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Synchronous 

In the vernacular: 
(1)  occurring or existing at the same time or  
(2)  moving or operating at the same rate  
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Synchronous 

In electrical engineering and computer science: 
(1)  Synchronous communication: rendezvous-style 

communication between asynchronous threads; 
(2)  Synchronous procedure calls: Procedure calls where 

the caller waits for the return; 
(3)  Synchronized code blocks: In Java, blocks of code that 

are not permitted to execute simultaneously; 
(4)  Synchronous signals: Signals with identical or 

rationally-related sample rates; 
(5)  Synchronous circuits: Global clock and latches. 
(6)  Synchrony hypothesis: Outputs of components are 

simultaneous with their inputs; 

In the vernacular: 
(1)  occurring or existing at the same time or  
(2)  moving or operating at the same rate 
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Synchronous Dataflow 
[Lee, 1986] 

Synchronous Dataflow 
[Caspi, 1986] 
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Synchronous Semantics: One View 
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Least Fixed Point Semantics. 

s ∈ S N 

Any network of 
components can be 
reduced to a single 
function F in a feedback 
loop. 
 
At each “tick” of a global 
clock, the meaning of s is 
the least fixed point of F. 
 
Operationally, can start 
with unknown and 
repeatedly apply F. 
Convergence in finite time 
is assured. 
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Semantics is based on the 
Kleene Fixed-Point Theorem 

¢ Start with unknown signals. 
¢ Iteratively apply function F. 
¢ Converge to the unique solution. 
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Lustre is Smarter 

s ∈ S N 

Order of function 
invocations can be 
statically determined. 
 
Consistency of “clocks” 
can be determined, 
eliminating explicit 
representation of “absent”. 
 
Operators assure 
determinacy, 
boundedness, and 
decidability of deadlock. 
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Extending Synchronous Principles to Admit a 
Metric Notion of Time 

A “signal” is a sequence of 
values (with interleaved 
“absent” or with an 
associated “clock”). 
 
There is no metric notion of 
time between “ticks” of the 
clock. 
 
Such a notion can be added. 

signal 
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Ptolemy Project Directors Inspired by the 
Synchronous Languages 

A signal has a value or is 
absent at each tick of a 
“clock.” Execution 
constructs signals tick by 
tick, where at each tick, a 
least fixed point is found. 

A signal is a set of events 
with time stamps 
representing metric time. At 
each time stamp where any 
signal has a non-absent 
event, a least fixed point is 
found. 

A signal may be defined 
everywhere in time over a 
continuum. At each time 
value for which a “solver” 
chooses to determine the 
value of the signals, a least 
fixed point is found. 



Lee, Berkeley  12 

But There are Subtleties… 

¢  Zeno conditions 
¢  Simultaneous events 
¢  Representations of time 
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Zeno Systems 

DE systems may have 
an infinite number of 
events in a finite amount 
of time. These “Zeno 
systems” can prevent 
time from advancing. 

Zeno-ness is a property of a 
model, and not an accident of the 
modeling technique. 
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Illustration of the difficulty of determining whether 
a model is Zeno 

Collatz conjecture: As yet unproven true or false: 
For any natural number n, if n is even, divide it by 2; if n is odd 
multiply it by 3 and add 1. Repeat the process indefinitely. The 
conjecture is that no matter what number you start with, you 
will always eventually reach 1.  

If Collatz conjecture is true, this system is 
non-Zeno. If false, it is Zeno. 
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But There are Subtleties… 

¢  Zeno conditions 
¢  Simultaneous events 
¢  Representations of time 
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What is the momentum of the middle ball as a function of time? 
 p(t) = mv(t)



Lee, Berkeley  17 

What is the momentum of the middle ball as a function of time? 
 
It might seem: 

p(t) = mv(t)

v(t) = 0 ) p(t) = 0
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But no, it is: 
 
 
where ti is the time of collision 

v(t) =
⇢

K, t = ti
0 otherwise
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Since position is the integral 
of velocity, and the integral of 
v is zero, the ball does not 
move. 

v(t) =
⇢

K, t = ti
0 otherwise

K 

ti 
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v(t) =
⇢

K, t = ti
0 otherwise A discrete representation of 

this signal with samples is 
inadequate. K 

ti 
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Samples yield discrete signals 
A signal   is sampled at tags  

t t0 t1 t2 t3 ts ... 

