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Overview 

!  Calibration with a rig 

!  Uncalibrated epipolar geometry 

!  Ambiguities in image formation 

!  Stratified reconstruction 

!  Autocalibration with partial scene knowledge 
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Calibration with a Rig 
Use the fact that both 3-D and 2-D coordinates of feature  
points on a pre-fabricated object (e.g., a cube) are known.  
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Calibration with a Rig 

•  Eliminate unknown scales 

•  Factor the  KR  into                   and K  using QR decomposition 

•  Solve for translation  

•  Recover projection matrix 

•  Given 3-D coordinates on known object   

�s = [�11, �12, �13, �14, �21, �22, �23, �24, �31, �32, �33, �34]T
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More details 
•  Direct calibration by recovering and decomposing the projection matrix   

2 constraints per point 

�s = [�11, �12, �13, �14, �21, �22, �23, �24, �31, �32, �33, �34]T
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More details 

 
•  Factor the  R’    into                   and  K  using QR decomposition 
   (qr matlab function) 
 •  Solve for translation  

•  Recover projection matrix 

•  Collect the constraints from all N points into matrix M (2N x 12) 

•  Solution eigenvector associated with the smallest eigenvalue 
  [u,s,v] = svd(M) take v(:,12) 

•  Unstack the solution and decompose into rotation and translation  
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Calibration with a planar pattern 

To eliminate unknown depth, multiply both sides by 
 
 
 
Two constraints per point at least 8 points, solve system of homogeneous equations  



Review: Perspective Projection from 3D to 2D  

Transformation between camera coordinate 
Systems and world coordinate system 

More compactly 

•  Relationship between coordinates in the world frame and image  



Review: Orthographic Projection from 3D to 2D  

!  Special case of perspective projection 
!  Distance from center of projection to image plane is infinite 

 
!  Also called “parallel projection” 
!  What’s the projection matrix? 

Image World 

Slide by Steve Seitz 



Scaled Orthographic Projection from 3D to 2D  
!  Special case of perspective projection 

!  Distance from center of projection to 
image plane is infinite 

 
 
!  Scaled orthographic  
 

Image World 

Slide by Steve Seitz 
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Different types of transformations 2D ->  2D  
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Figure 2.4 Basic set of 2D planar transformations.

Translation. 2D translations can be written as x0 = x + t or

x0 =
h

I t
i
x̄ (2.14)

where I is the (2⇥ 2) identity matrix or

x̄0 =

"
I t

0

T 1

#
x̄ (2.15)

where 0 is the zero vector. Using a 2⇥ 3 matrix results in a more compact notation, whereas
using a full-rank 3⇥ 3 matrix (which can be obtained from the 2⇥ 3 matrix by appending a
[0T 1] row) makes it possible to chain transformations using matrix multiplication. Note that
in any equation where an augmented vector such as x̄ appears on both sides, it can always be
replaced with a full homogeneous vector x̃.

Rotation + translation. This transformation is also known as 2D rigid body motion or the
2D Euclidean transformation (since Euclidean distances are preserved). It can be written as
x0 = Rx + t or

x0 =
h

R t
i
x̄ (2.16)

where

R =

"
cos ✓ � sin ✓

sin ✓ cos ✓

#
(2.17)

is an orthonormal rotation matrix with RRT = I and |R| = 1.

Scaled rotation. Also known as the similarity transform, this transformation can be ex-
pressed as x0 = sRx + t where s is an arbitrary scale factor. It can also be written as

x0 =
h

sR t
i
x̄ =

"
a �b tx
b a ty

#
x̄, (2.18)

where we no longer require that a2 + b2 = 1. The similarity transform preserves angles
between lines.
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Transformation Matrix # DoF Preserves Icon

translation
h

I t
i

2⇥3
2 orientation

rigid (Euclidean)
h

R t
i

2⇥3
3 lengths ⇢⇢

⇢⇢
SS
SS

similarity
h

sR t
i

2⇥3
4 angles ⇢

⇢
S
S

affine
h

A
i

2⇥3
6 parallelism ⇥⇥ ⇥⇥

projective
h

˜H
i

3⇥3
8 straight lines `̀

  

Table 2.1 Hierarchy of 2D coordinate transformations. Each transformation also preserves
the properties listed in the rows below it, i.e., similarity preserves not only angles but also
parallelism and straight lines. The 2⇥3 matrices are extended with a third [0T 1] row to form
a full 3⇥ 3 matrix for homogeneous coordinate transformations.

Blinn (1998) describes (in Chapters 9 and 10) the ins and outs of notating and manipulating
co-vectors.

While the above transformations are the ones we use most extensively, a number of addi-
tional transformations are sometimes used.

Stretch/squash. This transformation changes the aspect ratio of an image,

x0 = sxx + tx

y0 = syy + ty,

and is a restricted form of an affine transformation. Unfortunately, it does not nest cleanly
with the groups listed in Table 2.1.

Planar surface flow. This eight-parameter transformation (Horn 1986; Bergen, Anandan,
Hanna et al. 1992; Girod, Greiner, and Niemann 2000),

x0 = a0 + a1x + a2y + a6x
2 + a7xy

y0 = a3 + a4x + a5y + a7x
2 + a6xy,

arises when a planar surface undergoes a small 3D motion. It can thus be thought of as a
small motion approximation to a full homography. Its main attraction is that it is linear in the
motion parameters, ak, which are often the quantities being estimated.


