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● Reasons: 
- Massive data amount
- High computational complexity, even for simple models
- Tradeoff: computational speed vs. the quality of the results

● Example „grid.org“ 

- Distributed protein-ligand docking
- Nowadays about 3 million PCs all over the world
- Launched 04/2001
- Cancer targets scanned: ca. 14 (against 3.5 billion ligands)

Biological predictions – a computational challenge.

Motivation
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Motivation

Biological predictions –  often an optimization problem.

● Possible types of „energy“: 
- Electrostatics (salt-bridges, repulsion)
- Van-der-Waals (weak intermolecular interactions)
- Hydrophobic interactions (non-polar surface)
- Solvation
(- Hydrogen bonds)
...

While C(q,t) typically contains steric constraints. 

Given some energy function E(q,t;θ) with variables q, a set of 
parameters θ, time t and a set of constraints C(q,t). 
During our simulation we want to compute:

min E(q,t;θ)
s.t. C(q,t) 
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Motivation

Biological predictions – often an optimization problem.

● Well-known optimization problems: 
- Structure prediction (protein folding)
- Protein-protein interaction
- Protein-ligand interaction (docking)

● Beyond these applications 
- Detection of catalytic sites in proteins
- Computational mutagenesis
...

Given some energy function E(q,t;θ) with variables q, a set of 
parameters θ, time t and a set of constraints C(q,t). 
During our simulation we want to compute:

min E(q,t;θ)
s.t. C(q,t) 
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Computational Mutagenesis

Activity-related effects of HIV-1 protease under non-conservative 
mutations:

[5]
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Energy minimization

Biological predictions – often an optimization problem.

But: How to minimize E(q,t;θ)?

● E(q,t;θ) is not convex and usually contains many local minima
    → Direct optimization is expensive and often fails
    → Use ''heuristics'' like genetic algorithms (GA), 
 simulated annealing or randomized algorithms  

Given some energy function E(q,t;θ) with variables q, a set of 
parameters θ, time t and a set of constraints C(q,t). 
During our simulation we want to compute:

min E(q,t;θ)
s.t. C(q,t) 
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Monte Carlo Simulations

A Monte Carlo simulation generates configurations of a system by 
making random changes to the positions of the [molecules] present, 
together with their orientations and conformations where appropriate. [3]

● Start at some initial conformation q Î C 

● Sample the next conformation q' within a small neighborhood of q
using an uniform or Gaussian distribution centered at q

● Accept q' with probability P 
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Monte Carlo Simulations

● k
B
 is the Boltzmann constant 

● Start at some initial conformation q Î C

 
● Sample the next conformation q' within a small neighborhood of q

using an uniform or Gaussian distribution centered at q

● Accept q' with probability P 

● T is the temperature of the system
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Monte Carlo Simulations

● Start at some initial conformation q Î C

 
● Sample the next conformation q' within a small neighborhood of q

using an uniform or Gaussian distribution centered at q

● Accept q' with probability P 
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Monte Carlo Simulations

● Start at some initial conformation q Î C

 
● Sample the next conformation q' within a small neighborhood of q

using an uniform or Gaussian distribution centered at q

● Accept q' with probability P 

● repeat until some termination condition is fulfilled 
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Monte Carlo Simulations

Drawbacks of this approach:

● Typically E  contains many local minima
→   Finding the global optimum is hard
→ Many conformations are sampled near the same local

optimum without generating better solutions

●  Potentially high variance due to the limitation of sampling steps 

● Computationally intensive, 
since each run defines a single pathway

 → Make use of stochastic roadmaps



 

13/34

Stochastic Roadmaps (SRM)

● A roadmap G is a directed graph G=(V,A) containing only
a single connected component. 

● Each edge e=(v
i
,v

j
) with  eÎA, v

i
,v

j
ÎV  

has a weight p
i,j

.

● Each node vÎV represents a randomly sampled 
conformation cÎC.

● p
i,j

 represents the probability that the molecule under 
consideration will move to conformation v

j
, given that is 

currently in v
i
.

