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Abstract: Portable articulated coordinate measuring machine (PACMM) is a kind of high accuracy
coordinate measurement instrument and it has been widely applied in manufacturing and assembly.
A number of key problems should be taken into consideration to achieve the required accuracy,
such as structural design, mathematical measurement model and calibration method. Although the
classical kinematic model of PACMM is the Denavit-Hartenberg (D-H) model, the representation
of D-H encounters the badly-conditioned problem when the consecutive joint axes are parallel or
nearly parallel. In this paper, a new kinematic model of PACMM based on a generalized geometric
error model which eliminates the inadequacies of D-H model has been proposed. Furthermore, the
generalized geometric error parameters of PACMM are optimized by the Levenberg-Marquard
(L-M) algorithm. The experimental result demonstrates that the measurement of standard deviation
of PACMM based on the generalized geometric error model has been reduced from 0.0627 mm to
0.0452 mm with respect to the D-H model.

Keywords: portable articulated coordinate measuring machine; generalized geometric error
parameters; sample strategy; Levenberg-Marquard algorithm

1. Introduction

The portable articulated coordinate measuring machine (PACMM) is a kind of high accuracy
coordinate measurement instrument and has the advantages of flexibility, lightweight, portability and
easy use compared to the traditional orthogonal CMM. It has been widely applied in manufacturing,
assembly [1], in-situ measurement, reverse engineering and calibration [2,3]. Error sources of PACMM
include structural parameters errors, joint errors, link deflections, thermal deformations and so on.
The measurement accuracy of PACMM depends on the proper kinematic model which considers both
geometric and non-geometric errors.

Many methods have been proposed in the literatures to establish the kinematic model of robot or
PACMM. The Denavit-Hartenberg (D-H) [4] formulation is regarded as the most classical kinematic
model for a robot or PACMM. A modified four-parameter D-H formulation [5,6] has been proposed
to overcome the badly-conditioned problems when the two adjacent joint axes are parallel or nearly
parallel. Reference [7] also showed that another type of the modified D-H formulation which
the standard D-H conventions post-multiplies the rotation term around Y-axis could improve the
badly-conditioned problem when the two adjacent joint axes are parallel or nearly parallel. In order
to meet the three principles of the kinematic model of the manipulator—parametric, continuity and
completeness, references [8,9] proposed a complete, parametrically and continuous kinematic model
by adding two parameters to Roberts’ line parameters. Recently, some researchers also proposed the
generalized geometric error model method considering both geometric and non-geometric errors.
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For example, reference [10] introduced the generalized geometric error parameters for eliminating
the geometric and non-geometric errors and improving the positioning accuracy of the patient
positioning system. A general approach for error model of machine tools [11] has been introduced to
eliminate the geometric and non-geometric errors of machine tools.

The calibration technique of kinematic structural parameters has also been considered as an
efficient method of eliminating geometric and non-geometric errors of CMM, PACMM, machine tools,
etc. According to performance tests of PACMM [12–14], it is required to calibrate the measurement
volume of PACMM by using a 1D standard gauge. Reference [15] introduced a simple artifact with
two spheres for the kinematic structural parameters calibration of PACMM. The center distance
between two spheres in the artifact was calculated by fitting the central points of two spheres.
Reference [16] reported 1D ball bar array. The central points of two spheres were measured by
PACMM with the special rigid probe. Reference [17] presented a new full pose measurement method
for the kinematic structural parameters calibration of the serial robot. This approach was achieved by
an analysis of the features of a set of target points on circular trajectory. Kovac̆ et al. [18] developed a
high accuracy measurement device based on laser interferometer combining with 1D translation table
for calibration and verification of PACMM. Shimojima et al. [19] presented a 3D ball plate with nine
balls. Piratelli et al. [20] introduced the development of virtual ball bar to evaluate the performance
of PACMM. González et al. [21] introduced a virtual circle gauge was applied in evaluating the
performance of PACMM and it was composed of bar gauges of 1000 mm length with four groups
of three cone-shaped holes. The above-mentioned virtual geometric gauges are applied to reduce the
number of test positions, avoid the measurement points randomly sampled on the virtual geometrical
gauges surfaces according to the norms and improve the efficiency of verification procedure for
PACMM. Acero et al. [22] presented an indexed metrology platform combined with a calibrated ball
bar gauge, which was applied in evaluating the performance of PACMM. A simplified and low-price
length gauge [23] was applied in calibrating the kinematic structural parameters of PACMM and it
had three degrees of freedom (DOFs) and a coefficient of low-thermal expansion.

