
IWCSN
2014

Ling Shi

Problem
Description
& Main
Challenges

Proposed
Scheduling
Solution

Performance
Analysis

Examples

Conclusion

Stochastic Event-triggered Sensor Schedule
for Remote State Estimation

Ling Shi

Joint work with Duo Han, Yilin Mo, Junfeng Wu, Bruno Sinopoli

Hong Kong University of Science and Technology

October 25, 2014

Ling Shi (HKUST) IWCSN 2014 October 25, 2014 1 / 34



IWCSN
2014

Ling Shi

Problem
Description
& Main
Challenges

Proposed
Scheduling
Solution

Performance
Analysis

Examples

Conclusion

Introduction to Networked Control Systems

Brief Introduction

Wireless sensor network widely used for monitoring the
process state, e.g., transportation, environmental
monitoring, industrial process, smart grid, etc.

Remote state estimation, e.g., humidity in forest, water
temperature in ocean.

Good: mobility, scalability, etc.

Bad: limited power and bandwidth, less reliability, etc.

Communication consumes energy and bandwidth. We
want to smartly reduce the communication cost.
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Fig. 1. Event-triggered sensor scheduling diagram for remote state estimation

in open-loop and closed-loop systems.

2) Under the proposed event-triggered schedule, the derivation of the exact MMSE estimator for each case is no

longer an intractable nonlinear estimation problem. We derive the exact MMSE estimator for each case, which

is in a simple recursive form and easy to analyze.

3) For both cases, we derive the closed-form expression of the average communication rate for the open-loop case

and provide upper and lower bounds of the average communication rate for the closed-loop case. Moreover,

we characterize the statistical properties of the estimator error covariance matrix. Specifically, we care about

whether the error covariance sample path and the mean of the error covariance are bounded. In particular, we

show that for the closed-loop case, the estimator is always stable regardless of the communication rate.

4) We formulate an optimization problem to illustrate how a parameter in the event mechanism satisfying a desired

tradeoff between the communication rate and the estimation quality can be obtained.

The study of error covariance of sample path and the formulation of the optimization problem are not included in

the preliminary study presented in [31]. The remainder of the paper is organized as follows. Section II formulates

the remote estimation problem and proposes the stochastic event-triggered schedules. Section III introduces the

corresponding MMSE estimator design for each case. Section IV presents the analysis results on the communication

rate and the estimation performance. Section V shows how to design the event parameter in the event-triggered

schedule to minimize the communication rate under some performance constraint. Section VI presents some

simulation results. Conclusion and Appendix are given in the end.

Notation: Sn+ and Sn++ are the sets of n×n positive semi-definite and positive definite matrices. When X ∈ Sn+,

we simply write X ≥ 0 (or X > 0 if X ∈ Sn++). ρ(·) is the spectral radius of a square matrix. N (µ,Σ) denotes

Gaussian distribution with mean µ and covariance matrix Σ. Pr(·) denotes the probability of a random event. E[·]
denotes the expectation of a random variable. E[·|·] denotes the conditional expectation. Pr(A|I) is defined as the

conditional expectation of the indicator function IA of event A on the information set I. f ◦ g(x) denotes the

function composition f(g(x)).

II. PROBLEM SETUP

Consider the following linear system:

xk+1 = Axk + wk, (1)

yk = Cxk + vk, (2)

October 6, 2014 DRAFT

xk+1 = Axk + wk,

yk = Cxk + vk.

xk ∈ Rn is the state at time k.

yk ∈ Rm is the measurement from the sensor.

wk, vk, x0 are independent Gaussian r.v., and
x0 ∼ N (x̄, Σ), wk ∼ N (0, Q) and vk ∼ N (0, R).
(A,Q) controllable and (A,C) observable.

