch a proof showing that
the first step of the MLS projection procedure does not yield
surface normals.

As the projection operator has turned out to be a useful
primitive in many modeling situations, we introduce pro-
jection operations for the implicit surface. The properties of
ray-intersection (i.e., the surface might have boundaries and
need not be orientable) carry over to the projection. We show
that the projection operation is easy to compute and is adapt-
able to have certain features, e.g. to be orthogonal.

From the fact that the projection is orthogonal, one can
deduce that it is stationary on the medial axis. Thus the im-
plicit version of the surface could as well include the medial
axis. In future work, one might use this properties to relate
this approach to the sampling criteria developed by Amenta
et al. [ABE98, ABK98, ACK01].

2. Definition of the Implicit Surface

We assume that a set of points implicitly defines a smooth
manifold surface, possibly with boundary. More specifically,
let points P = {pi 2 R3}, i 2 {1, . . . ,N}, be sampled from a
surface S (possibly with a measurement noise).

We first define a neighborhood of P as the union of a set
of balls centered in the pi:

B = {x|dP (x) < rB} =
[

i
Bi,Bi = {x, ||x�pi|| < rB} (1)

It is assumed that B contains the surface S as well as its
approximation that we are going to define. For the defini-
tion we use two functions defined on the neighborhood: the
weighted average and the normal direction. The weighted
average a : B! B maps each point x in the neighborhood of
the points to the weighted average of the points, where the
weights depend on the location of x. The normal direction
n : B ! S2 assigns each point in the neighborhood of the
point set a normal, thus, establishing an approximating tan-
gent frame to the surface. For ease of notation, we identify
the direction n with a unit vector n 2 R3,knk= 1.

Let an implicit function f be defined as

f (x) = n(x)T(x�a(x)), (2)

then the approximating surface is

Ŝ = {x 2 B| f (x) = 0} (3)

If we assume that a and n are continuously differentiable

x

n(x)

a(x)

f(x)

Figure 1: The surface is defined implicitly as the zero set
of a function f (x). In each point x a local normal direction
n(x) is estimated. The implicit function f (x) describes the
distance of a weighted average a(x) of the points along nor-
mal direction.

functions (and that n is unique within B) then Ŝ is a two-
dimensional surface.

For practical definitions of a and n, a weight function
θ : R ! R specifies the influence of a point. Weight func-
tions are assumed to be smooth, positive, and monotonically
decreasing (have negative first derivative).

Then, the weighted average of points at a location x in
space could be described as

a(x) =
∑N�1i=0 θ(kx�pik)pi
∑N�1i=0 θ(kx�pik)

. (4)

We describe two ways to define normal directions in each
location x:

1. Based on weighted covariance directions in x the normal
could be defined as the direction of smallest weighted co-
variance. This definition allows drawing a connection to
Levin’s MLS surfaces.

2. Assuming normals are supplied with the points, a normal
in x could be computed using a weighted average of the
given normals.

The direction of smallest covariance could be understand
as a least squares fit of a plane with unit normal n through x,
i.e. the minimizer of

min
||n||=1

∑i
���nT(x�pi)

���
2
θ(kx�pik)

θ(kx�pik)
. (5)

This constrained minimization problem is solved by one of
the eigenvectors of the covariance matrix W(x) = {wjk},
where

wjk =∑
i

⇣
eTj (x�pi)

⌘⇣
eTk (x�pi)

⌘
θ(||pi�x||) (6)

and ei, i2 {0,1,2} is a basis ofR3. Let {vi} be the eigenvec-
tors ofW (x) corresponding to the eigenvalues λ0  λ1  λ2,
we set n= v0 for any x 2Ω.

c� The Eurographics Association 2004.

x



Estimating Local Surface Normal

• Direction of smallest weighted covariance of nearby points 

• If the weighted covariance is expressed as 

• Then the surface normal direction is

�2
n(x) =

nP
i
✓i(kx� pik) (n · (x� pi))

2

nP
i
✓i(kx� pik)

Alexa & Adamson / On Normals and Projection Operators for Surfaces Defined by Point Sets

plicits – yielding a way to define possibly bounded or non-
orientable surfaces with point sets.

Here, we briefly re-introduce this surface definition and
then show that the gradient of the implicit function can be
computed explicitly. This leads to accurate surface normals.
We compute these normals and compare them to normals re-
sulting from a locally weighted co-variance analysis. It turns
out that for densely sampled smooth surfaces the difference
is very small, yet non-zero. We sketch a proof showing that
the first step of the MLS projection procedure does not yield
surface normals.

As the projection operator has turned out to be a useful
primitive in many modeling situations, we introduce pro-
jection operations for the implicit surface. The properties of
ray-intersection (i.e., the surface might have boundaries and
need not be orientable) carry over to the projection. We show
that the projection operation is easy to compute and is adapt-
able to have certain features, e.g. to be orthogonal.

From the fact that the projection is orthogonal, one can
deduce that it is stationary on the medial axis. Thus the im-
plicit version of the surface could as well include the medial
axis. In future work, one might use this properties to relate
this approach to the sampling criteria developed by Amenta
et al. [ABE98, ABK98, ACK01].

