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Abstract. The new potential proposed in [1] is used to modify Concrete
Damaged Plasticity [2] model. The formulas for plastic multiplier and
elastoplastic stiffness tensor are derived and simple numerical test are
performed to confirm validity of the change. Predictions of the modified
model and the original model are compared. The comparison shows similar
character of the resultant curves, although for some cases a distinct
quantitative difference between the models is revealed.

1 Introduction
The main goal of this paper is to confirm that the potential proposed in Part I [1] is valid for
concrete. For this purpose, Concrete Damaged Plasticity model available in Abaqus [2] is
modified - the new function is introduced in the yield condition instead of Lubliner function
[3]. As proven in the preceding article, the considered function is differentiable for all stress
states, which allows to derive elastoplastic modulus tensor for damaged material in a
concise way.
The Lubliner function is appropriate for describing behaviour of concrete for low and
moderate values of hydrostatic stress  , which is usually the area of interest in civil
engineering applications. The yield surface based on the proposed potential is similar to the
surface introduced by Lubliner, but two significant disadvantages are removed. Lubliner’s
function is non-smooth on the compression meridians and on the curve, where one of the
principal stresses is null, which is inconvenient during calculations. Moreover, the plane
stress cross-section does not comply well with experimental results. The new yield surface
does not have any singularities and the cross-section fits in with empirical data.
The considered material model describes elastoplastic behaviour with isotropic damage.
In Part I, the proposed potential was calibrated on the basis of results of four tests and the
coefficients were tied to the yield limit for uniaxial compression test  C . To use that result,
only isotropic hardening is considered.
In Section 2, the general structure of the model is presented, along with the elastoplastic
stiffness tensor for damaged material. In Section 3, results of numerical computations for
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several tests for concrete are shown along with comparison to the original model
predictions.

2 Formulation of model
2.1 Assumptions
Concrete Damaged Plasticity (CDP) [2] model allows to describe elastoplastic behaviour of
damaged material. The following modification of the model is proposed: Lubliner yield
condition is replaced with the new potential [1] in order to improve compatibility of
numerical calculations with experimental results. The structure of the model is presented
below.
In the model, damage is represented by one scalar variable 0  d  1 [4]. Effective
(actual) stress σ̂ (the stress for undamaged material) and nominal stress σ (for the
damaged material) are related as follows:

(1  d ) σˆ 
σ,

(1)

where the hypothesis of equivalent strain is used [5].
Additive split of strain rate tensor ε into elastic, ε E , and plastic, ε P , parts holds, which
together with Hooke’s law yield the following:

σˆ  C ε E

 σˆ  C ε  ε P  , where

 1

C K I  I  2G  1  I  I 
3



(2)

is the stiffness tensor for isotropic undamaged material.
Plasticity and damage occur simultaneously - the yield condition is identical with the
damage criterion. While for plastic flow the damage parameter increases, for unloading it
remains constant, reducing elastic stiffness of the material. The constitutive relations for
plasticity are formulated in the effective stress space. The yield condition and the
consistency condition employ proposed potential f [1]:





f ˆ, rˆ, ˆ  0

and





f ˆ, rˆ, ˆ  0 .

(3)

The non-associated flow rule is based on the Drucker-Prager type potential:



ε P   p ,
 σˆ

where:
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tg  ˆ
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(4)

and ˆT is the effective plastic limit for uniaxial tension test, M is the eccentricity and 
is the dilation angle [2].
Damage parameter d allows to distinguish compressive and tensile stress states by
using two components: dT and dC dependent on inelastic equivalent tensile strain T , IN
and inelastic equivalent compressive strain  C , IN respectively:

1  d  1  sT dC 1  sC dT  , where: dT  HT T , IN , dC  HC  C , IN

2

(5)
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r* 

dT  T
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1  dT E

ˆ1  ˆ 2  ˆ 3
.
ˆ1  ˆ 2  ˆ 3

sC and sT are coefficients reflecting material properties and current stress state, while HC
and HT are material parameters describing evolution of damage during uniaxial test [2]. E
is the initial Young modulus and

is the Macaulay bracket. The evolution of equivalent

compressive and tensile plastic strains (  C , PL and T , PL ) depends on the minimum and
maximum principal values of the strain rate tensor (  P, MIN and  P, MAX ) and the current
stress state. Coefficient r * determines the degree of tensile behaviour for effective stress
tensor. When all the principal effective stresses are positive ˆ1  ˆ 2  ˆ 3  0 then r*  1 .
If they are all negative r*  0 .
Plastic hardening occurs only during compression and it is governed by function:


 C 0  EP  C , IN ,
C

(6)

where  C is the current plastic limit for uniaxial compression test,  C 0 is the initial yield
limit for uniaxial compression test and EP is the plastic modulus.
For the model to be thermodynamically consistent the Clausius-Duhem [6] inequality
for dissipation D has to be fulfilled:

1
D  σˆ ε P  d  ε  ε P  C  ε  ε P   0 .
2

(7)

Condition (7) has to be checked during numerical simulation.
The presented model contains 18 parameters: 2 material constants for describing elastic
behaviour ( E and  or K and G ), 8 for the yield condition ( 1 ,  2 , 1 ,  2 , A , B , b ,
k ) and 3 for the flow rule ( M ,  , ˆT ); plastic modulus EP describing hardening and
damage moduli HC and HT along with sC and sT .
The proposed yield surface differs from the original one, namely the Lubliner function.
As shown in Fig.1, the new function allows for including a shear meridian test into
calibration. Also, the meridians are fitted in well with the experimental results. The
difference between the yield functions is noticeable when comparing the plane stress crosssections for purely compressive states ( 1  0 and  2  0 ). The new potential is passed
through two points representing compression tests (for 1   2 and 1  0.5 2 ), which
ensures better compatibility with the experimental results than for the Lubliner function.
Furthermore, the curve for the Lubliner yield condition is non-smooth for 1   C and

 2   C (uniaxial compression).

The calibration proposed in [1] is rather simplistic. It is possible to further adjust the
coefficients to fit empirical results, especially for the plane stress cross-section, although it
requires numerical solution of a set of nonlinear equations. Nonetheless, the new function
allows to take into account more characteristic features of concrete’s yield surface, which in
turn enhances flexibility of the model.

