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Motivations

Ordinary clustering: k-means/median

I Given P ⊂ Rd , group it into

k clusters and minimize the

average (squared) distance

from each point to its

closest mean/median point.

I Locality property, i.e., each cluster lies entirely inside the Voronoi
cell of its center.

I Many existing algorithms: [Badŏiu et al. 2002], [Ostrovsky et al.

2006], [Kumar et al. 2010], etc.



Motivations

Constrained clustering

I Locality property may no
longer exist =⇒ most
existing algorithms fail



Problem Description: Constrained Clustering

Constrained k-means/median (k-CMeans and k-CMedian)

I Partition P ⊂ Rd into k clusters satisfying some additional
constraint C and minimizing the objective function of the
ordinary k-means (or k-median) problem.

I d could be quite high, and k is a constant.

I Hardness: NP-hard even for the ordinary k-means/median
clustering in high dimensions with k = 2 [Guruswami and
Indyk 2003] and [Dasgupta 2008].
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Some Examples of Constrained Clustering

Constrained k-means/median (k-CMeans and k-CMedian)

I Chromatic
clustering

I r -gather clustering

I l-diversity clustering

I Semi-supervised
clustering

I Evolutionary
clustering

I Probabilistic
clustering

(PBDs). Many PCDs do not correspond to their border distances
(Supplementary Material, Figs. S3–S4). Thus, CT that may be
interacting at their borders will have PCDs that are not only
higher but also vary depending on the sizes of the CT and their
relative structural orientations to each other (Supplementary
Material, Figs. S3–S4). While only 33% of PCDs demonstrated
a significant difference from random simulations, !90% of the
PBDs are significantly different from random simulations at a
threshold where virtually none of the random simulation
values are significant (Supplementary Material, Table S2,
P ≤ 0.01). We conclude that the PBD is the preferred approach
to measuring interchromosomal distances. It avoids complica-
tions of CT size and orientation differences, directly measures
the nearest 3D distances between CT and gives distance values
that are predominantly nonrandom.

Pairwise CT interaction profiles of malignant CA1a cells
are altered compared with 10A breast epithelial cells

A CT pair can interact once or multiple times (up to four
instances, e.g. CT1a-CT2a, 1a-2b, 1b-2a and 1b-2b). We initially
determined the percentage of cells that contain at least one inter-
action based on the PBD measurements. PBDs ≤4 pixels or
≤0.28 mM were scored as ‘interacting chromosomes’. At this
threshold, !90% of the values were ‘zero pixels’ and virtually
all of those showed potential overlap between the two CT. The
degree of overlap based on the percent nuclear volume (0.10–
0.60%) was similar to a previous report (32) and averaged

!15% of the total volume of each interacting CT. The degree
of overlap between CT that we measured in our study,
however, is inconclusive based on the limited resolution of our
microscopic images and will require further study. The % asso-
ciations were then plotted for each of the 36 pairwise combina-
tions of heterologous CT (Fig. 4A).

Examination of the overall profiles revealed major differences
in 10A versus CA1a (x2, P , 0.001). Of the 36 different pairwise
interactions, 19 showed .10% differences between10 and CA1a
(Fig. 4A) and 33 were significantly greater than random simula-
tions in both 10 and CA1a (Fishers exact test, P , 0.001, Supple-
mentary Material, Figs S5 and S6). In contrast to experimental
values, the levels of interaction in random simulations were
size dependent (Supplementary Material, Fig. S7). Homologous
CT interactions (Supplementary Material, Fig. S8) were lower
than heterologous interactions and remained among the lowest
interacting CT when corrected for the one possible homologous
interaction compared with the four for heterologous interactions
(Supplementary Material, Fig. S8).

Multiple interactions among CT pairs are altered
in the malignant CA1a cells

We found that every CT homolog interacts with at least one of the
other eight CT in 90–100% of the cells (Supplementary Material,
Fig. S9). On average, each CT homolog interacts with!3.5outof
the 16 possible other heterologs (Fig. 5A). All CT have similar
levels of interaction independent of their size with the exception

Figure 1. Multi-FISH labeling of CT in MCF10. 2D projection images of: (A) 10 CT (1, 4, 11, 12, 15, 16, 17, 18, 21 and X) in MCF10A; (E) nine CT (1, 4, 11, 12, 15, 16,
18,21 and X) in MCF10CA1a; (B and F) larger chromosomes (1, 4, 11, 12 and X); (C and G) smaller chromosomes (15, 16, 17,18 and 21); and (D and H) DAPIstaining
to visualize the nuclei.
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Non-Sensitive Sensitive
Zip Code Age Nationality Condition