2. Definition of the Implicit Surface

We assume that a set of points implicitly defines a smooth
manifold surface, possibly with boundary. More specifically,
let points P = {pi 2 R3}, i 2 {1, . . . ,N}, be sampled from a
surface S (possibly with a measurement noise).

We first define a neighborhood of P as the union of a set
of balls centered in the pi:

B = {x|dP (x) < rB} =
[

i
Bi,Bi = {x, ||x�pi|| < rB} (1)

It is assumed that B contains the surface S as well as its
approximation that we are going to define. For the defini-
tion we use two functions defined on the neighborhood: the
weighted average and the normal direction. The weighted
average a : B! B maps each point x in the neighborhood of
the points to the weighted average of the points, where the
weights depend on the location of x. The normal direction
n : B ! S2 assigns each point in the neighborhood of the
point set a normal, thus, establishing an approximating tan-
gent frame to the surface. For ease of notation, we identify
the direction n with a unit vector n 2 R3,knk= 1.

Let an implicit function f be defined as

f (x) = n(x)T(x�a(x)), (2)

then the approximating surface is

Ŝ = {x 2 B| f (x) = 0} (3)

If we assume that a and n are continuously differentiable

x

n(x)

a(x)

f(x)

Figure 1: The surface is defined implicitly as the zero set
of a function f (x). In each point x a local normal direction
n(x) is estimated. The implicit function f (x) describes the
distance of a weighted average a(x) of the points along nor-
mal direction.

functions (and that n is unique within B) then Ŝ is a two-
dimensional surface.

For practical definitions of a and n, a weight function
θ : R ! R specifies the influence of a point. Weight func-
tions are assumed to be smooth, positive, and monotonically
decreasing (have negative first derivative).

Then, the weighted average of points at a location x in
space could be described as

a(x) =
∑N�1i=0 θ(kx�pik)pi
∑N�1i=0 θ(kx�pik)

. (4)

We describe two ways to define normal directions in each
location x:

1. Based on weighted covariance directions in x the normal
could be defined as the direction of smallest weighted co-
variance. This definition allows drawing a connection to
Levin’s MLS surfaces.

2. Assuming normals are supplied with the points, a normal
in x could be computed using a weighted average of the
given normals.

The direction of smallest covariance could be understand
as a least squares fit of a plane with unit normal n through x,
i.e. the minimizer of

min
||n||=1

∑i
���nT(x�pi)

���
2
θ(kx�pik)

θ(kx�pik)
. (5)

This constrained minimization problem is solved by one of
the eigenvectors of the covariance matrix W(x) = {wjk},
where

wjk =∑
i

⇣
eTj (x�pi)

⌘⇣
eTk (x�pi)

⌘
θ(||pi�x||) (6)

and ei, i2 {0,1,2} is a basis ofR3. Let {vi} be the eigenvec-
tors ofW (x) corresponding to the eigenvalues λ0  λ1  λ2,
we set n= v0 for any x 2Ω.

c� The Eurographics Association 2004.
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n

�2
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Computing the Local Surface Normal

• So how do we find the normal that minimizes covariance? 

• First, define the weighted covariance matrix: 

- with the standard basis vectors

W(x) = [wjk] 2 R3⇥3, where

wjk =
X

i

(ej · (x� pi)) (ek · (x� pi)) ✓(||pi � x||)

e1 =

2

4
1
0
0

3

5 , e2 =

2

4
0
1
0

3

5 , and e3 =

2

4
0
0
1

3

5



Computing the Local Surface Normal

• Then find the eigenvectors and eigenvalues of the covariance matrix: 

• If the three eigenvectors v0, v1, v2 correspond to the eigenvalues λ0 ≤ λ1 ≤ λ2, 
we select as the normal 

• The Eigen library within CHAI3D has functions to do the heavy lifting for you…

W(x)v = �v

n = v0
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Choice of Weight Function

• Adamson & Alexa chose to use 
a Gaussian function: 

- where h is an influence parameter 

• What are the challenges with 
using a Gaussian?

✓(r) = exp

✓
�r2

h2

◆
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1Choice of Weight Function

• We want to limit the domain of 
the function to r ∈ [0, R], where 
R is radius of influence 

• If we take the function to be 
cubic in r2, then we get

✓(r) = 1� 22

9

⇣ r

R

⌘2
+

17

9

⇣ r

R

⌘4
� 4

9

⇣ r

R

⌘6

[from G. Wyvill et al., The Visual Computer, 1986.]
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1Choice of Weight Function

• Wendland’s compactly 
supported radial basis function: 

- for domain r ∈ [0, 1] 

• This one is closest in shape to 
the Gaussian function

[from H. Wendland, Adv. Comp. Mathematics, 1995.]

✓(r) = (1� r)3(3r + 1)



Choice of Radius of InfluenceAlexa & Adamson / On Normals and Projection Operators for Surfaces Defined by Point Sets

plicits – yielding a way to define possibly bounded or non-
orientable surfaces with point sets.