Besides, calibration algorithm of the robot or PACMM plays a crucial role in improving the
measurement accuracy of PACMM. D-H conventions of the measuring arm were improved by
Genetic Algorithm (GA) [24]. Although GA had good global search ability during the optimization
process of D-H parameters of PACMM, it also had poor local search ability. The kinematic structural
parameters of parallel dual-joint CMM were calibrated by using Particle Swarm Optimization (PSO)
algorithm [25]. Compared with GA, in most cases, all the particles of PSO may converge to the
optimal solution more quickly, but it also may be easy to fall into local optimum. Gao et al. [26]
proposed a modified Simulated Annealing (SA) algorithm for identifying the structural parameters
of PACMM. To overcome the disadvantages of the above-mentioned algorithms which have slow
converge rate, the nonlinear least square method [27] has been adopted to calibrate the geometric
errors of flexible coordinate measuring robot and compensate its geometric errors. The L-M algorithm
proposed by Levenberg and Marquardt [28,29] can improve the disadvantages of the nonlinear
least-square method by over-relying on the initial values and having high converge rate. Therefore,
L-M algorithm is selected as the calibration algorithm of the generalized geometric error parameters
of PACMM.

2. Model

The measurement model aims to establish the transformation relationship between the base
frame and the center of the probe, and the model includes the nominal geometric parameters,
geometric and non-geometric errors. D-H conventions and generalized geometric error theory are
applied in establishing the kinematic model of PACMM, respectively.
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2.1. D-H Conventions

D-H conventions is supposed to as the most classical kinematic model method for a robot or
PACMM. The transformation matrix Ai from the coordinate frame “i – 1” to “i” with D-H conventions
is indicated by Equation (1):

Ai =


cosθi −sinθicosαi sinθisinαi licosθi
sinθi cosθicosαi −cosθisinαi lisinθi

0 sinαi cosαi di
0 0 0 1

 (1)

where θi, li, αi and di denote the joint angle, link length, twist angle, joint offset, respectively.

2.2. Generalized Geometric Error Theory

To describe the kinematic model of PACMM, the transformation matrix of the coordinate frame
f ideal
i with respect to f real

i−1 is indicated by using D-H’s 4× 4 matrix i. Figure 1 shows the transformation
relationship between the coordinate frame f real

i−1 and f real
i . However, the actual geometric parameters

of the coordinate frame f ideal
i with respect to f real

i for PACMM exists the slightly deviations from
the nominal values because of the existence of machining errors, assembly errors, link deformation
and so on. The transformation relationship between the coordinate frame f ideal

i and f real
i is shown

in Figure 2. Therefore, the coordinate frame f real
i−1 transformed to f real

i would need two steps: Firstly,
the homogeneous transformation matrix Ai would be obtained by the coordinate frame f ideal

i with
respect to f real

i−1 ; Secondly, the homogeneous transformation matrix Ei would be obtained by the
coordinate frame f real

i with respect to f ideal
i . Equation (2) follows:

Ei = Rot (xi, εi4) Rot (yi, εi5) Rot (zi, εi6) Trans (εi1, εi2, εi3) (2)

where the three parameters εi1, εi2, εi3 indicate the translation values from the origin Oξ
i to O<i in the

frame f ideal
i along the X, Y and Z axes, respectively. The other three parameters εi4, εi5, εi6 represent

the Euler angles of the coordinate frame f real
i with respect to f ideal

i in the Figure 2.

Figure 1. Frame translation and rotation due to the errors for the ith link.
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Figure 2. Definition of the generalized geometric error parameter for the ith link.

In the Equation (2), the six parameters εi1, εi2, εi3, εi4, εi5, εi6 are generally called the generalized
geometric error parameters. To simplify the calculation process, the matrix Ei is approximately
represented by the Taylor’s formula expansion of the Equation (2). The first order values of expansion
formula only remain because the coordinate frame f real

i slightly deviates from f ideal
i . Therefore, the

matrix Ei is rewritten as the Equation (3):

Ei =


1 −εi6 εi4 εi1

εi6 1 −εi5 εi2
−εi4 εi5 1 εi3

0 0 0 1

 (3)

The matrix Bi called the generalized geometric error matrix and indicates the transformation
matrix of the coordinate frame f real

i with respect to f real
i−1 .

Bi = AiEi (4)

2.3. Kinematic Model Based on Generalized Geometric Error Theory

There are two steps for establishing the kinematic model of PACMM. Firstly, each joint variable
of PACMM is nominally equal to zero at the initial state. In other words, this state is also called
the zero pose. Secondly, the kinematic model of PACMM would be established by the generalized
geometric error matrix at the initial state. In Figure 3, the homogeneous matrix Ai is obtained by
the coordinate frame O<i−1X<i−1Y<i−1Z<i−1 transformed to Oξ