1 1305* ≤ 40 ∗ Heart Disease
4 1305* ≤ 40 ∗ Viral Infection
9 1305* ≤ 40 ∗ Cancer
10 1305* ≤ 40 ∗ Cancer
5 1485* > 40 ∗ Cancer
6 1485* > 40 ∗ Heart Disease
7 1485* > 40 ∗ Viral Infection
8 1485* > 40 ∗ Viral Infection
2 1306* ≤ 40 ∗ Heart Disease
3 1306* ≤ 40 ∗ Viral Infection
11 1306* ≤ 40 ∗ Cancer
12 1306* ≤ 40 ∗ Cancer

Figure 3. 3-Diverse Inpatient Microdata

to eliminate ℓ − 1 possible sensitive values and infer a pos-
itive disclosure! Thus, by setting the parameter ℓ, the data
publisher can determine how much protection is provided
against background knowledge — even if this background
knowledge is unknown to the publisher.
Putting these two arguments together, we arrive at the

following principle.

Principle 2 (ℓ-Diversity Principle) A q⋆-block is ℓ-diverse
if contains at least ℓ “well-represented” values for the sen-
sitive attribute S. A table is ℓ-diverse if every q⋆-block is
ℓ-diverse.

Returning to our example, consider the inpatient records
shown in Figure 1. We present a 3-diverse version of the ta-
ble in Figure 3. Comparing it with the 4-anonymous table in
Figure 2 we see that the attacks against the 4-anonymous ta-
ble are prevented by the 3-diverse table. For example, Alice
cannot infer from the 3-diverse table that Bob (a 31 year old
American from zip code 13053) has cancer. Even though
Umeko (a 21 year old Japanese from zip code 13068) is ex-
tremely unlikely to have heart disease, Alice is still unsure
whether Umeko has a viral infection or cancer.
The ℓ-diversity principle advocates ensuring ℓ “well rep-

resented” values for the sensitive attribute in every q⋆-block,
but does not clearly state what “well represented” means.
Note that we called it a “principle” instead of a theorem
— we will use it to give two concrete instantiations of the
ℓ-diversity principle and discuss their relative trade-offs.

4.2. ℓ-Diversity: Instantiations

Our first instantiation of the ℓ-diversity principle uses the
information-theoretic notion of entropy:

Definition 4.1 (Entropy ℓ-Diversity) A table is Entropy ℓ-

Diverse if for every q⋆-block

−
!

s∈S

p(q⋆,s) log(p(q⋆,s′)) ≥ log(ℓ)

where p(q⋆,s) =
n(q⋆,s)

P

s′∈S

n(q⋆,s′)
is the fraction of tuples in the

q⋆-block with sensitive attribute value equal to s.

As a consequence of this condition, every q⋆-block has at
least ℓ distinct values for the sensitive attribute. Using this
definition, Figure 3 is actually 2.8-diverse.
Since −x log(x) is a concave function, it can be shown

that if we split a q⋆-block into two sub-blocks q⋆
a and q⋆

b

then entropy(q⋆) ≥ min(entropy(q⋆
a), entropy(q⋆

b )). This
implies that in order for entropy ℓ-diversity to be possible,
the entropy of the entire table must be at least log(ℓ). This
might not be the case, especially if one value of the sensi-
tive attribute is very common – for example, if 90% of the
patients have “heart problems” as the value for the “Medical
Condition” attribute.
Thus entropy ℓ-diversity may sometimes be too restric-

tive. If some positive disclosures are acceptable (for exam-
ple, a clinic is allowed to disclose that a patient has a “heart
problem” because it is well known that most patients who
visit the clinic have heart problems) then we can do bet-
ter. This reasoning allows us to develop a less conservative
instantiation of the ℓ-diversity principle called recursive ℓ-
diversity.
Let s1, . . . , sm be the possible values of the sensitive at-

tribute S in a q⋆-block. Assume that we sort the counts
n(q⋆,s1), . . . , n(q⋆,sm) in descending order and name the el-
ements of the resulting sequence r1, . . . , rm. One way to
think about ℓ-diversity is the following: the adversary needs
to eliminate at least ℓ − 1 possible values of S in order to
infer a positive disclosure. This means that, for example, in
a 2-diverse table, none of the sensitive values should appear
too frequently. We say that a q⋆-block is (c, 2)-diverse if
r1 < c(r2 + · · · + rm) for some user-specified constant c.
For ℓ > 2, we say that a q⋆-block satisfies recursive (c, ℓ)-
diversity if we can eliminate one possible sensitive value in
the q⋆-block and still have a (c, ℓ−1)-diverse block. This
recursive definition can be succinctly stated as follows:

Definition 4.2 (Recursive (c, ℓ)-Diversity) In a given q⋆-
block, let ri denote the number of times the ith most fre-
quent sensitive value appears in that q⋆-block. Given a
constant c, the q⋆-block satisfies recursive (c, ℓ)-diversity
if r1 < c(rℓ + rℓ+1 + · · · + rm). A table T ⋆ satisfies re-
cursive (c, ℓ)-diversity if every q⋆-block satisfies recursive
ℓ-diversity. We say that 1-diversity is always satisfied.

Now suppose that Y is the set of sensitive values for
which positive disclosure is allowed (for example, because
they are extremely frequent, or because they may not be an

7
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Our Main Result: A Unified Framwork

Two steps for clustering in Euclidean space:

1 Identify the set of cluster centers, i.e., the k mean or median
points.

2 Partition the input points into k clusters based on these mean
or median points. The partition step may be non-trivial for
some problems.



Our Main Result: A Unified Framework

Theorem: Let P be a set of n points in Rd , and C be some
constraint.
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time,



Our Main Result: A Unified Framework

Theorem: Let P be a set of n points in Rd and C be some
constraint. There exists an algorithm outputting O(logk+1 n)
k-tuple candidates for the mean/median points in O(n(logk+2 n)d)
time, and with probability 1− 1

n at least one candidate yields

(1 + ε)-approximation of k-CMeans/CMedian, if the corresponding
partition step can be solved.



Our Results for a Class of k-CMeans/CMedian

Problems Existing Results

l-diversity clustering 2-approx. for metric k-centers (only for a restricted version of l-diversity clustering)

chromatic clustering (1 + ✏)-approx. for chromatic k-cones clustering in Rd; (1 + ✏)-approx. for 2-center
in R2

fault tolerant clustering 4 and 93-approx. for uniform and non-uniform metric k-median; 2-approx. for
metric k-centers;

r-gather clustering 2-approx. for metric k-centers and 4-approx. for metric k-cellulars; (4 + ✏)-approx.
for k-centers in constant dimensional space

capacitated clustering 6 and 7-approx. for metric k-centers with uniform and non-uniform capacities

semi-supervised clustering Heuristic algorithms

uncertain data clustering (1 + ✏)-approx. for k-means and unassigned k-median; (3 + ✏)-approx. for assigned
k-median; (1 + ✏)-approx. for assigned k-median in constant dimensional space;
O(1)-approx. for k-centers

Our results: (1 + ✏)-approx. of k-means and k-median for all 7 problems in any (i.e., both low and high)
dimensional space

Table 1: Existing and our new results for the class of constrained clustering problems.

oring or size) are imposed on the points, the locality
property may no longer exist (see Fig. 1b), and thus the
correctness of the peeling step cannot always be guar-
anteed. In this scenario, the core-set technique [22] is
also unlikely to be able to resolve the issue. The main
reason is that although core-sets can greatly reduce the
size of the input points, it is quite challenging to impose
the (coloring or size) constraints through the core-sets.

To overcome this challenge, we present a unified
framework, called Peeling-and-Enclosing, in this pa-
per, based on a standalone new geometric technique
called Simplex Lemma. Simplex lemma aims to address
the major obstacle encountered by the peeling strategy
in [35] for constrained clustering problems. More specif-
ically, due to the loss of locality, at the j-th peeling step,
points of the j-th cluster Optj could be scattered over all
Voronoi cells of the first j-1 mean points, and therefore
their mean point can no longer be determined by simply
sampling points outside the j-1 peeling spheres. To re-
solve this issue, our main idea is to view cluster Optj as
a union of j unknown subsets, Q1, · · · , Qj , with each Ql,
1  l  j-1, being the set of points inside the Voronoi
cell (or peeling sphere) of the obtained l-th mean point
and Qj corresponding to the remaining points of Optj .
After approximating the mean point of each unknown
subset (using random sampling), we build a simplex to
enclose a region which contains the mean point of Optj ,
and then search the simplex region for a good approx-
imation of the j-th mean point. Clearly to make this
approach work, we need to overcome two major di�cul-
ties: (a) how to generate the desired simplex to contain
the j-th mean point, and (b) how to e�ciently search
the (approximate) j-th mean point inside the simplex.