Here, we briefly re-introduce this surface definition and
then show that the gradient of the implicit function can be
computed explicitly. This leads to accurate surface normals.
We compute these normals and compare them to normals re-
sulting from a locally weighted co-variance analysis. It turns
out that for densely sampled smooth surfaces the difference
is very small, yet non-zero. We sketch a proof showing that
the first step of the MLS projection procedure does not yield
surface normals.

As the projection operator has turned out to be a useful
primitive in many modeling situations, we introduce pro-
jection operations for the implicit surface. The properties of
ray-intersection (i.e., the surface might have boundaries and
need not be orientable) carry over to the projection. We show
that the projection operation is easy to compute and is adapt-
able to have certain features, e.g. to be orthogonal.

From the fact that the projection is orthogonal, one can
deduce that it is stationary on the medial axis. Thus the im-
plicit version of the surface could as well include the medial
axis. In future work, one might use this properties to relate
this approach to the sampling criteria developed by Amenta
et al. [ABE98, ABK98, ACK01].

2. Definition of the Implicit Surface

We assume that a set of points implicitly defines a smooth
manifold surface, possibly with boundary. More specifically,
let points P = {pi 2 R3}, i 2 {1, . . . ,N}, be sampled from a
surface S (possibly with a measurement noise).

We first define a neighborhood of P as the union of a set
of balls centered in the pi:

B = {x|dP (x) < rB} =
[

i
Bi,Bi = {x, ||x�pi|| < rB} (1)

It is assumed that B contains the surface S as well as its
approximation that we are going to define. For the defini-
tion we use two functions defined on the neighborhood: the
weighted average and the normal direction. The weighted
average a : B! B maps each point x in the neighborhood of
the points to the weighted average of the points, where the
weights depend on the location of x. The normal direction
n : B ! S2 assigns each point in the neighborhood of the
point set a normal, thus, establishing an approximating tan-
gent frame to the surface. For ease of notation, we identify
the direction n with a unit vector n 2 R3,knk= 1.

Let an implicit function f be defined as

f (x) = n(x)T(x�a(x)), (2)

then the approximating surface is

Ŝ = {x 2 B| f (x) = 0} (3)

If we assume that a and n are continuously differentiable

x

n(x)

a(x)

f(x)

Figure 1: The surface is defined implicitly as the zero set
of a function f (x). In each point x a local normal direction
n(x) is estimated. The implicit function f (x) describes the
distance of a weighted average a(x) of the points along nor-
mal direction.

functions (and that n is unique within B) then Ŝ is a two-
dimensional surface.

For practical definitions of a and n, a weight function
θ : R ! R specifies the influence of a point. Weight func-
tions are assumed to be smooth, positive, and monotonically
decreasing (have negative first derivative).

Then, the weighted average of points at a location x in
space could be described as

a(x) =
∑N�1i=0 θ(kx�pik)pi
∑N�1i=0 θ(kx�pik)

. (4)

We describe two ways to define normal directions in each
location x:

1. Based on weighted covariance directions in x the normal
could be defined as the direction of smallest weighted co-
variance. This definition allows drawing a connection to
Levin’s MLS surfaces.

2. Assuming normals are supplied with the points, a normal
in x could be computed using a weighted average of the
given normals.

The direction of smallest covariance could be understand
as a least squares fit of a plane with unit normal n through x,
i.e. the minimizer of

min
||n||=1

∑i
���nT(x�pi)

���
2
θ(kx�pik)

θ(kx�pik)
. (5)

This constrained minimization problem is solved by one of
the eigenvectors of the covariance matrix W(x) = {wjk},
where

wjk =∑
i

⇣
eTj (x�pi)

⌘⇣
eTk (x�pi)

⌘
θ(||pi�x||) (6)

and ei, i2 {0,1,2} is a basis ofR3. Let {vi} be the eigenvec-
tors ofW (x) corresponding to the eigenvalues λ0  λ1  λ2,
we set n= v0 for any x 2Ω.

c� The Eurographics Association 2004.
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plicits – yielding a way to define possibly bounded or non-
orientable surfaces with point sets.

Here, we briefly re-introduce this surface definition and
then show that the gradient of the implicit function can be
computed explicitly. This leads to accurate surface normals.
We compute these normals and compare them to normals re-
sulting from a locally weighted co-variance analysis. It turns
out that for densely sampled smooth surfaces the difference
is very small, yet non-zero. We sketch a proof showing that
the first step of the MLS projection procedure does not yield
surface normals.

As the projection operator has turned out to be a useful
primitive in many modeling situations, we introduce pro-
jection operations for the implicit surface. The properties of
ray-intersection (i.e., the surface might have boundaries and
need not be orientable) carry over to the projection. We show
that the projection operation is easy to compute and is adapt-
able to have certain features, e.g. to be orthogonal.

From the fact that the projection is orthogonal, one can
deduce that it is stationary on the medial axis. Thus the im-
plicit version of the surface could as well include the medial
axis. In future work, one might use this properties to relate
this approach to the sampling criteria developed by Amenta
et al. [ABE98, ABK98, ACK01].