Based on the current and the past available
observations, the estimator computes the MMSE
estimate of the current state xk.
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Kalman Filter

Kalman Filtering

Time update:
x̂−k+1 = Ax̂k,

P−k+1 = APkA
′ +Q,

Measurement update:
x̂k = x̂−k +Kk(yk − Cx̂−k ) ,
Pk = P−k −KkCP

−
k ,

Kk = P−k C
′ (CP−k C ′ +R

)−1
,

with initial condition

x̂−0 = x̄, P−0 = Σ,

where
x̂k , E[xk|yk, . . . , y0], ek , xk − x̂k, Pk , Cov(ek).
x̂−k , E[xk|yk−1, . . . , y0], e−k , xk − x̂−k , P−k , Cov(e−k ).
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Kalman Filtering Preliminaries

KF is the MMSE estimator to obtain x̂k.

For KF, we need to keep track on both the state
estimate x̂k and the “accuracy” of the estimate Pk.

Pk is deterministic, which does not depends on yk.

If (A,C) is observable, {Pk} is always bounded.

If (A,Q) is controllable, then {Pk} converges to the
unique solution of the algebraic Riccati equation.
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Sensor Scheduling

Communication costs too much energy.

Sensors could deliberately and smartly drop some
packets to save energy. Certainly, optimal filter
derivation should be revisited.

Tradeoff : Reduce the communication frequency to
save energy and bandwidth. Inevitably sacrifice the
estimation performance.

To send, or not to send yk: that’s a question for the
sensor.

How to estimate the state when not all measurements
arrive: that’s a question for the estimator.
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Sensor Scheduling Problem

What does a sensor schedule mean here?

Definition: basically, a sequence of transmission
decisions based on some decision rule. Decision variable
γk ∈ {0, 1}: γk = 1 indicates that yk is sent and γk = 0
otherwise. A sensor schedule S : {γ0γ1 . . . γk . . .}.

Off-line schedule

{
Deterministic
Stochastic

.

Event-triggered schedule

{
Deterministic
Stochastic

.

We work on the stochastic event-triggered schedule.
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Sensor Scheduling: Off-line Schedule

Off-line Schedule

The schedule is designed based on the communication rate
requirement and the statistics of the system, e.g.:

Deterministic schedule: γk =

{
0 k is odd

1 k is even
, send yk

only at even time.

Stochastic schedule: γk =

{
0 0 ≤ r < 0.5

1 0.5 ≤ r ≤ 1
,

r ∼ B(1, 0.5), i.i.d., send with 50% probability.

The optimal filter is
Time update: x̂−k+1 = Ax̂k.

Measurement update: x̂k =

{
x̂−k +Kk(yk − Cx̂−k ), γk = 1

x̂−k , γk = 0

Pk =

{
P−k −KkCP

−
k , γk = 1

P−k , γk = 0
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Sensor Scheduling: Event-Based Schedule

Event-triggered Schedule

The schedule depends on both the statistics and the
realization of the system.

For example, if the temperature of the room is normal
distributed around 72.5, we could design the schedule to
be: send yk if the temperature is outside [70, 75], e.g.,

γk =

{
1, |yk − 72.5| > 2.5;
0, otherwise.

Even if no measurement arrives at time k, the fusion
center can still perform a measurement update step,
since it knows that the temperature is inside [70, 75].
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Optimal Filter for Event-Based Schedule

Event-triggered Schedule (Continued)

When γk = 0, yk is a truncated Gaussian r.v..

70 75

P (yk) ×
70 75

P (γk = 0|yk) ⇒
70 75

P (yk|γk = 0)

Need to keep track of the pdf of xk given the received
yk’s as well as the informed “event” γk’s.

Not linear in general, difficult to analyze the estimation
performance.

J. Wu, Q. Jia, K. Johansson, and L. Shi
Event-based sensor data scheduling: Trade-off between communication rate and
estimation quality. IEEE Transactions on Automatic Control, vol. 58, no. 4, pp.
1041-1046, 2013.

K. You and L. Xie
Kalman filtering with scheduled measurements. IEEE Transactions on Signal
Processing, vol. 61, no. 6, pp. 1520-1530,2013.
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Challenges

Challenges

Off-line schedule. Easy but inefficient.