For di�culty (a), our idea is to use the already
determined j-1 mean points (which can be shown that

they are also approximate mean points of Q1, · · · , Qj�1,
respectively) and another point, which is the mean of
those points in Optj outside the peeling spheres (or
Voronoi cells) of the first j-1 mean points (i.e., Qj),
to build a j-1-dimensional simplex to contain the j-
th mean point. Since we do not know how Optj is
partitioned (i.e., how Optj intersects the j-1 peeling
spheres), we vary the radius of the peeling spheres
O(log n) times to guess the partition and generate a set
of simplexes, where the radius candidates are based on
an upper bound of the optimal value determined by a
novel upper bound algorithm (in Section 3.4). We show
that among the set of simplexes, one of them contains
the j-th (approximate) mean point.

For di�culty (b), our simplex lemma (in Section 2)
shows that if each vertex vl of the simplex V is the
(approximate) mean point of an unknown subset Ql

of a point set Q = Optj , then we can find a good
approximation of the mean point of Q by searching
a small-size grid inside V. A nice feature of the
simplex lemma is that the grid size is independent
of the dimensionality of the space and thus can be
used to handle high dimensional data. In some sense,
our simplex lemma can be viewed as a considerable
generalization of the well-known sampling lemma (i.e.,
Lemma 3.1 in this paper) in [29], which has been
widely used for estimating the mean of a set Q of
points through a sample set T [29, 35]. Di↵erent from
Lemma 3.1, which requires a global view of Q (meaning
that the sample set T needs to be taken from Q or a
large subset of Q), our simplex lemma only requires
some partial views of Q (e.g., sample sets are taken from
those unknown subsets whose size might be quite small).
Our simplex lemma also enables us to bound the error
by both the variance of Q (i.e., a local measure) and the

The running time depends on the partition step for each
constraint C.



A Representative Approach for Ordinary Clustering

Used in [Badŏiu et al. 2002], [Kumar et al. 2010], etc.

Peeling + Sampling



A Representative Approach for Ordinary Clustering

Peeling + Sampling

I Approximate the mean point: Uniform random sampling
[Inaba et al. 1994].

||m(S)−m(T )||2 ≤ O(
1

|S |)δ
2,S ⊂ T .

I Approximate the median point: Similar but more
complicated approach, and similar result [Badŏiu et al. 2002].
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I Iteratively draw k
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I Each time find the
j-th mean/median
point via random
sampling

I Locality property
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correctness
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Roadmap of the Remaining Part

1 Two novel techniques:
I Simplex Lemma to find the mean/median points for the

constrained clustering, instead of simply random sampling.
I A Unified Constant Approximation to determine the radii of

peeling spheres.

2 A Peeling + Enclosing algorithm which outputs a set of
candidates for k mean/median points.

3 Algorithms for selecting the best candidate based on each
individual constraint.
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Novel Technique I: Simplex Lemma

Generally speaking, Simplex Lemma enables us to
approximate the mean point of some unknown point

set with only partial knowledge.



Novel Technique I: Simplex Lemma

I Let P be an unknown set of
points in Rd .

I Let P = ∪jl=1Pl be an
unknown partition of P into
j subsets.

I Let ol be the known mean

point of Pl for 1 ≤ l ≤ j .

Note: The partition can be arbitrary, not necessary forming a
Voronoi diagram.



Novel Technique I: Simplex Lemma

I Let V be the simplex formed
by {o1, · · · , oj}.

I Let o be the mean of P, and
δ2 be the variance (i.e.,
δ2 = 1

|P|
∑

p∈P ||p − o||2).

o1
o2

o3 o4

o⌧

Simplex Lemma: For any 0 < ε ≤ 1, it is possible to construct a grid of
size O((8j/ε)j) inside V s.t. at least one grid point τ satisfies

||τ − o|| ≤ √εδ.

Note: The grid size is independent of the dimensionality d , and thus can
be used in high dimensions.



Novel Technique I: Simplex Lemma

Proof (sketch)

1 o lies inside V .

2 Consider two cases: (1)
Every Pl contains a large
enough fraction of P (i.e.,
≥ ε

4j ), and (2) otherwise.

I For case (1), the whole
V is bounded by a
(j − 1)-dimensional ball
with radius 4

√
j/εδ.

I For case (2), it can be
reduced to a case with
a smaller j following an
induction argument.

o1
o2

o3 o4

o



Novel Technique I: Simplex Lemma

A more general result:

I The exact position of ol for
each Pl is unknown.

