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Problem Definition 

q  Rectangle Escape Problem (REP): 
o Given: 
•  One board 
•  n axis-parallel rectangles on the board. 

o Escape the rectangles to the boundaries 
minimizing the maximum density of  points 
•  Escape:  

–  Extend the rectangle on one of  its sides 

•  Density: 
– Number of  the rectangles existing or escaping over 

a point 
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REP Example 

q Example: 

12/20/12 Bs.C. Thesis 3 



REP Example 
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REP Example 

q Example: 
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Motivations 

q  Bus Routing Application  
o Set of  chips on a Printed Circuit Board 

(PCB) 

o Connect them via buses to boundaries 
o Minimizing the number of  layers 

q Natural Geometry Problem  
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Decision Version: K-REP   

q Decision version of  REP 
q Problem definition: 

o Given: 
•  An instance of  REP 

•  Integer k ≥ 1  

o Is it possible to escape the rectangles with 
maximum density of  k? 

12/20/12 Bs.C. Thesis 8 



Rectangle Escape Problem  

q Previous results:  
o K-REP is NP-complete for k ≥ 3. 
o 4-approximation algorithm for REP. 

o O(n6)-time algorithm for solving 1-REP.  
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Rectangle Escape Problem  

q  Our results:   
o NP-Completeness of  2-REP. 
o Inapproximability of  REP within factor of  

3/2 (under assumption of  P ≠ NP) 

o O(n4)-time algorithm for 1-REP. 
o Randomized (1+ε)-approximation 

algorithm with high probability (when optimal 
answer is sufficiently large.) 
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Hardness Result 

q  Theorem:  
o K-REP is NPC for k ≥ 2, even if  all the 

rectangles are disjoint.  

q  Proof  Idea:  
o Reduction from 3-SAT.  
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Hardness Result (Cont.) 

q  Proof: 
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Hardness Result (Cont.) 

q  Proof: 
 

12/20/12 Bs.C. Thesis 14 

a	   a’	  

b	   b’	  

c	   c’	  

(a ∨ b’ ∨ c )  

(a ∨ b ∨ c’ )  

Literal  
Rectangles 



Hardness Result (Cont.) 

q  Proof: 
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Hardness Result (Cont.) 

q  Proof: 
o Variable Rectangles:  

•  Only one of  them can escape to right.  
–  being true 

o  Literal Rectangles:  
•  One of  them should escape downward. 

–   so its upward rectangle should be true 

o Blocking Rectangles: 
•  Block escape route of  other rectangles. 

o  Therefore 2-REP answer is YES iff  3-SAT is 
statisfiable   
	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 ☐   
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Hardness Result (Cont.) 

q  Proof: 
o Proof  for 2-REP  
•  Done! 

o By induction we  
can prove for k > 2. 
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Inapproximability result 

q  Theorem: 
o REP admits no polynomial time α-

approximation algorithm for α < 3/2  unless 
P = NP.  

q  Proof: 
o Any α-approximation algorithm for α < 3/2 

would solve 2-REP optimally! 
                                                                                ☐ 
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O(n4)-time algorithm for 1-REP 

q  Maximum Disjoint routing: 
o Given: 
•  An instance of  REP 

o Find the maximum number of  rectangles 
escaping in unit density.  
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O(n4)-time algorithm for 1-REP 
(Cont.) 

q  Preprocess: 
o R1,…,Rn : n rectangles sorted by y-

coordinates of  their bottom side.  
o Free direction: if  escape direction does not 

collide with any rectangle.  
•  Independent of  other escape routes! 
•  Remove all non free directions! 

o v1,…,vk: set of  all vertical lines created by 
extending sides of  rectangles  

o vα,vβ: represent left and right vertical lines of  
the rectangle at hand.  
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O(n4)-time algorithm for 1-REP 
(Cont.) 

q  Supplementary problems: 
o Two simpler problem:  
•  OneDirection(i,l,r):  

– Only rectangles between vl,vr can escape 

–  Escapes upward if  possible.  

•  TwoDirection(i,l,r): 
– Only rectangles between vl,vr can escape 

–  Escapes downward or upward if  possible.  

o Both of  them can be solved by a simple 
greedy algorithm! 
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O(n4)-time algorithm for 1-REP 
(Cont.) 

q  Supplementary problems: 
o No-Left-Escape(i,b,l,r): 
•  Only rectangles on right of  vb can escape 

•  No rectangle can escape to left 
•  Only rectangles between vl,vr can escape 

downward 

o No-Right-Escape(i,b,l,r): 
•  Defines and solves similarly.  
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O(n4)-time algorithm for 1-REP 
(Cont.) 

q  Supplementary problems: 
o No-Left-Escape(i,b,l,r): 
•  Illustration:  
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O(n4)-time algorithm for 1-REP 
(Cont.) 