A signal s is discrete if there is an order embedding from 
its tag set π ( s )  (the tags for which it is defined and not 
absent) to the natural numbers (under their usual order). 

π (s) = {t0, t1,...}⊂ T

s :T→D
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v(t) =
⇢

K, t = ti
0 otherwise No discrete subset of real-

valued times is adequate to 
unambiguously represent this 
signal. 

K 

ti 



Lee, Berkeley  23 

v(t) =
⇢

K, t = ti
0 otherwise There is no semantic 

distinction between a discrete 
event and a rapidly varying 
continuous signal. 

K 

ti 
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Ptolemy II uses Superdense Time 
[Maler, Manna, Pnuelli, 92]  
for Continuous-Time Signals 

At each tag, the signal has exactly one value. At each time point, the 
signal has a sequence of values. Signals are piecewise continuous, in a 
well-defined technical sense, a property that makes ODE solvers work 
well. 

v : (R⇥N)! R3

v(ti,0) = 0Initial value: 
 
Intermediate value: 
 
Final value: 

v(ti,1) = K

v(ti,n) = 0, n � 2
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Consequences of using Superdense Time 

¢  Transient states are well represented: 

¢  Infinitessimals (even Dirac delta functions): 
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More Consequences: 
Hybrid System 

Finite State Machine 

Dyanmics 1 Dynamics 2 
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Transitions between modes are instantaneous 

In the signals at the right, the velocities 
and accelerations proceed through a 
sequence of values at the times of the 
collisions and separations. 
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Superdense Time 

The red arrows indicate value changes between tags, which correspond 
to discontinuities. Signals are continuous from the left and continuous 
from the right at points of discontinuity. 
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Conclusions 

¢  Synchronous languages provide a very solid foundation. 

¢  Discrete event languages extend this with metric time. 
l  Subtlety: Zeno systems. 

¢  Continuous-time language extend further to handle a time 
continuum. 
l  Subtlety: Superdense time. 
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Backup Slides 
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Semantics of systems with superdense time 

We have given an operational semantics for discrete-
event and hybrid systems that is computable for non-
Zeno systems and solver-independent for piecewise 
Lipschitz systems. 
 
We have also given two alternative denotational 
semantics: 
 
•   Version 1: based on metric spaces [Cataldo et al.] 
•   Version 2: Based on fixed points on a CPO [Liu et al.] 
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Generalized Ultrametrics 

Cataldo, Lee, Liu, Matsikoudis and Zheng "A Constructive Fixed-Point 
Theorem and the Feedback Semantics of Timed Systems,” WODES, 2006. 
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Generalized 
Ultrametrics 

Cataldo, Lee, Liu, Matsikoudis and Zheng "A Constructive Fixed-Point 
Theorem and the Feedback Semantics of Timed Systems,” WODES, 2006. 
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Banach fixed-point theorem extends to 
generalized ultrametrics 

 
Non constructive version: 
•  Priess-Crampe and Ribenboim, “Fixed points, combs, and generalized 

power series,” in Abhandlungen aus dem Mathematischen Seminar 
der Universitat Hamburg, vol. 63, 1993, pp. 227–244. 

 
Constructive version: 
•  Cataldo, Lee, Liu, Matsikoudis and Zheng "A Constructive Fixed-Point 

Theorem and the Feedback Semantics of Timed Systems,” WODES, 
2006. 
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Semantics of systems with superdense time 

We have given an operational semantics for discrete-
event and hybrid systems that is computable for non-
Zeno systems and solver-independent for piecewise 
Lipschitz systems. 
 
We have also given two alternative denotational 
semantics: 
 
•   Version 1: based on metric spaces [Cataldo et al.] 
•   Version 2: Based on fixed points on a CPO [Liu et al.] 
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Second Approach (X. Liu): Prefix Order 
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Monotonic and Continuous Functions 

Every continuous function is monotonic, and behaves as follows: 
Extending the input (in time or tags) can only extend the output. 
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Generalizing: Multiple Events at the  
Same Time using Transient States 

If an outgoing guard is true upon 
entering a state, then the time spent 
in that state is identically zero. This is 
called a “transient state.” 
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Terminology: Order Embedding 

Given two posets A and B, an order embedding is a 
function f : A → B  such that for all a, a' ∈ A , 
 

a ≤ a'   ⇔  f ( a ) ≤  f ( a' ) 
 
Exercise: Show that if A and B are two posets, and  
f : A → B   is an order embedding, then  f  is one-to-one.  


