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The problem

Given a solution to the Einstein vacuum constraint equations,
(S, hij ,Kij), how do we know it is a slice of the Kerr spacetime?
If not, can we measure how much it di�ers?

We will introduce a geometric invariant on the slice, which will measure
this deviation from Kerr data.

The invariant is global on the slice, (but local in time).
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Some applications

In a dynamical black hole situation, one expects that the solution settles
down to a Kerr/Schwarzschild black hole. To make sense of this
expectation one needs a way to measure how close data on a slice is to
Kerr data.

Numerical Relativity

Measure how much a slice of a numerical spacetime di�ers from Kerr data
in a coordinate independent way, and study how this number evolves.

Stability of Kerr

The invariant will be a useful tool for the non-linear stability of the Kerr
spacetime. A formulation as a coordinate independent integral over a
slice is well suited for this task.
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Spacetime characterization

To devise a characterization on initial data, we will need a spacetime
characterization.

There are many characterizations of Kerr spacetime. None of the

standard ones will be simple to work with. The one we use is based on

Killing Spinors.
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Spacetime characterization

Killing Spinors

Let (M, gµν) be an orientable and time orientable globally hyperbolic
vacuum spacetime. A Killing spinor is a symmetric spinor κAB = κ(AB)

satisfying
∇A′(AκBC) = 0, (1)

where ∇AA′ denotes the spinorial counterpart of the Levi-Civita
connection of the metric gµν . Given a Killing spinor κAB , one has that
ξAA′ = ∇B

A′κAB is a complex Killing vector of the spacetime.
Furthermore, the integrability condition Ψ(ABC

FκD)F = 0 is satis�ed.
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Spacetime characterization

We note a local characterisation of the Kerr spacetime in terms of Killing
spinors based on the following results:

(i) A vacuum spacetime admits a Killing spinor, κAB , if and only if it is
of Petrov type D, N or O (a Petrov type D spacetime for which ξAA′

is real will be called a generalised Kerr-NUT spacetime)

(ii) The Kerr spacetime is always of type of type D (there are no points
where it degenerates to N or O) and is the only asymptotically �at
generalised Kerr-NUT spacetime
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Spacetime characterization

Theorem

Let (M, gµν) be a smooth vacuum spacetime such that

ΨABCD 6= 0, ΨABCDΨABCD 6= 0

onM. Then (M, gµν) is locally isometric to the Kerr spacetime if and
only if the following conditions are satis�ed:

(i) there exists a Killing spinor, κAB , such that the associated Killing
vector, ξAA′ , is real;

(ii) the spacetime (M, gµν) has a stationary asymptotically �at 4-end
with non-vanishing mass in which ξAA′ tends to a time translation.
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Space spinors

The covariant derivative ∇AA′ can be split according to

∇AA′ = 1

2
τAA′∇− τQA′∇AQ , where ∇ ≡ τAA

′∇AA′ and

∇AB ≡ τ(AA
′∇B)A′ is the Sen connection. The Sen connection is not

intrinsic to the hypersurface S, however, it can be expressed in terms of

the spinorial Levi-Civita connection of hab, DAB , and of the spinorial

counterpart of Kab, KABCD = K(AB)(CD) = KCDAB . One has, for example,

that ∇ABπC = DABπC + 1

2
KABC

DπD . Given a spinor πA, we de�ne its

Hermitian conjugate via π̂A ≡ τAE
′
π̄E ′ .
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Space spinors

Let κAB = κ(AB) and introduce

ξ ≡ ∇PQκPQ , (2a)

ξBF ≡
3

2
∇(F

DκB)D , (2b)

ξABCD ≡ ∇(ABκCD), (2c)

ξAA′ ≡ ∇B
A′κAB . (2d)

This notation will be used throughout.
We can split ∇ABκCD and KABCD in irreducible parts

∇ABκCD = ξABCD − 1

3
εA(C ξD)B − 1

3
εB(C ξD)A − 1

3
εA(C εD)Bξ, (3)

KABCD = ΩABCD − 1

3
εA(C εD)BK . (4)
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Theorem

Let (S, hab,Kab) be an initial data set for the Einstein vacuum �eld
equations, where S is a Cauchy hypersurface. The development of the
initial data set will then have a Killing spinor in the domain of
dependence of S if and only if

ξABCD = 0, (5a)

Ψ(ABC
FκD)F = 0, (5b)

3κ(A
E∇B

FΨCD)EF + Ψ(ABC
F ξD)F = 0, (5c)

are satis�ed on S. The Killing spinor is obtained by evolving

�κAB = −ΨABCDκ
CD (6)

with initial data satisfying (5a)-(5c) and ∇κAB = − 2

3
ξAB on S.
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Approximate Killing spinors

The equation (5a) (∇(ABκCD) = 0) constitutes an over determined
condition for the 3 complex components of the spinor κAB . One would
like to replace it by an equation which always has a solution. For this,
one notes that the operator de�ned by the left hand side of equation (5a)
sends valence-2 symmetric spinors to valence-4 totally symmetric spinors.
We note the identity∫

U
∇ABκCD ζ̂ABCDdµ−

∫
U
κAB ̂∇CDζABCDdµ (7)

+

∫
U
2κABΩCDF

Aζ̂BCDFdµ =

∫
∂U

nABκCD ζ̂ABCDdS ,

with U ⊂ S, and where dS denotes the area element of ∂U , nAB its

outward pointing normal, and ζABCD is a symmetric spinor. Using (7)

one �nds that the formal adjoint of the spatial Killing spinor operator is

given by ∇ABζABCD − 2ΩABF
(C ζD)ABF .
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Approximate Killing spinors

