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Why Sampling? 

¤ Problems with existing Pattern Mining 
¤  Finds many-many patterns 

¤  Finds many redundant patterns 

¤  Interestingness ≠ support 

¤  Possible solutions: 
¤  Condensed representations, e.g. closed itemsets 

¤  Pattern set mining, e.g. KRIMP 

¤  Pattern sampling, e.g. this work 



What is Pattern Sampling? 



Two-Step Random Procedures 

¤  Step 1: 

¤  Draw data tuples w.r.t. 
induced patterns 

¤  Step 2:  

¤  Generate sample  
from tuples 



Old Approach (Boley et al. 2011) 

¤  Step 1: Logarithmic search through cumulative 
probability vector 
¤  Large pre-processing time 

¤  Super-linear space requirements 

¤  Step 2: Specific sample generation depending on 
distribution 



New General Framework 

¤  Suitably biased patterns:  

¤  Step 1: Coupling From The Past (CFTP)  
¤  No pre-processing time 

¤  Linear space requirements 

¤  Step 2: Sequential sampling based on induced patterns 

relative size of its support with respect to the total number of
data records frq(D, F ) = |D[F ]| / |D|. Correspondingly, we
define the negative support and the negative frequency
as supp(D, F ) =

��D[F ]
�� and frq(D, F ) =

��D[F ]
�� / |D|, respec-

tively, where D[F ] = D\D[F ] denotes the complement of the
support set of F . A further measure considered here is the
area function [9] area(D, F ) = |F | |D[F ]|. In some applica-
tion contexts, e.g., subgroup discovery or emerging pattern
mining [7], each data record D 2 D has an associated class
label l(D) 2 {�, }. We denote by D

l

2 {�, } the data
portion labeled l, i.e., D

l

= {D 2 D : l(D) = l}. For such
datasets we consider as a representative utility measure the
information gain, which is defined by

ig(D, F ) = H(D)� frq(D, F )H(D[F ])� frq(D, F )H(D[F ])

where for a data portion D0 ✓ D

H(D0) = �
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��D0
l

�� /
��D0

�� log
��D0

l

�� /
��D0
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is the entropy of the label distribution associated with D0.
Note that all concepts discussed here can be easily extended
to the case of more than two classes.

2.2 Coupling From The Past
Coupling from the past is a technique to acquire a sample

from a distribution d on some domain ⌦ without explicitly
constructing it. It is based on an indirect simulation of a
Markov chain on ⌦ with a state distribution that converges
to d . Within the two-step sampling framework of this paper,
it is used to e�ciently implement Step 1.

A (time-homogeneous) Markov chain on finite state space
⌦ is a discrete time random process that can be specified by
a stochastic state transition matrix P 2 [0, 1]⌦⇥⌦. The
chain is called ergodic if for all x, y 2 ⌦ there is a num-
ber t

0

2 N of steps such that for all t > t
0

it holds that
P t

x,y

> 0 (P t

x,y

is equal to the probability of going from x
to y in t steps). An ergodic Markov chain has a station-
ary distribution, i.e., a distribution d : ⌦ ! [0, 1] with
dP = d , that it converges to, i.e., for all distributions d 0

lim
t!1 kd 0P t, dk

tv

= 0. Given a desired target distribu-
tion d on ⌦, a Markov chain with stationary distribution
d can be constructed by using as transition procedure the
Metropolis-Hastings algorithm [12]: in a current state x
propose a successor state y with some proposal distribution
q
x

: ⌦ ! [0, 1] and then accept the proposal y as the new
current state if u  (d (y)q

y

(x))/(d (x)q
x

(y)) with uniform
u ⇠ u[[0, 1)] and otherwise keep x as current. The resulting
transition probabilities are

P
x,y

= q
x

(y)min

✓
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(x)

d (x)q
x

(y)
, 1

◆
(2)

if q
x

(y) > 0 and 0 otherwise. If the Markov chain described
by P is ergodic the stationary distribution is the desired d .

