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Model for Multichromosome
Why do we need new models?

Genome rearrangement problem are often proved
to be equivalent for circular and linear
chromosomes when there is only one
chromosome. However, this correspondence
does not always hold for multichromosomal
genomes.

Which model is suitable for such problems?
We use the circular presentation and cycle
decomposition instead of the linear representation.
For example, the linear representation of

(3 6 5 7 1 2 4)

is corresponding to the cycle decomposition

(7 4)(1 3 5)(2 6).
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Operations(I)
Under the new model, fissions, fusions and transpositions can
be represented by composition of cycle permutations.

Transposition Each transposition can be represented by a
3-cycle. For example, let’s consider transposition
τ(2, 5, 7) on π = (1 2 3 4 5 6 7 8). Under cycle
representation,

(2 5 7) ◦ π = (1 5 6 2 3 4 7 8)

is corresponding to linear representation

τ(2, 5, 7) ◦ π = (1 5 6 2 3 4 7 8).
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Operations(II)
Fission Each fission can be represented by a 2-cycle. We

also use an instance to illustrate it. Let
π = (1 2 3 4 5 6 7 8) and τ = (2 5), then

τ ◦ π = (1 5 6 7 8)(2 3 4).

Fusion Obviously, fusion can considered as the inverse
operation of fission. It leads us to that each fusion
can also be represented by a 2-cycle.
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Rearrangement Problems
Fusions and Fissions A minimum-length factorization into

2-cycles of a permutation σ−1π for two
permutations σ, π ∈ Sn may be seen as an optimal
rearrangement scenario transforming π into σ
using fusions and fissions.

This kind of problems
can be computed in linear time since it
corresponds to the Cayley distance.

Dias and Meidanis Consider all three operations together while
assigning transposition twice weight as much as
fusions and fissions.
• Solvable in O(n) for computing the distance

and O(n2) for rearrangement scenario.
• The solution remain valid for arbitrary large

weight to transpositions.
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New Model for Old Problems
Sometimes, this alternative formalism(disjoint cycle
representation) can recover solutions developed before. We
give an example in the following.

Alternative Representation for Cycle Graph

• Proposed by Doignon and Labarre.
• Consider the vertices 0 and n + 1 of G(π) identical.
• σ = (0, πn, . . . , π1) represents the cycle formed by black

edges.
• τ = (0, 1, . . . , n) represents the cycle formed by gray edges.
• π̄ = σ ◦ τ will be exactly the alternating cycles of G(π).
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Cycle Graph as an Example
Consider the permutation (5 4 1 6 3 2). Then the corresponding
black cycle will be σ = (0 2 3 6 1 4 5).

We can easily check that

π̄ = (0 2 3 6 1 4 5) ◦ (0 1 2 3 4 5 6) = (0 4)(1 3 5)(2 6).
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Results from the new Model
1 A bijection between cycles graphs and product of

(n+1)-cycles.

The problem of enumerating permutations in Sn with
c(G(π)) = k is solved.

2 We can reformulate any rearrangement problem in terms
of minimum-length factorization of π̄ into the product of
particular permutations.

3 This new idea achieve many bounds such as
• Lower bounds on sorting by transposition.
• Lower bounds on sorting by block interchanges.
• Lower bounds on sorting by prefix transpositions.
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Generalization to Signed Genomes
Definition(different kind of signed permutations):
A permutation π = (π−n π−n+1 · · · πn−1 πn) is said to be signed
permutation if

1 πl ∈ {−n, · · · , n} \ {0} for all l ∈ {−n, · · · , n} \ {0}
2 πi = −π−1

−i

Notice: This definition is different from the previous one with
constraint π−i = −πi.

The disjoint cycles of this permutation model the gene order on
the circular chromosomes a genome, but each chromosome is
represented by two cycles, modeling its two strands.
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Example
Consider the permutation(

−5 −4 −3 −2 −1 1 2 3 4 5
−3 2 1 4 3 −5 −4 5 −2 −1

)
.

It corresponding to disjoint cycle representation

(2 − 4)(4 − 2)︸ ︷︷ ︸
chromosome 1

(−1 3 5)(−5 − 3 1)︸ ︷︷ ︸
chromosome 2

Let π and σ be two signed multichromosomal circular genomes
and γ be permutation (−0,+0)(−1,+1) · · · (−n,+n), then both
γ ◦ (0 π1 · · · πn) and γ ◦ (0 σ1 · · · σn) are permutations that
decompose into 2-cycles. For example, γ ◦ π will corresponding
to a π-edge of the breakpoint graph of the two genomes π and
σ.
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Operations
Since the definition of signed permutation is different, we need
to redefine all operations. Again, we represent the operations
by composition of permutations.

Let u and v be distinct elements
of the same cycle of π, then
Transposition

(u, v,w)(γ ◦ π(w), γ ◦ π(v), γ ◦ π(u))

Block Interchange

(u,w)(γ ◦ π(w), γ ◦ π(u))(v, x)(γ ◦ π(x), γ ◦ π(v))

Fission
(u, v)(γ ◦ π(v), γ ◦ π(u))

Fusion
(u, γ ◦ π(v))(v, γ ◦ π(u))
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Operations(II)
Unsigned Reversal

(u, v)(γ ◦ π(u), γ ◦ π(v))

Signed Reversal
(u, γ ◦ π(v))(v, γ ◦ π(u))

Consider(
−5 −4 −3 −2 −1 1 2 3 4 5
2 −2 1 5 3 −3 4 −1 −5 −4

)
= (1,−3)(3,−1)(2, 4,−5)(5,−4,−2).

Let u = 2 and v = 4, then the reversal will be (2, 5)(4,−4)and
the resulting permutation will be(

−5 −4 −3 −2 −1 1 2 3 4 5
2 −5 1 5 3 −3 −4 −1 −2 4

)
= (1,−3)(−1, 3)(2,−4,−5)(−2, 5, 4).
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Some Results
This model is developed by Meidanis and Dias. Their goal is to
algebraically prove the previous results that were proved by
graph-theoretical arguments. We do not give all the details of
the results obtained by the model but what kind of problem has
been studied using this model.

Dias and Meidanis
Sorting by fusions, fissions and transpositions.

Dias and Meidanis;Lu et al.
DCJ(Double Cut and Join) rearrangement.

Lin et al.;Lu et al.;Lin and Xue et al.
Minimizing number of block interchanges in
sorting signed permutations by reversals and
block interchanges.
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