2. Definition of the Implicit Surface

We assume that a set of points implicitly defines a smooth
manifold surface, possibly with boundary. More specifically,
let points P = {pi 2 R3}, i 2 {1, . . . ,N}, be sampled from a
surface S (possibly with a measurement noise).

We first define a neighborhood of P as the union of a set
of balls centered in the pi:

B = {x|dP (x) < rB} =
[

i
Bi,Bi = {x, ||x�pi|| < rB} (1)

It is assumed that B contains the surface S as well as its
approximation that we are going to define. For the defini-
tion we use two functions defined on the neighborhood: the
weighted average and the normal direction. The weighted
average a : B! B maps each point x in the neighborhood of
the points to the weighted average of the points, where the
weights depend on the location of x. The normal direction
n : B ! S2 assigns each point in the neighborhood of the
point set a normal, thus, establishing an approximating tan-
gent frame to the surface. For ease of notation, we identify
the direction n with a unit vector n 2 R3,knk= 1.

Let an implicit function f be defined as

f (x) = n(x)T(x�a(x)), (2)

then the approximating surface is

Ŝ = {x 2 B| f (x) = 0} (3)

If we assume that a and n are continuously differentiable
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Figure 1: The surface is defined implicitly as the zero set
of a function f (x). In each point x a local normal direction
n(x) is estimated. The implicit function f (x) describes the
distance of a weighted average a(x) of the points along nor-
mal direction.

functions (and that n is unique within B) then Ŝ is a two-
dimensional surface.

For practical definitions of a and n, a weight function
θ : R ! R specifies the influence of a point. Weight func-
tions are assumed to be smooth, positive, and monotonically
decreasing (have negative first derivative).

Then, the weighted average of points at a location x in
space could be described as

a(x) =
∑N�1i=0 θ(kx�pik)pi
∑N�1i=0 θ(kx�pik)

. (4)

We describe two ways to define normal directions in each
location x:

1. Based on weighted covariance directions in x the normal
could be defined as the direction of smallest weighted co-
variance. This definition allows drawing a connection to
Levin’s MLS surfaces.

2. Assuming normals are supplied with the points, a normal
in x could be computed using a weighted average of the
given normals.

The direction of smallest covariance could be understand
as a least squares fit of a plane with unit normal n through x,
i.e. the minimizer of

min
||n||=1

∑i
���nT(x�pi)

���
2
θ(kx�pik)

θ(kx�pik)
. (5)

This constrained minimization problem is solved by one of
the eigenvectors of the covariance matrix W(x) = {wjk},
where

wjk =∑
i

⇣
eTj (x�pi)

⌘⇣
eTk (x�pi)

⌘
θ(||pi�x||) (6)

and ei, i2 {0,1,2} is a basis ofR3. Let {vi} be the eigenvec-
tors ofW (x) corresponding to the eigenvalues λ0  λ1  λ2,
we set n= v0 for any x 2Ω.

c� The Eurographics Association 2004.
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plicits – yielding a way to define possibly bounded or non-
orientable surfaces with point sets.

Here, we briefly re-introduce this surface definition and
then show that the gradient of the implicit function can be
computed explicitly. This leads to accurate surface normals.
We compute these normals and compare them to normals re-
sulting from a locally weighted co-variance analysis. It turns
out that for densely sampled smooth surfaces the difference
is very small, yet non-zero. We sketch a proof showing that
the first step of the MLS projection procedure does not yield
surface normals.

As the projection operator has turned out to be a useful
primitive in many modeling situations, we introduce pro-
jection operations for the implicit surface. The properties of
ray-intersection (i.e., the surface might have boundaries and
need not be orientable) carry over to the projection. We show
that the projection operation is easy to compute and is adapt-
able to have certain features, e.g. to be orthogonal.

From the fact that the projection is orthogonal, one can
deduce that it is stationary on the medial axis. Thus the im-
plicit version of the surface could as well include the medial
axis. In future work, one might use this properties to relate
this approach to the sampling criteria developed by Amenta
et al. [ABE98, ABK98, ACK01].

2. Definition of the Implicit Surface

We assume that a set of points implicitly defines a smooth
manifold surface, possibly with boundary. More specifically,
let points P = {pi 2 R3}, i 2 {1, . . . ,N}, be sampled from a
surface S (possibly with a measurement noise).

We first define a neighborhood of P as the union of a set
of balls centered in the pi:

B = {x|dP (x) < rB} =
[

i
Bi,Bi = {x, ||x�pi|| < rB} (1)

It is assumed that B contains the surface S as well as its
approximation that we are going to define. For the defini-
tion we use two functions defined on the neighborhood: the
weighted average and the normal direction. The weighted
average a : B! B maps each point x in the neighborhood of
the points to the weighted average of the points, where the
weights depend on the location of x. The normal direction
n : B ! S2 assigns each point in the neighborhood of the
point set a normal, thus, establishing an approximating tan-
gent frame to the surface. For ease of notation, we identify
the direction n with a unit vector n 2 R3,knk= 1.