I Instead, only an approximate
position o′

l is known for each
ol , s.t.

||o′
l − ol || ≤ L.

I Let V ′ be the simplex of

{o′
1, · · · , o′

j}.

o1
o2

o3 o4

o01

o02

o03

o04
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Novel Technique I: Simplex Lemma

A more general result:

I Then, for any 0 < ε ≤ 1, it is possible to construct a grid of
size O((8j/ε)j) inside V ′ such that at least one grid point τ
satisfies the inequality

||τ − o|| ≤ √εδ + (1 + ε)L.

I Note: The right hand side contains two parts; one is from the
variance, and the other is from the upper bound of ||ol − o ′l ||.
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Novel Technique I: Simplex Lemma

A more general result:

I Then, for any 0 < ε ≤ 1, it is possible to construct a grid of
size O((8j/ε)j) inside V ′ such that at least one grid point τ
satisfies the inequality

||τ − o|| ≤ √εδ + (1 + ε)L.

I Note: The right side contains two parts; one is from the
variance, and the other is from the upper bound of ||ol − o ′l ||
=⇒ A key for proving the correctness.



Novel Technique I: Simplex Lemma

Extension to median point:

I Bad news: A median point could lie outside the simplex.

I P1 = {pi | 1 ≤ i ≤ 5},
P2 = {pi | 6 ≤ i ≤ 9}.

a (p1, p2, p6)

b (p3, p4, p5) c (p7, p8, p9)

I Good news: Although a median point may lie outside the
simplex, it is always in the surrounding region of the simplex,
and thus a similar result can be obtained by building a grid in
the surrounding region.
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Novel Technique II: A Unified Constant Approximation

A natural question: For the same set of input
points, how large is the difference between the

solutions to the constrained (i.e.,
k-CMeans/CMedian) and unconstrained (i.e., the

ordinary k-means/median) clusterings?

Such information can be used
(1) For determining the radii of peeling spheres; (2) Of interest in
its own right.



Novel Technique II: A Unified Constant Approximation

Original Input

Any λ-approximation
for ordinary k-
means/median

Ignore the constraint

Output k
mean/median points

Yield O(λ)-
approximation

Partition is solvable

Upper bound



A Unified Algorithm

Peeling + Sampling

Peeling + Enclosing

Simplex Lemma



A Unified Algorithm

Main Steps:

1 Run the constant approximation algorithm to obtain an upper
bound (assuming the partition step is solvable)

2 Iteratively find the k mean/median points; for each
0 ≤ j ≤ k − 1:

1 Draw j peeling spheres centered at the j previously obtained
mean/median points, each radus is based on the upper bound

2 Find an extra point π via random sampling after the peeling
3 Build a j-dimensional simplex
4 Find the (j + 1)-th mean/median point via Simplex Lemma

3 Output a set of k-tuple candidates for the k mean/median
points



A Unified Algorithm

An illustration for the case of k = 4.
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A Unified Algorithm

A key lemma for the correctness:

||pi −mi || ≤ εδi + O(
√
ε)δopt ,

where mi is the optimal mean/median, δi is the cost of the i-th cluster,
and δopt is the overall cost.



A Unified Algorithm

Theorem: Let P be a set of n points in Rd and C be some
constraint. There exists an algorithm outputting O(logk+1 n)
k-tuple candidates for the mean/median points in O(n(logk+2 n)d)
time, and with probability 1− 1

n at least one candidate yields a
(1 + ε)-approximation of k-CMeans/CMedian, if the corresponding
partition step can be solved.



Selection Algorithms

1 For each k-tuple candidate, solve the partition step, i.e.,
generate the k clusters satisfying the constraint C.

I Some problems are easy, e.g.,
chromatic clustering, fault tolerant
clustering, probabilistic clustering.

I Some problems are harder, e.g.,
r -gather clustering, diversity
clustering, semi-supervised
clustering, involving min-cost
max-flow techniques (please refer
to our paper for details).

2 Select the one with the smallest objective value.
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Summary

1 A unified algorithm outputting k-tuple candidates for
k-CMeans/CMedian

I Simplex Lemma
I A unified constant approximation
I Peeling + Enclosing

2 Selection algorithm for each individual constraint

3 Open problems
I Is it possible to improve the time complexity of the unified

framework to be linear, such as using core-set?
I Can the unified framework be applied to other types of

k-CMeans/CMedian?
I Can it be extended to some non-Euclidean space?
I How to improve the selection algorithms?



Thank You!

Any Question?


