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Introduction 
•  What’s so special about the tiny tube 

•  Composed of all-carbon molecules in shell-like cylindrical structure formed 
by strong covalent      bonding of atoms. 

•  Tend to undergo buckling with compression or bending loads. 
•  High aspect ratio which allows CNTs to achieve the same electrical 

conductivity to plastics. 
•  One of the strongest materials known, both in terms of tensile strength and 

elastic modulus. 

2sp
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Introduction 
•  What’s so special about the tiny tube 
•  Applications of Carbon Nanotubes 

•  Carbon nanotubes enhanced composite materials. 
•  Efficient heat remover composed of aligned structures and ribbons of CNTs. 
•  Drug delivery to prevent medicine from damaging healthy cells. 
•  Intrinsic tubule character of CNTs attributing to their very high surface area 

leads to the applications in energy storage material. 
•  Used as electrical conducting additives to producing conductive plastics. 
•  Flat panel CNT field emission display. 
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Introduction 
•  Definitions of Carbon Nanotubes 
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Introduction 
•  Computational Methods for Carbon Nanotubes 
Classical molecular dynamics (MD) 

•  Excels in modeling structural details of an atomic system by tracking each 
atom. 

•  Computationally prohibitive for large systems; generally modelling a system 
with the size up to a few hundred nanometers (Tadmor et al 1999). 

•  Similarity between the mechanical behaviors for CNTs predicted by MD 
method and those by macroscopic thin shell models (Yakobson et al 1996). 

•  Solution by the atomistic based finite element method for deformations of a 
two dimensional atomic rope converges to that by MD method by increasing 
the number of elements (Arroyo and Belytscho 2005). 
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Introduction 
•  Computational Methods for Carbon Nanotubes 

•  Reduced-order general continuum methods 
        

Atomistic energy potential based finite element methods 

•  Quasicontinuum framework in which the behavior of the material is 
assumed to be hyperelastic (Tadmor et al 1996). 

•  The coarse and fine scales are assumed to co-exist in the structure on 
which two sets of coupled equations are obtained and solved in iterative 
fashion (Chung and Namburu 2003). 

•  Cauchy-Born rule is introduced to accurately describe the bond vector with 
the carbon monolayer. (Arroyo and Belytschko 2002). 

•  Two dimensional beam model is plugged into quasicontinuum framework to 
study the dynamic behavior of CNT (Leamy 2007). 
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Introduction 
•  Computational Methods for Carbon Nanotubes 
Atomistic energy potential based finite element methods 

•  Reduced-order general continuum methods 
        •  Taking full advantage of shared sturcutral similarities between CNTs and 

thin shells; use of existing elastic beam (Wang and Hu, 2005), shell/nested 
shell macroscopic models (Dong et al. 2008; Pantano et al., 2004) leads to 
fairly good results as long as nonlinear structural behavior is limited. 

•  Equivalent elastic parameters need to be pre-determined (parameter fitting) 
by requiring the energy of a representative crystalline cell to be in balance 
with that of the equivalent volume of the continuous medium. 

•  The Young’s modulus and wall thickness have to be used in pair to be of 
physical meaning. 

•  Not physically sound and can not fully model CNTs. 
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Methodology 
•  Reduced order general continuum method 

Every point in the continuum body 
is described by a representative atom  
embedded in a crystallite of radius Rc 

Finite elements discretizing the continuum 
body. 
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Methodology 

•  Exponential map •  Cauchy-Born rule 
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Methodology 

•  The angle between any two bond vectors 

•  The length of the deformed bond vector 
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Methodology 
•  Reduced order general continuum method 

•  REBO potential function for CNT (Brenner et al 1990) 
        

The repulsive pair: 

The attractive pair: 

The bond order term: 
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Methodology 
•  Reduced order general continuum method 

•  Lennard-Jones potential for long-distance interaction (Sinnott 
et al 1998) 
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Methodology 
•  Atomic potential energies expressed in continuum variables 

Interatomic energy density 

Total interatomic energy over the CNT surface 

Long-range Lennard Jones energy for the CNT 

•  Total energy of the CNT 

•  Equilibrium state of the CNT corresponds Min (       ) totalE
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Numerical Model Setup 

•  Buckling of different types of CNT under compressive loading 

•  Displacement control method is used to apply the loading 

Displacement  
control B.C. 

Fixed 
end 
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Simulation Results 
•  Total energy vs. strain Case 1 

buckling 
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Simulation Results 
•  Buckling patterns of CNTs 

Case 1 Case 2 

before 

after 
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Simulation Results 
•  Buckling patterns of CNTs 

Case 3 Case 4 

before 

after 
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Simulation Results 
•  Comparison of buckling strains among different cases 
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Simulation Results 
•  Stress-strain curve for CNTs of different types 

ε04.1911 =S

Case 1 Case 2 

Case 3 Case 4 

ε83.1811 =S

ε26.1811 =S ε47.1711 =S
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Conclusions 
•  The reduced order general continuum method was used to study 

the behaviors of CNTs under compressive loading-unloading 
conditions. 

•  Different buckled configurations will be assumed by CNTs with 
different chiral angles. 

•  Zigzag CNT has the most apparent buckling pattern. 

•  The buckling strain increases with the increasing chiral angle. 

•  Armchair CNT has the strongest resistance to compressive 
loading. 

•  The strength of CNT is reduced due to the compressive loading 
after buckling. 

•  During unloading, the CNTs return to its original state. 