Let an implicit function f be defined as

f (x) = n(x)T(x�a(x)), (2)

then the approximating surface is

Ŝ = {x 2 B| f (x) = 0} (3)

If we assume that a and n are continuously differentiable
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Figure 1: The surface is defined implicitly as the zero set
of a function f (x). In each point x a local normal direction
n(x) is estimated. The implicit function f (x) describes the
distance of a weighted average a(x) of the points along nor-
mal direction.

functions (and that n is unique within B) then Ŝ is a two-
dimensional surface.

For practical definitions of a and n, a weight function
θ : R ! R specifies the influence of a point. Weight func-
tions are assumed to be smooth, positive, and monotonically
decreasing (have negative first derivative).

Then, the weighted average of points at a location x in
space could be described as

a(x) =
∑N�1i=0 θ(kx�pik)pi
∑N�1i=0 θ(kx�pik)

. (4)

We describe two ways to define normal directions in each
location x:

1. Based on weighted covariance directions in x the normal
could be defined as the direction of smallest weighted co-
variance. This definition allows drawing a connection to
Levin’s MLS surfaces.

2. Assuming normals are supplied with the points, a normal
in x could be computed using a weighted average of the
given normals.

The direction of smallest covariance could be understand
as a least squares fit of a plane with unit normal n through x,
i.e. the minimizer of

min
||n||=1

∑i
���nT(x�pi)

���
2
θ(kx�pik)

θ(kx�pik)
. (5)

This constrained minimization problem is solved by one of
the eigenvectors of the covariance matrix W(x) = {wjk},
where

wjk =∑
i

⇣
eTj (x�pi)

⌘⇣
eTk (x�pi)

⌘
θ(||pi�x||) (6)

and ei, i2 {0,1,2} is a basis ofR3. Let {vi} be the eigenvec-
tors ofW (x) corresponding to the eigenvalues λ0  λ1  λ2,
we set n= v0 for any x 2Ω.
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plicits – yielding a way to define possibly bounded or non-
orientable surfaces with point sets.

Here, we briefly re-introduce this surface definition and
then show that the gradient of the implicit function can be
computed explicitly. This leads to accurate surface normals.
We compute these normals and compare them to normals re-
sulting from a locally weighted co-variance analysis. It turns
out that for densely sampled smooth surfaces the difference
is very small, yet non-zero. We sketch a proof showing that
the first step of the MLS projection procedure does not yield
surface normals.

As the projection operator has turned out to be a useful
primitive in many modeling situations, we introduce pro-
jection operations for the implicit surface. The properties of
ray-intersection (i.e., the surface might have boundaries and
need not be orientable) carry over to the projection. We show
that the projection operation is easy to compute and is adapt-
able to have certain features, e.g. to be orthogonal.

From the fact that the projection is orthogonal, one can
deduce that it is stationary on the medial axis. Thus the im-
plicit version of the surface could as well include the medial
axis. In future work, one might use this properties to relate
this approach to the sampling criteria developed by Amenta
et al. [ABE98, ABK98, ACK01].

2. Definition of the Implicit Surface

We assume that a set of points implicitly defines a smooth
manifold surface, possibly with boundary. More specifically,
let points P = {pi 2 R3}, i 2 {1, . . . ,N}, be sampled from a
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We first define a neighborhood of P as the union of a set
of balls centered in the pi:
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It is assumed that B contains the surface S as well as its
approximation that we are going to define. For the defini-
tion we use two functions defined on the neighborhood: the
weighted average and the normal direction. The weighted
average a : B! B maps each point x in the neighborhood of
the points to the weighted average of the points, where the
weights depend on the location of x. The normal direction
n : B ! S2 assigns each point in the neighborhood of the
point set a normal, thus, establishing an approximating tan-
gent frame to the surface. For ease of notation, we identify
the direction n with a unit vector n 2 R3,knk= 1.

Let an implicit function f be defined as

f (x) = n(x)T(x�a(x)), (2)

then the approximating surface is

Ŝ = {x 2 B| f (x) = 0} (3)

If we assume that a and n are continuously differentiable
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of a function f (x). In each point x a local normal direction
n(x) is estimated. The implicit function f (x) describes the
distance of a weighted average a(x) of the points along nor-
mal direction.

functions (and that n is unique within B) then Ŝ is a two-
dimensional surface.

For practical definitions of a and n, a weight function
θ : R ! R specifies the influence of a point. Weight func-
tions are assumed to be smooth, positive, and monotonically
decreasing (have negative first derivative).

Then, the weighted average of points at a location x in
space could be described as

a(x) =
∑N�1i=0 θ(kx�pik)pi
∑N�1i=0 θ(kx�pik)

. (4)

We describe two ways to define normal directions in each
location x:

1. Based on weighted covariance directions in x the normal
could be defined as the direction of smallest weighted co-
variance. This definition allows drawing a connection to
Levin’s MLS surfaces.

2. Assuming normals are supplied with the points, a normal
in x could be computed using a weighted average of the
given normals.