The composition of the two operators is elliptic and formally self-adjoint
and renders the equation

L(κCD) ≡ ∇AB∇(ABκCD) − ΩABF
(C∇|AB|κD)F

− ΩABF
(C∇D)FκAB = 0. (8)

We shall call a solution, κAB , to equation (8) an approximate Killing
spinor. Clearly, any solution to the spatial Killing equation (5a) is also a
solution to equation (8). Equation (8) arises as the Euler-Lagrange
equation of the functional

J =

∫
S
∇(ABκCD)∇̂ABκCDdµ, (9)

where dµ denotes the volume element of the metric hab.
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Weighted Sobolev spaces

We discuss decays of the various �elds on the 3-manifold S in terms of
weighted Sobolev spaces. Choose an arbitrary point O ∈ S, and let

σ(x) ≡ (1 + d(O, x)2)1/2,

where d denotes the Riemannian distance function on S. De�ne:

‖u‖δ ≡
(∫
S
|u|2σ−2δ−3dx

)1/2

, δ ∈ R (10)

Di�erent choices of origin give rise to equivalent weighted norms.
The weighted Sobolev spaces Hs

δ consists of functions for which the norm

‖u‖s,δ ≡
∑

0≤|α|≤s

‖Dαu‖δ−|α| <∞,

with s a non-negative integer, and where α is a multiindex.
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Weighted Sobolev spaces

We say that u ∈ H∞δ if u ∈ Hs
δ for all s.

Lemma

Let u ∈ H∞δ . Then u is smooth (i.e. C∞) over S and has a fall o� at
in�nity such that D lu = o(rδ−|l|).

We will write u = o∞(rδ) for u ∈ H∞δ at an asymptotic end.

We will say that a spinor or a tensor belongs to a function space if its

norm does.
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Decay estimates

We assume asymptotic ends with asymptotically Cartesian coordinates
x i(k), k = 1, 2, with r = ((x1(k))

2 + (x2(k))
2 + (x3(k))

2)1/2, such that the

intrinsic metric and extrinsic curvature of S satisfy

hij = −
(
1 + 2mr−1

)
δij + o∞(r−3/2), Kij = o∞(r−5/2). (11)

Lemma

For any initial data set satisfying (11) there exists a κAB such that
ξ = ±

√
2 + o∞(r−1/2), ξAB = o∞(r−1/2), κAB = o∞(r3/2), on each

asymptotic end and ∇(ABκCD) ∈ H∞−3/2. In a speci�c asymptotic

Cartesian frame and coordinates κAB takes the form

κAB = ∓
√
2

3

(
1 +

2m

r

)
xAB + o∞(r−1/2). (12)

This is the same behaviour as the Killing spinor corresponding to the

stationary Killing vector in the Kerr spacetime.
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Lemma

Let νAB ∈ H∞−1/2 such that ∇(ABνCD) = 0. Then νAB = 0 on S.

It can be veri�ed that under the asymptotic conditions (11) the operator
L is asymptotically homogeneous, linear bounded operator with �nite
dimensional Kernel and closed range.
Using Fredholm's alternative and the lemma above one can prove

Theorem

Given an asymptotically Euclidean initial data set (S, hab,Kab) satisfying
the asymptotic conditions (11), there exists a smooth unique solution to
equation (8) with asymptotic behaviour given by (12).
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The geometric invariant

We use the functional J and the algebraic conditions (5b) and (5c) to
construct the geometric invariant measuring the deviation of (S, hab,Kab)
from Kerr initial data. To this end, let κAB be a solution to equation (8)
as given by the theorem above. De�ne

I1 ≡
∫
S

Ψ(ABC
FκD)F Ψ̂ABCG κ̂DGdµ, (13)

I2 ≡
∫
S

(
3κ(A

E∇B
FΨCD)EF + Ψ(ABC

F ξD)F

)
×
(
3κ̂AP ̂∇BQΨCD

PQ + Ψ̂ABCP ξ̂DP

)
dµ. (14)

The geometric invariant is then de�ned by

I ≡ J + I1 + I2. (15)

By construction I is coordinate independent.
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Due to our smoothness assumptions, if I = 0 it follows that equations

(5a)-(5c) are satis�ed on the whole of S. Thus, the development of

(S, hab,Kab) has, at least in a slab, a Killing spinor such that the

corresponding Killing vector ξAA′ tends to a time translation at in�nity.

Imaginary part of ξAA′ will be Killing vector, but will decay as o(r−1/2).

However, there are no non-trivial Killing vectors with such decay, hence,

ξAA′ is real. The spacetime characterization of Kerr data then gives our

main result:
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Theorem

Let (S, hab,Kab) be an initial data set for the Einstein vacuum �eld
equations with two asymptotically Euclidean ends satisfying (11) such
that ΨABCD 6= 0 and ΨABCDΨABCD 6= 0 everywhere on S. Let I be the
invariant de�ned by equations (9), (13), (14) and (15), where κAB is
given as the only solution to equation (8) with asymptotic behaviour
given by (12). The invariant I vanishes if and only if (S, hab,Kab) is an
initial data set for the Kerr spacetime.
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More applications

Black hole uniqueness

Combining the approximate Killing spinor equations with the KID
equations might yield a proof of the uniqueness of the Kerr black hole.
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