Definition:



 

14/34

Stochastic Roadmaps

● Sample (e.g. uniformly distributed) conformations cÎC and
add for each c a corresponding node v

c to V.

 
 

Construction of a roadmap:

● ∀ v
c
 Î V

 
find its nearest neighbors N(v

c
) in C 

according to some standard metric (e.g. RMSD) 

● ∀ v
c 

Î V   ∀ n
 
Î N(v

c
) do

- Add a corresponding node v
n
 to V

- Connect v
c
 to v

n
 with weight p

c,n
 

● G:=∅
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Stochastic Roadmaps

● Sample (e.g. uniformly distributed) conformations cÎC and
add for each c a corresponding node v

c to V.

 
 

Construction of a roadmap:

● ∀ v
c
 Î V

 
find its nearest neighbors N(v

c
) in C 

according to some standard metric (e.g. RMSD) 

● ∀ v
c 

Î V   ∀ n
 
Î N(v

c
) do

- Add a corresponding node v
n
 to V

- Connect v
c
 to v

n
 with weight p

c,n
 

● G:=∅

● Finally, we add self-transition probabilities in order to 
ensure that all transition probabilities of each v

c
 sum up to 1

     Pi,i = 1 – Σj≠iPi,j
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Stochastic Roadmaps vs. Monte Carlo

When are roadmaps preferable to Monte Carlo simulations ?

● Clearly no computational advantage of roadmaps for a single 
simulation.

● For several simulations there might be overlaps between 
different paths generated by MC
→ Roadmaps allow more compact representation
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Escape Time

● Each putative binding site is associated with a 
funnel of attraction F. 
Here: all conformations within an 10 Ǻ RMSD radius of the
bound conformation.

The escape time t of a ligand from a putative binding site v is 
the expected number of MC simulation steps, starting from v, 
required for the ligand to reach a conformation outside the funnel 
of attraction F of v. 

● Naive approach to approximate t:
- Run many MC simulations starting from v
- Measure the number of steps each simulations needs to leave F
- Take the average
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First Step Analysis

● Let v
i
 Î F be the start node, 

t
i 

the exp. number of transitions to leave F starting at v
i

 

● But: (I–P) is typically very large

● By recursion follows

 or in matrix notation:

      (I-P)t = 1

● Perform one Monte Carlo step:
- Increase t

i
 by 1 

- We either leave F (STOP) or we reach node v
j 

Î F.
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Jacobi's iterative solver

Given a matrix equation of the form Ax=b, we can solve it 
iteratively using Jacobi's method (slow, but simple):

- Decompose A: A = D-(L+U)
- Compute M: M = D-1(L+U)
- Compute C: C = D-1b
- Iterate x: x(k+1) = Mx(k)+C

Jacobi's methods converges if:

either I-P is strict diagonal dominant
or I-P is weakly diagonal dominant and irreducible

I-P is weakly diagonal dominant and irreducible by construction
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Relationship: Markov Chains & SRM

Comparing stochastic roadmaps with Markov chains, we find the
following similarities:

→ A stochastic roadmap is an ergodic Markov chain 

● For every node v
C
 and its corresponding conformation we 

defined the self-transition probability p
i,i

 (strictly positive) and 
therefore the roadmap is aperiodic.

● A roadmap has only one connected component, in terms of
Markov chains: it is irreducible.  

● The edge weights of roadmaps can be considered as transition
probabilities

● They are (or can be visualized as) directed graphs
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Speedup: SRM vs. Monte Carlo
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Experimental Results

Study 1: Predicting effects of mutations in catalytic sites 

● Lactate dehydrogenase with oxamate as ligand 

● Two different types of mutations

- Replace charged and catalytic amino acids
exp1:  HIS193 → Ala 
exp2:  Arg106 → Ala 
exp3:  HIS193 → Ala, Arg106 → Ala 

- Replace amino acids with small impact on the 
  energetic structure of the catalytic site

exp1:  Asp195 → Asn 
exp2:  Gln101 → Arg 
exp3:  Thr245 → Gly 

● In every case the predicted escape time of oxamate 
coincided with wet-lab experiments 
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Experimental Results

Study 2: Predicting the catalytic site out of 5 candidates 

● Correct prediction in 5 out of 7 cases

● Escape time as metric: 
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Experimental Results

Study 2: Predicting the catalytic site out of 5 candidates 

● Correct prediction in 3 out of 7 cases

● Energy values of the (putative) bound states as metric: 

● The authors conclude that escape times are more significant
for that task

What about the energy function? 