Event-triggered schedule. Efficient but difficult to build
MMSE estimator because of linearity disruption, e.g.,
Wu et al. (TAC13) assumed the Gaussian distribution
of the state conditioned on the past information, but
it’s NOT.

We aim to build an efficient and analytical event-based
sensor schedule.

Ling Shi (HKUST) IWCSN 2014 October 25, 2014 13 / 34



IWCSN
2014

Ling Shi

Problem
Description
& Main
Challenges

Proposed
Scheduling
Solution

Performance
Analysis

Examples

Conclusion

Challenges

Challenges

Off-line schedule. Easy but inefficient.

Event-triggered schedule. Efficient but difficult to build
MMSE estimator because of linearity disruption, e.g.,
Wu et al. (TAC13) assumed the Gaussian distribution
of the state conditioned on the past information, but
it’s NOT.

We aim to build an efficient and analytical event-based
sensor schedule.

Ling Shi (HKUST) IWCSN 2014 October 25, 2014 13 / 34



IWCSN
2014

Ling Shi

Problem
Description
& Main
Challenges

Proposed
Scheduling
Solution

Performance
Analysis

Examples

Conclusion

Challenges

Challenges

Off-line schedule. Easy but inefficient.

Event-triggered schedule. Efficient but difficult to build
MMSE estimator because of linearity disruption, e.g.,
Wu et al. (TAC13) assumed the Gaussian distribution
of the state conditioned on the past information, but
it’s NOT.

We aim to build an efficient and analytical event-based
sensor schedule.

Ling Shi (HKUST) IWCSN 2014 October 25, 2014 13 / 34



IWCSN
2014

Ling Shi

Problem
Description
& Main
Challenges

Proposed
Scheduling
Solution

Performance
Analysis

Examples

Conclusion

Outline

1 Problem Description & Main Challenges

2 Proposed Scheduling Solution

3 Performance Analysis

4 Examples

5 Conclusion

Ling Shi (HKUST) IWCSN 2014 October 25, 2014 14 / 34



IWCSN
2014

Ling Shi

Problem
Description
& Main
Challenges

Proposed
Scheduling
Solution

Performance
Analysis

Examples

Conclusion

Motivation

General Decision Rule

γk =

{
0 ζk ≤ Φ(yk, ŷ

−
k )

1 ζk > Φ(yk, ŷ
−
k )

, (1)

where ζk is an i.i.d. random variable with sample space
[a, b], Φ(yk, ŷ

−
k ) : Rm × Rm → [a, b].

Special case: deterministic event-based rule, Wu et al.
(TAC13),

γk =

{
0 ζk ≤ −‖ẑk‖∞
1 ζk > −‖ẑk‖∞

, (2)

a = b = −δ, Φ(yk, ŷ
−
k ) is the negative H∞ norm of ẑk

which normalizes the innovation zk = yk − ŷ−k .
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A Stochastic Event-Trigger

Proposed Stochastic Event-triggered Schedule

70 75

P (yk) ×
70 75

P (γk = 0|yk) ⇒
70 75

P (yk|γk = 0)

At each time k, the sensor generates a random variable
ζk ∼ U [0, 1] .

Decide whether to send or not based on the following
rule:

γk =

{
0 ζk ≤ Φ(yk)

1 ζk > Φ(yk)
,

where Φ is defined as

Φ(y) = exp

(
−1

2
y′Y y

)
.
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Optimal Filter
We can derive the exact MMSE estimator without any
approximation.

Theorem 1

Time update:
x̂−k = Ax̂k−1,
P−k = APk−1A

′ +Q.
Measurement update:

x̂k =

{
x̂−k + P−k C

′(CP−k C
′ +R)−1(yk − Cx̂−k ), γk = 1

(I − P−k C ′(CP−k C ′ +R+ Y −1)−1C)x̂−k , γk = 0

Pk =


[(
P−k
)−1

+ C ′R−1C
]−1

, γk = 1[(
P−k
)−1

+ C ′
(
R+ Y −1

)−1
C
]−1

, γk = 0

with initial condition
x̂−0 = 0, P−0 = Σ0.
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Short Summary

Scheduling the transmission based on the importance of
the measurement.