The direction of smallest covariance could be understand
as a least squares fit of a plane with unit normal n through x,
i.e. the minimizer of

min
||n||=1

∑i
���nT(x�pi)
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This constrained minimization problem is solved by one of
the eigenvectors of the covariance matrix W(x) = {wjk},
where

wjk =∑
i
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eTj (x�pi)

⌘⇣
eTk (x�pi)

⌘
θ(||pi�x||) (6)

and ei, i2 {0,1,2} is a basis ofR3. Let {vi} be the eigenvec-
tors ofW (x) corresponding to the eigenvalues λ0  λ1  λ2,
we set n= v0 for any x 2Ω.
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Figure 5: Cyberware’s Rabbit, consisting of 67,038 points, ray traced to images with 200x400 pixels using different Gaussian
weighting functions. If the radius of the weights becomes too small, the surface is effectively undersampled w.r.t. to the weighting,
thus, illustrating the effect of insufficient sampling density. Values for the parameter h relative to the objects diameter from left
to right: 1.7%, 0.375%, 0.22%, 0.19%, 0.17%.

Precision (h) 10−1 10−3 10−7 10−10 10−11

Avg. Iter. 1.99 2.91 4.98 6.56 10.4
Time (sec) 7.9 11.5 18.9 24.6 42.7

Table 1: Average number of iterations until convergence to
a ray surface intersection and time needed to render an im-
age at resolution of 200x400 pixels relative to the required
precision.

numerical breakdown of the procedure, possibly due to the
eigenvector computation. This explains the superlinear num-
ber of iterations and computation time in the last column of
the table.

7. Conclusions

We have presented a surface approximation technique that
is based on an iterative ray-surface intersection algorithm.
The definition of the surface allows deriving an intuitive cri-
terion for sufficient sampling given a weighting function for
the points. As the surface is defined by the ray intersection
algorithm, ray tracing is a natural way to render the sur-
face. Compared to ray tracing point set surfaces1 our new
approach is two orders of magnitude faster. It is comparable
in speed to Schaufler & Jensen’s approach48, however, using
a solid surface definition.

We admit that our formulation of the sampling criterion
has several loose ends and that we are far from having a
solid theory, nevertheless, we felt the results are useful and
interesting. In particular, a qualitative and quantitative com-
parisons between the sampled surface S, the reconstruction
we propose S, and reconstructions with other methods are

missing. From a practical perspective, important next steps
are the definition of weights from a given smooth surface
and the minimal extent of the tubular neighborhood. This
would make the sampling criterion sufficient, yet still not
very practical: One could only decide that a surface is not
well-sampled by finding a point inside the neighborhood
with undefined normal, which is very unlikely. Rather, we
need conditions that necessarily lead to sufficient sampling
(possibly accepting some oversampling).
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plicits – yielding a way to define possibly bounded or non-
orientable surfaces with point sets.

Here, we briefly re-introduce this surface definition and
then show that the gradient of the implicit function can be
computed explicitly. This leads to accurate surface normals.
We compute these normals and compare them to normals re-
sulting from a locally weighted co-variance analysis. It turns
out that for densely sampled smooth surfaces the difference
is very small, yet non-zero. We sketch a proof showing that
the first step of the MLS projection procedure does not yield
surface normals.

As the projection operator has turned out to be a useful
primitive in many modeling situations, we introduce pro-
jection operations for the implicit surface. The properties of
ray-intersection (i.e., the surface might have boundaries and
need not be orientable) carry over to the projection. We show
that the projection operation is easy to compute and is adapt-
able to have certain features, e.g. to be orthogonal.

From the fact that the projection is orthogonal, one can
deduce that it is stationary on the medial axis. Thus the im-
plicit version of the surface could as well include the medial
axis. In future work, one might use this properties to relate
this approach to the sampling criteria developed by Amenta
et al. [ABE98, ABK98, ACK01].

2. Definition of the Implicit Surface

We assume that a set of points implicitly defines a smooth
manifold surface, possibly with boundary. More specifically,
let points P = {pi 2 R3}, i 2 {1, . . . ,N}, be sampled from a
surface S (possibly with a measurement noise).

We first define a neighborhood of P as the union of a set
of balls centered in the pi:

B = {x|dP (x) < rB} =
[

i
Bi,Bi = {x, ||x�pi|| < rB} (1)

It is assumed that B contains the surface S as well as its
approximation that we are going to define. For the defini-
tion we use two functions defined on the neighborhood: the
weighted average and the normal direction. The weighted
average a : B! B maps each point x in the neighborhood of
the points to the weighted average of the points, where the
weights depend on the location of x. The normal direction
n : B ! S2 assigns each point in the neighborhood of the
point set a normal, thus, establishing an approximating tan-
gent frame to the surface. For ease of notation, we identify
the direction n with a unit vector n 2 R3,knk= 1.

Let an implicit function f be defined as

f (x) = n(x)T(x�a(x)), (2)

then the approximating surface is

Ŝ = {x 2 B| f (x) = 0} (3)

If we assume that a and n are continuously differentiable

x
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a(x)

f(x)

Figure 1: The surface is defined implicitly as the zero set
of a function f (x). In each point x a local normal direction
n(x) is estimated. The implicit function f (x) describes the
distance of a weighted average a(x) of the points along nor-
mal direction.

functions (and that n is unique within B) then Ŝ is a two-
dimensional surface.