 

25/34

Conclusions

● Stochastic roadmaps are especially useful to compute
expectation values w.r.t. Monte Carlo pathways 

● They are efficient, since
- they represent several MC pathways simultaneously
- they solve a linear system of equations by using
  Markov chain theory
- they do not converge to a local minimum, since  
  the Markov chain is ergodic
- they are much more robust against variance artifacts

● Escape times seem a well-suited metric for measuring 
protein-ligand interactions

● Nevertheless the energy function might (still) be the critical 
factor in all computational experiments
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Markov Chain Theory

A finite Markov chain with discrete time steps and a set of 
states S={0,..,n-1} consists of an infinite sequence of 
random variables (X

t
),tÎN0  with value set S and an initial 

start configuration q
0
T Î R0. All entries of q

0
T are non-negative 

and sum up to 1.
For every set of indices IÍ{0,..,t-1} and arbitrary states 
i,j,s

k
 (kÎI), it holds:

P[X
t+1
=j | X

t
=i,  ∀kÎI: X

k
=s

k
]

=  P[X
t+1
=j | X

t
=i]

If P[X
t+1
=j | X

t
=i]is independent of t, all probabilities can 

be defined by a transition matrix P Î Rnxn.    [6]
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Markov Chain Theory

A Markov chain is called irreducible, if for all pairs of states 
(i,j) with i≠j  and i,j Î S, there exists a number nÎN, 
s.t.  p

i,j
(n)>0.

I.e. every state j can be reached in n time steps starting at i.   [6]

A Markov chain is called aperiodic, if for every state s Î S one 
of the following statements holds:

●   s has a loop (a self-transition probability p
i,i
>0).

●   there exist two different paths P1 and P2, starting and ending
     in s, s.t. their respective lengths are relatively prime.             [6]
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Markov Chain Theory

A Markov chain is called aperiodic, if for every state s Î S one 
of the following statements holds:

●   s has a loop (a self-transition probability p
i,i
>0).

●   there exist two different paths P1 and P2, starting and ending
     in s, s.t. their respective lengths are relatively prime.             [6]

→ By adding loops to each state, every chain can be made 
aperiodic 

[6]
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Markov Chain Theory

A Markov chain is called ergodic, if it is irreducible and 
aperiodic.     [6]

Every ergodic Markov chain converges for t→ ¥ 
independently from its initial start configuration to a stationary 
distribution p. p is unique.     [6]
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Example: First Step Analysis

Given a Markov chain with its transition probability matrix P.

0 1 2 3
0 0.2 0.8 0.0 0.0
1 0.5 0.2 0.1 0.2
2 0.2 0.1 0.6 0.1
3 0.0 0.0 0.7 0.3

P =

Given a Markov chain with its transition probability matrix P.

Starting in node 1, what is the expected number of steps 
the chain will take before reaching state 3 for the first time?

● Let T = min{n>0: Xn=3}

● We want  t
1
 

● Let ti = E[T|X0=i]

[7]
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Example: First Step Analysis

Given a Markov chain with its transition probability matrix P.

0 1 2 3
0 0.2 0.8 0.0 0.0
1 0.5 0.2 0.1 0.2
2 0.2 0.1 0.6 0.1
3 0.0 0.0 0.7 0.3

P =

Given a Markov chain with its transition probability matrix P.

● t
1
 = 1 + 0.5t0+0.2t1+0.1t2+0.2(0) 

→ t
1
  8.610≈

[7]

● t
0
 = 1 + 0.2t0+0.8t1 

● t
2
 = 1 + 0.2t0+0.1u1+0.6t2+0.1(0) 
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Detection of catalytic sites (PASS)

[4]