The similarity of the event-triggering function and the
pdf of a Gaussian random variable plays a key role in
the derivation of the MMSE estimator.

Facilitate performance analysis.

Ling Shi (HKUST) IWCSN 2014 October 25, 2014 18 / 34



IWCSN
2014

Ling Shi

Problem
Description
& Main
Challenges

Proposed
Scheduling
Solution

Performance
Analysis

Examples

Conclusion

Short Summary

Scheduling the transmission based on the importance of
the measurement.

The similarity of the event-triggering function and the
pdf of a Gaussian random variable plays a key role in
the derivation of the MMSE estimator.

Facilitate performance analysis.

Ling Shi (HKUST) IWCSN 2014 October 25, 2014 18 / 34



IWCSN
2014

Ling Shi

Problem
Description
& Main
Challenges

Proposed
Scheduling
Solution

Performance
Analysis

Examples

Conclusion

Short Summary

Scheduling the transmission based on the importance of
the measurement.

The similarity of the event-triggering function and the
pdf of a Gaussian random variable plays a key role in
the derivation of the MMSE estimator.

Facilitate performance analysis.

Ling Shi (HKUST) IWCSN 2014 October 25, 2014 18 / 34



IWCSN
2014

Ling Shi

Problem
Description
& Main
Challenges

Proposed
Scheduling
Solution

Performance
Analysis

Examples

Conclusion

Outline

1 Problem Description & Main Challenges

2 Proposed Scheduling Solution

3 Performance Analysis

4 Examples

5 Conclusion

Ling Shi (HKUST) IWCSN 2014 October 25, 2014 19 / 34



IWCSN
2014

Ling Shi

Problem
Description
& Main
Challenges

Proposed
Scheduling
Solution

Performance
Analysis

Examples

Conclusion

Focus

Average communication rate, e.g.,

γ , lim sup
T→∞

1

T

T∑
k=0

E[γk]

Stability,

Asymptotic expected estimation error covariance,
limk→∞ E[P−k ].
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Communication Rate

Average Communication Rate

Theorem 2

If the system is stable, e.g., ρ(A) < 1, then the
communication rate γ can be computed as

γ = 1− 1√
det(I + ΠY )

, (3)

where Π satisfies Π = CΣC ′ +R, Σ is given by
Σ = AΣA′ +Q.
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Stability

Stability

The estimator is stable with bounded estimation error
covariance.

Trivial bound for the estimation error covariance is the
solution to the following discrete algebraic Riccati
equation:

P−k+1 = AP−k A
′ +Q−AP−k C ′(CP−k C ′ +R+ Y −1)−1CP−k A

′.
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Estimation Error Covariance

Asymptotic Lower Bound of E[P−k ]

Define g(W,X) , AXA′ +Q−AXC ′(CXC ′ +W )−1CXA′.

Theorem 3

E[P−k ] is asymptotically bounded by

Xopen ≤ lim
k→∞

E[P−k ] ≤ Xopen, (4)

where Xopen is the unique positive-definite solution to
g(R1, X) = X with

R1 =
(
γR−1 + (1− γ)(R+ Y −1)−1

)−1
, (5)

and Xopen is the unique positive-definite solution to
g(R2, X) = X with R2 = R+ Y −1.
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Closed-loop Case 2

depends on the estimation variance, i.e., sending the measure-
ment only when the variance exceeds a pre-defined threshold,
was proposed in [19], [20]. Tripme and D’Andrea [20] showed
the resemblance between the variance-triggered strategy and
the time-based optimal strategy in the limit case, say, both of
them are periodic. Before we introduce our innovative idea,
we present some closely related works from literature.