For practical definitions of a and n, a weight function
θ : R ! R specifies the influence of a point. Weight func-
tions are assumed to be smooth, positive, and monotonically
decreasing (have negative first derivative).

Then, the weighted average of points at a location x in
space could be described as

a(x) =
∑N�1i=0 θ(kx�pik)pi
∑N�1i=0 θ(kx�pik)

. (4)

We describe two ways to define normal directions in each
location x:

1. Based on weighted covariance directions in x the normal
could be defined as the direction of smallest weighted co-
variance. This definition allows drawing a connection to
Levin’s MLS surfaces.

2. Assuming normals are supplied with the points, a normal
in x could be computed using a weighted average of the
given normals.

The direction of smallest covariance could be understand
as a least squares fit of a plane with unit normal n through x,
i.e. the minimizer of

min
||n||=1

∑i
���nT(x�pi)

���
2
θ(kx�pik)

θ(kx�pik)
. (5)

This constrained minimization problem is solved by one of
the eigenvectors of the covariance matrix W(x) = {wjk},
where

wjk =∑
i

⇣
eTj (x�pi)

⌘⇣
eTk (x�pi)

⌘
θ(||pi�x||) (6)

and ei, i2 {0,1,2} is a basis ofR3. Let {vi} be the eigenvec-
tors ofW (x) corresponding to the eigenvalues λ0  λ1  λ2,
we set n= v0 for any x 2Ω.
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Point Set Implicit Surface

• We can now define the surface 
by the implicit function 

• This surface approximates the 
original shape if it was well-
sampled with points 
- i.e. If normals are well-defined within 

a neighbourhood of the surface 

S(x) = n(x) · (x� a(x)) = 0



The Gradient?

• Given the surface function 

• What is the gradient?

S(x) = n(x) · (x� a(x)) = 0
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plicits – yielding a way to define possibly bounded or non-
orientable surfaces with point sets.

Here, we briefly re-introduce this surface definition and
then show that the gradient of the implicit function can be
computed explicitly. This leads to accurate surface normals.
We compute these normals and compare them to normals re-
sulting from a locally weighted co-variance analysis. It turns
out that for densely sampled smooth surfaces the difference
is very small, yet non-zero. We sketch a proof showing that
the first step of the MLS projection procedure does not yield
surface normals.

As the projection operator has turned out to be a useful
primitive in many modeling situations, we introduce pro-
jection operations for the implicit surface. The properties of
ray-intersection (i.e., the surface might have boundaries and
need not be orientable) carry over to the projection. We show
that the projection operation is easy to compute and is adapt-
able to have certain features, e.g. to be orthogonal.

From the fact that the projection is orthogonal, one can
deduce that it is stationary on the medial axis. Thus the im-
plicit version of the surface could as well include the medial
axis. In future work, one might use this properties to relate
this approach to the sampling criteria developed by Amenta
et al. [ABE98, ABK98, ACK01].

2. Definition of the Implicit Surface

We assume that a set of points implicitly defines a smooth
manifold surface, possibly with boundary. More specifically,
let points P = {pi 2 R3}, i 2 {1, . . . ,N}, be sampled from a
surface S (possibly with a measurement noise).

We first define a neighborhood of P as the union of a set
of balls centered in the pi:

B = {x|dP (x) < rB} =
[

i
Bi,Bi = {x, ||x�pi|| < rB} (1)

It is assumed that B contains the surface S as well as its
approximation that we are going to define. For the defini-
tion we use two functions defined on the neighborhood: the
weighted average and the normal direction. The weighted
average a : B! B maps each point x in the neighborhood of
the points to the weighted average of the points, where the
weights depend on the location of x. The normal direction
n : B ! S2 assigns each point in the neighborhood of the
point set a normal, thus, establishing an approximating tan-
gent frame to the surface. For ease of notation, we identify
the direction n with a unit vector n 2 R3,knk= 1.

Let an implicit function f be defined as

f (x) = n(x)T(x�a(x)), (2)

then the approximating surface is

Ŝ = {x 2 B| f (x) = 0} (3)

If we assume that a and n are continuously differentiable
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Figure 1: The surface is defined implicitly as the zero set
of a function f (x). In each point x a local normal direction
n(x) is estimated. The implicit function f (x) describes the
distance of a weighted average a(x) of the points along nor-
mal direction.

functions (and that n is unique within B) then Ŝ is a two-
dimensional surface.

For practical definitions of a and n, a weight function
θ : R ! R specifies the influence of a point. Weight func-
tions are assumed to be smooth, positive, and monotonically
decreasing (have negative first derivative).

Then, the weighted average of points at a location x in
space could be described as

a(x) =
∑N�1i=0 θ(kx�pik)pi
∑N�1i=0 θ(kx�pik)

. (4)

We describe two ways to define normal directions in each
location x:

1. Based on weighted covariance directions in x the normal
could be defined as the direction of smallest weighted co-
variance. This definition allows drawing a connection to
Levin’s MLS surfaces.

2. Assuming normals are supplied with the points, a normal
in x could be computed using a weighted average of the
given normals.