q  No-Left-Escape(i,b,l,r): 
o Answer in different cases: 
•  Downward:  

– No new restriction 

– No-Left-Escape(i-1,b,l,r) 

•  Upward: 
–   Rectangles between vb and vβ :  

One-Direction(i-1,l,r) and Two-Direction(i-1,l,r) 

–   Other rectangles: 
No-Left-Escape(i-1,β,l,r) 
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O(n4)-time algorithm for 1-REP 
(Cont.) 

q  No-Left-Escape(i,b,l,r): 
o Answer in different cases: 
•  Rightward: 

–  Escaping rightward blocks down of  some rectangles 

– No-Left-Escape(i-1,b,l,min{α,r}) 

•  Leftward: 
– No left escape! 
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O(n4)-time algorithm for 1-REP 
(Cont.) 

q  Final Problem: 
o Max-Route(i,l,r):  
•  Routing all the rectangles between vl,vr 

o Answer for different cases: 
•  Downward, leftward and rightward:  

–  Just like previous ones 

•  Upward:  
– No-Right-Escape(i-1,α,l,r) + No-Left-Escape(i-1,β,l,r)

+1 
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O(n4)-time algorithm for 1-REP 
(Cont.) 

q  Theorem: 1-REP can be solved in O(n4) 
q  Proof:  

o Max-Route can solve 1-REP 
•  Max-Route answer is n iff  1-REP answer is Yes. 

o Max-Route can be implemented in O(n4) 
time 
•  By Dynamic programming.  

	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 	 ☐ 
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Randomized Approximation 
Algorithm 

q  LP formulation of  problem: 
o Build a grid on top of  board by extending 

sides of  all rectangles 
•  Density of  each grid cell is uniform!  

o xi,j  : 0-1 variable  
•  rectangle i escapes to direction j  

–  j in {left,right,up,down}. 

o P(c): For each block ‘c’, is set of  all xi,j 
variables escaping towards ‘c’.  
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Randomized Approximation 
Algorithm (Cont.) 

q  LP formulation of  problem: 
o  Z: maximum density of  any points   
o LP formulation is as follow:  
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Randomized Approximation 
Algorithm (Cont.) 

q  Algorithm:  
1.  Find optimal solution of  (x*,Z*) to LP 

formulation 

2.  Route each Ri to direction j according to 
probability distribution of  x*i,j 
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Randomized Approximation 
Algorithm (Cont.) 

q  Analysis: 
o Let D(c) be density of  cell ‘c’, after run of  

algorithm 

o D(c) is random variable: 
   

o Expectation of  D(c): 
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D(c) = x^i, j
xi, j∈P(c)
∑

E[D(c)]= E[x^i, j ]
xi, j∈P(c)
∑ = Pr{x^i, j =1} = x*i, j

xi, j∈P(c)
∑

xi, j∈P(c)
∑ ≤ Z *



Randomized Approximation 
Algorithm (Cont.) 

q  Analysis: 
o So E[D(c)] is at most Z*! 
o But answer is max{D(c)} not E[D(c)]! 

o Concentration bounds:  
•  Bound the difference between variable and its 

expectation! 
– Markov, Chebychev and Chernouff  equalities. 
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Randomized Approximation 
Algorithm (Cont.) 

q  Analysis: 
o Chernouff  bound:  
•  Given:  

–  xi {0,1}-random variables and independent  

–  X = sum of  xi 

•  Then:  
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µ = E[X]

Pr{X> (1+ε)µ)<( eε

(1+ε)(1+ε )
)µ ≤ e−µε
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Randomized Approximation 
Algorithm (Cont.) 

q  Analysis: 
o D(c) holds in Chernouff  constraints 
•  So we have:  

o Pr{maxc{D(c)} ≥(1+ε)Z*}: (union bound) 

12/20/12 Bs.C. Thesis 34 



Randomized Approximation 
Algorithm (Cont.) 

q  Analysis: 
o if  Z* ≥ cε ln n (cε ≥ 9/ε2):  
•  Pr{maxc{D(c)} ≥(1+ε)Z*} ≤ 4/n  

o Meaning that our algorithm is  
(1+ε)-approximation algorithm with high 
probability 

                                                                         ☐ 
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Conclusion 

q  Our results:  
o  2-REP is NP-Complete. 
o Inapproximability of  REP within factor of  

3/2 (under assumption of  P ≠ NP) 

o O(n^4)-time algorithm for 1-REP. 
o Randomized (1+ε)-approximation 

algorithm with high probability (when optimal 
answer is sufficiently large.) 
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Future Works 

q  Remaining open problems:  
o  Approximation factor in general case 
o  Extend the results of  Maximum Disjoint 

problem to non-disjoint version. 
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Thank you! 