Smart sensors which can run a local Kalman filter and
preprocess the measurements have been considered in sev-
eral event-based estimation problems. Xu and Hespanha [21]
studied a controlled communication problem where the smart
sensor decides when to send the local estimate to the remote
estimator. The proposed scheduler determines the transmission
probability at each time step based on a function of the estima-
tion error. Loosely speaking, the larger the error is, the more
likely the data packet will be sent. Lipsa et al. [22] studied the
framework where a smart sensor monitoring a first order linear
time-invariant system communicates with a remote estimator.
They modeled the optimal transmission policy problem as
an optimization problem that minimizes a cost combining
the expected error covariance and the communication cost.
They found that a symmetric threshold-type policy is optimal.
However, one major problem for smart sensors is that they
require the strong computation capability embedded to run
a local Kalman filter. Sometimes, the restriction has to be
relaxed.

A more general assumption is that the sensor is primitive,
which means that its computation capability is limited, and it
can only send the raw measurement to the estimator. Unfortu-
nately, this broader assumption brings more complicated data
fusion problem. Once the smart sensor sends the local estimate
to the estimator, the estimator resets its estimate to the optimal
estimate produced by the local standard Kalman filter. While
the estimator that receives raw measurements from a primitive
sensor has to construct a new MMSE estimate to fuse the
information from a received measurement or the absence of a
measurement. In [23] the authors compared a function of the
local measurement to a threshold to decide the transmission.
A suboptimal filter was sought by considering that the absence
of measurement leads to an artificially enlarged measurement
noise covariance. In [24], the Kalman gain of the proposed
filter is a suboptimal solution involving a variable solved as a
convex optimization problem. Wu et al. [25] proposed a deter-
ministic event-triggered scheduler (DET-KF). They derived the
exact MMSE estimator but a number of numerical integrations
are involved making it practically useless. They assumed the
Gaussian distribution of the a priori state estimate at each
time step which is indeed not, to derive an approximate MMSE
estimator. As far as we know, the existing works such as [23]–
[26] on event-based estimation in a primitive sensor setting
cannot bypass one core problem, that is, the introduction of the
event-triggering mechanism renders the derivation of the exact
MMSE estimator nonlinear and intractable. This motivates us
to find an event-triggered schedule for a primitive sensor such
that the derivation of the optimal estimator is feasible and the
tradeoff between communication and performance is desirable.

Process

xk

Sensor

yk

Network

γk = 0, 1

Estimator

x̂k

ŷ−k

Fig. 1. Event-triggered sensor scheduling diagram for remote state estimation

In this work, we consider the remote estimation problem in
Fig. 1. We focus on the design of decision making policy
and assume an ideal channel, i.e., with no packet delay
and dropout, but with finite bandwidth. Two cases for the
estimation problem are studied. The first one is the open-loop
case where only the raw measurement can be accessed by the
sensor to make a decision. The other one is the closed-loop
case where the sensor receives the estimate data broadcasted
by the estimation center besides its own measurements.1

The sensor thus can send the measurement innovation of
which the redundant information has been removed. As a
result, the reduction of data transmission rate at each node
may relieve the traffic congestion significantly. For example,
distributed Kalman-like filter receiving only one or several bits
of quantized innovation to save communication bandwidth is
considered in [28]–[30]. The main contributions of this work
are summarized as follows.

1) We propose a class of stochastic decision rules and sug-
gest two practical forms of the event-triggered schedule
in open-loop and closed-loop systems.

2) Under the proposed event-triggered schedule, the deriva-
tion of the exact MMSE estimator for each case is no
longer an intractable nonlinear estimation problem. We
derive the exact MMSE estimator for each case, which is
in a simple recursive form and easy to analyze.

3) For both cases, we derive the closed-form expression of
the average communication rate for the open-loop case
and provide upper and lower bounds of the average com-
munication rate for the closed-loop case. Moreover, we
characterize the statistical properties of the estimator error
covariance matrix. Specifically, we care about whether
the error covariance sample path and the mean of the
error covariance are bounded. In particular, we show that
for the closed-loop case, the estimator is always stable
regardless of the communication rate.

4) We formulate an optimization problem to illustrate how
a parameter in the event mechanism satisfying a desired
tradeoff between the communication rate and the estima-
tion quality can be obtained.

