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Missing data 

¤  “Inadequate handling of the missing data in a statistical analysis can 
lead to biased and/or inefficient estimates of parameters such as 
means or regression coefficients, and biased standard errors 
resulting in incorrect confidence intervals and significance tests.” 
(i)  Missing completely at random (MCAR) 
(ii)  Missing at random (MAR) 
(iii)  Missing not at random (MNAR) 

¤  Key concept of Multiple Imputation (MI): “use the distribution of the 
observed data to estimate a set of plausible values for the missing 
data.” 



Three stages of MI 

Stage 1: Generating multiply imputed data sets 

ORIGINAL DATASET 
ID    x1     x2   …   z 
1                             z1 
2                 . 
3                 z3 
…                 … 

•  Fit model z ~ βX, using individuals 
with observed z     β-hat,V-hat 

•  Repeat following steps m times: 
ü  Draw β* from MVN(β-hat,V-hat) 
ü  Draw imputations for z from the 

posterior distribution of z using β* 

IMPUTED DATASET 1 
ID    x1     x2   …   z 
1                             z1 
2               z*21 
3                 z3 
…                 … 

IMPUTED DATASET 2 
ID    x1     x2   …   z 
1                             z1 
2               z*22 
3                 z3 
…                 … 

IMPUTED DATASET m 
ID    x1     x2   …   z 
1                             z1 
2               z*2m 
3                 z3 
…                 … 

… 



Three stages of MI 

Stage 2: Analyzing multiply imputed data sets 

IMPUTED DATASET 1 
ID    x1     x2   …   z 
1                             z1 
2               z*21 
3                 z3 
…                 … 

IMPUTED DATASET 2 
ID    x1     x2   …   z 
1                             z1 
2               z*22 
3                 z3 
…                 … 

IMPUTED DATASET m 
ID    x1     x2   …   z 
1                             z1 
2               z*2m 
3                 z3 
…                 … 

… 

¤  For each imputed data set, estimate whatever parameters of interest 
(e.g. regression coefficients) and its estimated variability 



¤  Combine the m estimates obtained from stage 2 into an overall estimate 
and covariance matrix using Rubin’s rule. 
 

¤  Overall estimate:  

 

¤  Within-imputation variance:  

¤  Between-imputation variance: 

¤  Variance: 

Three stages of MI 

Stage 3: Combining estimates from multiply imputed data sets 



MICE 

¤  MICE: Multiple Imputation by Chained Equations 

¤  For common situation where missing values occur in several variables 

•  Impute x1 using individuals with 
observed x1 

•  Impute x2 using individual with 
observed x2 and imputed values of x1 

•  … 
•  Impute xk using individual with 

observed xk and imputed values of x1, 
x2,…,xk-1 

This is a cycle. 
Repeat 10-20 times 
to generate one 
imputed data set. 

Repeat cycle 
m times to 
generate m 
imputed 
dataset 



Objective 

¤  How to impute missing values in Normally distributed and categorical 
variables 

¤  UK700 data and MICE algorithm  

¤  How to impute missing values in skewed distributions 

¤  How to choose variables in the imputation model 

¤  How to specify the form of the imputation model 

¤  How to choose m, the number of imputations 

¤  How to use multiply imputed data for extended statistical analysis 

¤  Illustration using UK700 data 

¤  Discussion on theoretical limitations and pitfalls of MICE 



Continuous and Categorical variables 

¤  Continuous Normally distributed variables 
ü  Linear Regression 
 

¤  Binary variables 
ü  Logistic Regression 

¤  Unordered categorical variables 
ü  Multinomial Logistic Regression 
 

¤  Ordered categorical variables 
ü  Proportional Odds Model 

Useful R functions: 
•  lm()
•  rchisq()
•  rnorm()
•  chol()
•  glm()
•  library(mvtnorm)
•  rmvnorm()
•  runif()
•  library(mlogit)
•  mlogit()
•  library(VGAM)
•  vglm()



Illustrative data: UK700 trial  

¤  Four centres 

¤  Participants aged between 18 – 65 yrs 

¤  Diagnosed with psychotic illness and two or more psychiatric hospital 
admission, the most recent within the previous 2 years 

¤  708 participants assigned to 2 groups: 
ü  Standard case management (case load of 30 – 35 patients) 
ü  Intensive case management (case load of 10 – 15 patients) 

¤  Objective: explore the effect of the intervention (type of case 
management) on satisfaction with services after two years of follow up, 
accounting for level of satisfaction at baseline 
 



MICE algorithm: halfway in Stage 1 of MI 



MICE algorithm: end of Stage 1, m = 5 imputed data sets 



Figure 1. UK700 data: observed and imputed values for sat94 (satisfaction at 
baseline) and sat96 (outcome: satisfaction after two years of follow up) 