In order to acquire a sample of the stationary distribution
one needs an e�cient single step simulation algorithm that
computes a random transition map �(·, r) : ⌦! ⌦ with
a suitable random variable r such that

8x, y 2 ⌦, P[�(x, r) = y] = P
x,y

. (3)

One way of sampling is then to run a forward simulation
for t time steps from some starting state x

0

, i.e., to compute
(�(·, r

t

) � · · · � �(·, r
1

))(x
0

) where the r

i

are i.i.d. copies of

r. This is what is commonly referred to as Markov chain
Monte Carlo method. Disadvantages of this approach are
that it yields only approximate samples of d and that it is
hard to come up with good a priori bounds for the required
number of steps t. Coupling from the past (CFTP) is an
alternative method that avoids these drawbacks. It is based
on backward simulations defined by �

i

= �
i�1

� �(·, r
i

)
for i > 0 and �

0

(x) = x. The crucial insight is: if for some
t > 0 it holds that �

t

is a constant function, i.e.,

img(�
t

) = {x} (4)

then x must be an observation of the stationary distribution
(P[x = x] = d (x)). This event is referred to as coalescence.
Intuitively we can consider the backward simulation to be
running already since infinitely far in the past, hence the cur-
rent state is distributed according to d , but for determining
the current state no information beyond the time horizon
t is required. This is because Eq. (4) corresponds to the
event that all possible realizations of the Markov chain agree
in their current state (using all possible starting states but
fixing the source of randomness for state transition). The
CFTP protocol checks Eq. (4) for �

t

in exponentially in-
creasing epochs, i.e., t = 2i for i = 1, 2, . . . . The challenge
is how to e�ciently compute img(�

t

). Naively keeping track
of all realizations would diminish any advantage over enu-
merative sampling (explicitly constructing ⌦). Sec. 4 shows
how this can be achieved for our specific sampling task.

3. TWO-STEP DIRECT SAMPLING
In this section we present a general form of the two-step

sampling framework and show how it can be instantiated
to simulate various distributions relevant to local pattern
discovery.

3.1 Distributions
Given an input dataset D over E, the framework can be

used to sample according to distributions F : L(D) ! [0, 1]
that can be expressed in the following product form:

F (F ) = b
?

(F )
cY

i=1

q
i

(D
i

, F )/Z (5)

where Z is a normalizing constant, q
i

2 {supp, supp} are
support resp. negative support measures for some specific
portions of the input data D

i

✓ D, and b
?

: P(E) ! R
+

is
a weight function based on positive singleton prior weights
b : E ! R

+

that are interpreted either multiplicative or
additive, i.e., b

?

(F ) = ?
e2F b(e) with ? 2 {⇧,⌃}.

Out of the many possible distributions that can be rep-
resented with Eq. (5), in this paper, we consider 17 repre-
sentative examples with between one and four factors. The
distributions can be categorized into four groups, each of
which has a base-case with one or two factors, respectively.
Distributions with a greater number of factors result then
from multiplying the base-case with more frequency-factors.
The groups are:

Frequency with base-case Ffrq(F ) = frq(D, F )/Z by set-
ting q

1

= supp, D
1

= D, b(e) = 1, and ? = ⇧ (creating
uniform priors b

?

(·) = 1); and distributions Ffq2 , Ffq3 ,
Ffq4 by setting factors accordingly.

Area with base-case Farea(F ) = area(D, F )/Z by setting
q
1

= supp, D
1

= D, b(e) = 1, and ? = ⌃; and dis-
tributions Far·fq, Far·fq2 , Far·fq3 .



Step 1: Coupling From The Past 
(Huber, 2004) 

¤  Simulation of Markov Chain 
¤  Exact sampling from distribution 

¤  Backward simulation using increasing epoch lengths 
¤  vs. unbounded forward simulation 

¤  Key-issue: detecting coalescence 
¤  i.e. monitoring for single-state 

¤  Intuition: Hard-Jupp 



Step 2: Generate Sample 

¤  Sequential sampling based on induced patterns 

¤  Idea: 
¤  For each singleton e evaluate 

  #induced patterns including e
#induced patterns by data tuple



Optimalizations 

¤  Singleton rejection 

¤  Lower bound instead of Hard-Jupp 

¤  Enhanced proposal function 
¤  Non-uniform 



Evaluation 

¤  Running time 

¤  Proposal function 
¤  Irregularity 

¤  Unsupervised performance 
¤  KRIMP experiments 

¤  Supervised performance 
¤  Pattern-based classification 

 



Future work 

¤  Good distributions vs. number of factors 

¤  Stratified techniques 

¤  Large datasets 

¤  … 



Questions??? 