The study of error covariance of sample path and the for-
mulation of the optimization problem are not included in the
preliminary study presented in [31]. The remainder of the
paper is organized as follows. Section II formulates the remote
estimation problem and proposes the stochastic event-triggered
schedules. Section III introduces the corresponding MMSE

1Due to the power asymmetry, the estimator or the base station is able to
render some feedback information to the local sensor with high reliability. A
practical example is remote state estimation based on IEEE 802.15.4/ZigBee
protocol [27], in which the sensor is the network device and the estimator is
the coordinator.

γk =

{
0 ζk ≤ exp

(
−1

2z
′
kZzk

)
1 ζk > exp

(
−1

2z
′
kZzk

) ,
where zk = yk − Cx̂−k , Z > 0, ζk ∼ Uniform[0, 1].

If we close the loop, the estimator feeds x̂−k back to the
sensor, we can define a similar event to the previous one.
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Optimal Filter
We can derive the exact MMSE estimator for the
closed-loop case.

Theorem 4

Time update:
x̂−k = Ax̂k−1,
P−k = APk−1A

′ +Q.
Measurement update:

x̂k =

{
x̂−k + P−k C

′(CP−k C
′ +R)−1(yk − Cx̂−k ), γk = 1

x̂−k , γk = 0

Pk =


[(
P−k
)−1

+ C ′R−1C
]−1

, γk = 1[(
P−k
)−1

+ C ′
(
R+ Z−1

)−1
C
]−1

, γk = 0

with initial condition
x̂−0 = 0, P−0 = Σ0.
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Closed-loop case (Continued)

Better than open-loop case.

Since E[yky
T
k ] is larger than E[zkz

T
k ], with the same

communication rate, the matrix Z for the closed-loop
schedule is larger than Y for the open-loop schedule.
Recall how Y −1 and Z−1 enlarge Pk.

Closed-loop schedule can be used in unstable systems.

Similar analytical results.
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Effectiveness

Effectiveness

Consider a scalar stable system with parameters
A = 0.8, C = 1, Q = 1, R = 1. We use four strategies to
reduce the communication rate.

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

1.4

1.6

1.8

2

2.2

2.4

2.6

γ

lim
k→

 ∞
 E

[P
k− ]

 

 
Closed−loop event−based schedule
Open−loop event−based schedule
Random offline schedule
Periodic offline schedule

Figure: limk→∞ E[P−k ] under four scheduling strategies versus
communication rate γ
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Comparison with Existing Work

Comparison with Wu et al. (TAC13)

Consider a target tracking problem where a sensor is
deployed to track the state xk which consists of the
position, speed and acceleration of the target.

A =

1 1 1
0 1 1
0 0 1

 , C =

1 0 0
0 1 0
0 0 1

 , Q = I3×3, R = I3×3.

Communication rate limit: 0.65

The closed-loop stochastic event-triggered schedule
(CLSET-KF) used with Z = 0.52× I3×3 and Wu’s
deterministic event-triggered schedule (DET-KF) used
with the threshold being 1.60, where the parameters are
carefully designed to satisfy the communication rate
limitation.

Monte Carlo simulation 10000 times.
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Comparison with Existing Work

Comparison with Wu’s Work
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Figure: Variance of the target position error. The target is
tracked by the CLSET-KF (left) and DET-KF (right) with the
average communication rate being 0.65.
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Communication rate limit: 0.25

CLSET-KF with Z = 0.047× I3×3 and Wu’s DET-KF
used with the threshold being 4.3
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Figure: Variance of the target position error. The target is
tracked by the CLSET-KF (left) and DET-KF (right) with the
average communication rate is 0.25.
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Concluding Remarks

Conclusion

1 We propose a stochastic event-trigger and derive the
corresponding optimal filter.

2 The most crucial feature is reserving the Gaussian
properties of Kalman filtering while introducing the
nonlinear event-triggered mechanism.

3 Some analytical results on stability, average
communication rate and average estimation error
covariance are given.

4 Numerical results show the effectiveness and superiority.
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Thank You !
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