3
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Fig. 1. The new yield surface versus the original yield surface [2, 3] and experimental results [7, 8].

2.2 Elastoplastic stiffness tensor
For practical applications it is convenient to determine the formula for plastic multiplier 
and elastoplastic stiffness tensor for undamaged material CEP and for damaged material

CEPD defined as follows:
σˆ CEP ε  σ 1  d  CEP ε CEPD ε ,

(8)

where weak coupling between plasticity and damage is supposed via σ (1  d ) σˆ .
In order to derive the relations, the standard procedure is followed. The additive split is
used for Hooke’s law (2)2 and the plastic multiplier is determined from consistency
condition (3)2 considering flow rule (4) and the evolution laws for equivalent strains and
damage parameters. The resultant formulas are listed below:
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where pMIN is the minimum eigenvalue of p . On the tension and compression meridians it
is necessary to separately define the selected functions defined above because of different
form of some derivatives for   0 and    / 3 in Haigh-Westergaard coordinate system
(see [9] for details).

3 Simple computational tests
In this Section simple tests are performed to confirm the validity of the enhanced model and
to examine the differences to the original one. To achieve this goal, an elementary
algorithm is created using Mathematica [10] where the explicit Euler scheme is exploited.
The results of uniaxial compression test, biaxial compression test with 1   2 and shear
test ( 1   2 ) are shown.
In all computations the following values are used: E  20GPa and   0.2
( K  11GPa and G  8.3GPa );  C 0  23MPa ,  T 0  0.1 C 0 ,  BC 0  1.16 C 0 ,
 BNC 0  1.25 C 0 and  TC 0  1.25 C 0 with   4.91 , which yields:   0.121 ,   2.370
and   7.667 for the Lubliner function and 1  0.86424 , 2  5.8336 , 1  3.7630 C ,

2  20.462 C , A  0.14187  C , B  16.651 C , b  0.98270 and k  0.10489 for the
new potential (with d  2.75 C ); for the flow rule:  M  0.1 ,   300 . The parameters
5
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describing hardening and damage are: EP  5GPa , HC  120 , HT  120 , C  0.1 ,
T  1 [2].
For the improved model, a uniaxial cyclic compression test is carried out with loading
program shown in Fig. 2a. Damage and plasticity occur simultanously, therefore damage
parameter d increases only during plastic flow (Figure 2b). For the considered test the
growth is approximately linear, although it is nonlinear in general. The value of axial
component of total strain  XX is considerably higher than the lateral component YY , but
the respective components of plastic strain are comparable (Figure 2c). For proposed data,
plastic strain is an essential part of total strain. The relations between strains  XX and YY
and  XX are approximately bilinear (Figure 2d). The results are qualitatively correct.

a)

b)

c)

d)

Fig. 2. Uniaxial cyclic compression test for the improved model.

To notice the influence of the change of the yield condition three test are compared:
uniaxial compression test, uniaxial tension test and simple shear test, located on different
meridians:    / 3 ,   0 and    / 6 , respectively. The loading program for the
indicated stress components is:

 t  

2  C 0
t,
tMAX

where

6

tMAX  300s

(11)
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is the duration period of the analysis and for the three mentioned test the stress tensors are
as follows:

0
0
  t  0
  t  0 0 
  t 
 0






0 0 , σ   0
  t  0 and σ    t 
0
0 .
σ 0
 0
 0
 0
0 0 
0
0 
0
0 

(12)

The selected results of the computations are presented in Fig. 3. The curves obtained for
the original and the modified model are similar, both qualitatively and quantitatively. It is
apparent, that using the proposed function smaller values of components of plastic strain
tensor are obtained for uniaxial compression test and biaxial compression test, which delays
the moment of total failure ( d  1 ). The discrepancy between the models is especially
noticeable on the shear meridian (Figure 3c), where the plastic limits for simple shear
predicted by the new and original function vary substantially.

a) uniaxial compression test

b) biaxial compression test

c) shear test
Fig. 3. Uniaxial compression test, biaxial compression test and simple shear test - comparison of the
models’ predictions.
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4 Conclusions
The performed calculations confirm validity of the model modified with the new potential
proposed in [1] showing qualitative adequacy of the results. The proposed yield condition
extends flexibility of the model, permitting to describe more of characteristic features in
material behaviour through introduction of a number of parameters.
The calibration of the yield condition was shown in Part I [1], but to be able to compare
the results of numerical tests with empirical data, calibration of the whole model needs to
be performed. Especially the determination of the hardening curve is of major importance,
which in this paper is assumed in a very simple form.
Developing yield conditions to better fit experimental data is reasonable only when the
proposed functions are complex enough to enrich the description of material, whereas
sufficiently simple to allow to find their coefficients. The proposed potential has both these
advantages and is additionally smooth and convex which simplifies numerical calculations.
It can be succesfully used as a yield condition as well as a plastic potential for the flow rule.
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