Skewed continuous variables 

¤  Two possible approaches: Transformation or Predictive mean matching 

1.  Transformation 
¤  z is non-Normal, apply a monotonic transformation f (.) such that the marginal 

distribution f (z) is approximately Normal 
¤  Imputed values of f (z), then back-transformed to the original scale 
¤  Suggested transformations: 

ü  Box-Cox transformation (boxcox(), MASS library) 
ü  Shifted-log transformation (Johnson library) 
ü  Two-parameter transformations: Johnson SU family, modulus-exponential-

Normal (MEN), modulus-power-Normal (MPN) 



Skewed continuous variables 

2.  Predictive mean matching 
¤  Imputed values are sampled only from the observed values of z 
¤  The distribution of imputed values closely matches that of the observed z 

Repeat stage 1 from 
standard MI procedure 
ü  Regress z ~ βX 
ü  Draw β* from 

MVN(β-hat,V-hat) 

Identify q individuals with 
closest predicted values 
ü  Calculate predicted value 

for individual i with missing 
z i.e. β*xi  

ü  Calculate predicted value 
for all individual h with 
observed z i.e. β*xh 

ü  | β*xi - β*xh | 
 

Select imputed z  
ü  The imputed value is 

an observed value of z 
randomly selected from 
those q individuals 

WRONG MODEL!! 





Imputation model: variable selection 

¤  “Include the covariates and outcome from the analysis model” 
ü  Omitting the outcome would make the incomplete variable uncorrelated 

with the outcome in individuals with imputed variable 
ü  Guidance for survival data 

¤  “Include predictors of the incomplete variable” 
ü  To make the MAR assumption more plausible 
ü  Include all variables “that both predicts the incomplete variable and 

predicts whether the incomplete variable is missing” 
ü  Data-driven decisions are ok to select variables to include in the 

imputation model 



Imputation model form 

¤  Not just a variable selection problem, but also determining the correct 
functional form and interactions that are required 

¤  “Passive approach” 
ü  Need z2? Impute z and square the imputed values 

¤  “Congenial imputation model” ??? 

¤  JAV: just another variable 
ü  Ignore that z2 is defined the square of z 

¤  Interactions? 



How many imputations? 

¤  Standard recommendation: m = 3 or 5, based of efficiency of the estimates 

¤  Fraction of missing information (FMI) = B/(W+B) ≈ ICC 
ü  B = between-imputation variability  
ü  W = within-imputation variability 

¤  Reproducibility argument, based not only on efficiency of the estimates, but 
also on other statistics computed using the imputed data sets 

¤  Rule of thumbs: m ≥ 100 × FMI 
ü  Approximate FMI by percentage of incomplete cases 
ü  Take m slightly bigger 



Analysis of imputed data (stage 2) 

¤  Exclude individuals with missing outcome in the analysis of imputed data 
ü  Only add noise to the estimates 



Analysis of imputed data (stage 3) 

¤  Can’t combine any estimate with Rubin’s rule 

ü  Recall at stage 3  



Analysis of imputed data (stage 2 and 3) 

Model building and model criticism 

¤  Hypothesis testing 
ü  Combine likelihood ratio test (large number of parameters – prefereble with complete 

case…) vs. Wald test  

¤  Variable selection 
ü  Analyze all imputed data sets as one large data, weighted analysis to select variables 

¤  Selection of non-linear and interaction terms 
ü  If a non-linear term is in the analysis model, then it also need to be in the imputation 

model – juggle with analysis and imputation model 

¤  Predictions 
ü  Compute predictions within each imputed dataset, possible to combine over all data 

sets 

¤  Model checking 
ü  Within each imputed dataset 



UK700 illustrative example 

¤  Model (if no missing data): sat96 ~ rand + sat94 + Icentre*cprs94

¤  Need to impute missing  
values: sat94, sat96,  
crps96 (auxiliary) 

¤  sat94: impute centre- 
specific means i.e. replace  
missing values by sat94  
mean in corresponding centre 

¤  Imputation of the outcome sat96 
ü  Separately by randomization group 



UK700 illustrative example 

•  Far left boxplot 
shows the 
distribution of the 
observed 
outcome sat96  

•  Each other 
boxplot shows 
the distribution of 
the imputed 
outcome across 
the m=30 
imputed data sets 



UK700 illustrative example 

Monte-Carlo standard error reasonably small 



Limitations and pitfalls in MICE 
¤  Lack of theoretical basis 

ü  Justification of the MICE procedure rested on empirical results 
ü  Results might depend on the order of imputation/which variable was imputed last 

¤  Omitting the outcome in the imputation biases the coefficient of the incomplete 
variable towards the null  

¤  “Perfect predictions” 

¤  Departure from MAR assumption 
ü  Include many variables in the imputation model 

¤  Non-convergence of the cycles 

¤  Checking the imputation models  

¤  Regular modeling issues (too many variables, functional form) 
ü  Careful exploration of the data in the first place 