The direction of smallest covariance could be understand
as a least squares fit of a plane with unit normal n through x,
i.e. the minimizer of

min
||n||=1

∑i
���nT(x�pi)

���
2
θ(kx�pik)

θ(kx�pik)
. (5)

This constrained minimization problem is solved by one of
the eigenvectors of the covariance matrix W(x) = {wjk},
where

wjk =∑
i

⇣
eTj (x�pi)

⌘⇣
eTk (x�pi)

⌘
θ(||pi�x||) (6)

and ei, i2 {0,1,2} is a basis ofR3. Let {vi} be the eigenvec-
tors ofW (x) corresponding to the eigenvalues λ0  λ1  λ2,
we set n= v0 for any x 2Ω.
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If each point pi carries a normal ni we can define the nor-
mal n(x) using weighted averages as for the points:

n(x) =
∑N�1i=0 θ(kx�pik)ni���∑N�1i=0 θ(kx�pik)ni

���
. (7)

Note that the equation above should be understood in an ab-
stract sense, i.e., a reasonable way to compute weighted av-
erages of normal directions should be used. We have experi-
enced no particular problem with using a vector representa-
tion, though.

3. Gradient & Normal
It has become standard practice to use the normal n(x),x2S
of the approximating tangent plane as the surface normal
[ABCO⇤01, ABCO⇤03, PKKG03]. It seems that some au-
thors assume that this is the normal to S in x, however, it is
generally not.
In comparison to the MLS surface definition, the implicit

description allows the exact evaluation of surface normals
using the gradient of f . In the following, we describe how
to compute this gradient in a point x explicitly, i.e. without
taking finite differences. We feel this is an advantage over the
MLS definition of the surface. It will also allow constructing
an orthogonal projection operator.
In the following we first explain how to compute the gra-

dient of f , which points in normal direction to the surface.
We give a small example that, in contrast, the direction of
smallest co-variance is not necessarily in the direction of the
surface normal. Based on this observation we sketch a proof
that the normals obtained in the first step of the MLS projec-
tion procedure are not surface normals.

3.1. Computing exact surface normals
We examine the gradient of f in the ortho-normal system
{ek}, i.e.

r f (x) =
✓
∂ f (x)
∂e0

,
∂ f (x)
∂e1

, . . .

◆
. (8)

The product rule for differentiating vector fields yields the
directional derivatives of f :

∂ f (x)
∂ek

=
∂n(x)T

∂ek
(x�a(x))+n(x)T

✓
ek�

∂a(x)
∂ek

◆
, (9)

We see that the difference between r f (x) and the normal
direction n(x) is not necessarily in the direction of n(x) (see
Figure 2 for an example where n(x) is certainly not in direc-
tion of the surface normal). Computing the gradient requires
the evaluation of directional derivatives of n(x) and a(x).
Taking directional derivatives of a(x) along the basis di-

rections ek is straightforward and yields

∂a(x)
∂ek

= 2
∑pi

eTk (x�pi)θ0i
kx�pik ∑θi�∑piθi∑

eTk (x�pi)θ0i
kx�pik

(∑θi)2
, (10)

Figure 2: An illustration of n(x) defined as the directions of
smallest weighted co-variance. Random points on the zero-
set contour have been chosen and the direction of smallest
covariance is depicted as a line. Note that in the upper area
n(x) is not normal to the contour.

where θi = θ(kx�pik) and θ0i = θ0(kx�pik). If the normal
n(x) is defined as a weighted average as well, the compu-
tation can be performed in the same manner. Note that we
assume the derivative of the weight functions can be com-
puted analytically, which is certainly true for the typically
used piecewise polynomial functions.

Computing the derivatives of the direction of smallest co-
variance is slightly more complex but, nevertheless, can be
performed explicitly. Let the covariance be W(x) and its
smallest eigenvalue be λ0(|x) as before. The eigenvector of
W(x) corresponding to λ0(x) is n(x), i.e.

n(x)TW(x) = λ0(x)n(x)T. (11)

Taking directional derivatives on both sides yields

∂n(x)T

∂ek
W(x)+n(x)T ∂W(x)

∂ek
=
∂λ0(x)
∂ek

n(x)T+λ0
∂n(x)T

∂ek
.

(12)
In the Appendix we show that for our definition of W (in-
cluding the assumption that n(x) is unique and, thus, λ0 is
a single eigenvalue) the directional derivative of the eigen-
value is

∂λ0(x)
∂ek

= n(x)T ∂W(x)
∂ek

n(x) (13)

which can be used to compute the directional derivative of
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The Gradient?

• Given the surface function 

• What is the gradient? 

- but it’s close enough!

[from M. Alexa & A. Adamson, Proc. Eurographics Symp. PBG, 2004.]

S(x) = n(x) · (x� a(x)) = 0

rS(x) = ?

rS(x) 6= n(x)



Summary

• Point set surfaces are a 
representation of geometry that 
is growing in popularity 

• They can be haptically rendered 
by specifying an approximating 
implicit surface 
- Adamson & Alexa 

• If you want to learn more…