i Xξ
i Yξ

i Zξ
i , and the matrix Ei represents the

coordinate frame O<i X<i Y<i Z<i slightly deviating from the ideal frame Oξ
i Xξ

i Yξ
i Zξ

i . When i = 0, 7 the
corresponding frames are the base frame and the center of the rigid probe of PACMM, respectively.
It is worth noting that the coordinate frame is not directly established by the D-H model method
because there is not the rotation joint at the coordinate frame O<6 X<6 Y<6 Z<6 . The point P indicates the
center of the probe here. Therefore, the coordinate frame is established by the following method: The
projective point P’ is obtained by the point P projective to the plane of X<5 O<5 Z<5 , and the line PP’
is in line with the Z<6 axis of the coordinate frame. Therefore, the coordinate frame O<6 X<6 Y<6 Z<6 is
established by the above method in Section 2.2. The coordinate frame O<7 X<7 Y<7 Z<7 is obtained by
the translation d7 along the axis in the coordinate frame O<6 X<6 Y<6 Z<6 . However, the angular encoder
includes zero position error at the zero position because of the manufacture and assembly errors of
the angular encoder. θi0 is supposed to represent the zero position error of the joint variable θi at the
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initial zero position. Then, the actual joint variable is indicated by Θi = θi0 + θi. The transformation
matrix Ai is rewritten as the Equation (5):

Ai =


cosΘi −sinΘicosαi sinΘisinαi licosΘi
sinΘi cosΘicosαi −cosΘisinαi lisinΘi

0 sinαi cosαi di
0 0 0 1

 (5)

Therefore, the relationship matrix T from the base frame O<0 X<0 Y<0 Z<0 to the probe frame
O<7 X<7 Y<7 Z<7 is represented by the Equation (6):

T =
6

∏
i

BiTrans (0, 0, d7) =
6

∏
i

AiEiTrans (0, 0, d7) (6)

where all the generalized geometric error parameters are indicated by using vector
ε =

[
ε11, ε12, · · · , εij, · · · , ε66

]
(i, j = 1, 2, · · · , 6) in the actual kinematic model of PACMM.

Figure 3. Configuration of portable articulated coordinate measuring machine (PACMM) based on
the generalized geometric error model.



Appl. Sci. 2016, 6, 181 6 of 12

3. Error Model and Calibration Algorithm

3.1. Error Model

To ensure the high accuracy measurement results of PACMM, the generalized geometric error
parameters vector of Equation (6) must be accurately calibrated except for the nominal values
θi0, αi, li, di (i = 1, 2, · · · , 6) and d7. In this paper, an Invar length gauge which has the coefficient
of low-thermal expansion is employed as the gauge for calibrating the generalized geometric error
parameters of PACMM. For ease of use the Invar length gauge is placed on the three DOFs support
platform shown in Figure 4. The pose of the Invar length gauge with regard to PACMM is changed
by rotating the three DOFs support platform to collect six joint angle values of PACMM in different
poses. The Invar length gauge has three cone-shaped holes on one surface, the length between
cone-shaped hole 1 and 2 is L12 = 514.371 mm and the length between cone-shaped hole 1 and 3 is
L13 = 1015.962 mm. In this paper, L12 is selected as the standard value for calibrating the generalized
geometric error parameters of PACMM. Therefore, the error model of the generalized geometric error
parameters of PACMM is established based on the spatial distance. The measuring points P1

k and P2
k

are obtained when the probe is placed in cone-shaped hole 1 and 2, respectively. Therefore, the error
model of PACMM is indicated by Equation (7):

Ek (ε) = L12 − ‖P1
k − P2

k ‖ (7)

where the symbol ‖ • ‖ indicates the norm of the vector. k indicates the serial number of
measurement points.

Figure 4. Length gauge.

According to the least square principle, the objective function is established by Equation (8):

F (ε) =
m

∑
k=1

E2
k (ε) =

m

∑
k=1

(
L12 − ‖P1

k − P2
k ‖
)2

(8)

where m indicates the number of measurement points.

3.2. Calibration Algorithm

Calibration algorithm is supposed to as the main work for solving the generalized geometric
error parameters in Equation (8). The selection of calibration algorithm lies in its convergence rate
and identification efficiency. Although GA, PSO, modified SA and nonlinear least square method
have been applied in calibrating the kinematic parameters of robot or PACMM, the above-mentioned
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calibration algorithms with respect to LM algorithm have slower convergence rate and poorer
stability. Therefore, LM algorithm is selected as the calibration algorithm for calibrating the
generalized geometric error parameters of PACMM. Its detailed calculation procedures are as follows:

Step 1: Set the initial estimation values vector ε(0) of generalized geometric error parameters
vector ε, the initial damping factor µ = µ

(0)
0 , permissible error ε > 0, set the flag of the

iteration step t = 0 and the growth factor ν > 0, ν = 2, 5 or 10;

Step 2: Calculate E(t) = E(ε(t)), S(t) = E(t)TE(t), J(t) =

[
∂E(t)

k (ε(t))

∂εij

]
, (t = 1, 2, · · · , n);

Step 3: Solve (J(t)T J(t) + µ(t) I)∆ε(t) = −J(t)TE(t);
Step 4: Calculate ε(t+1) = ε(t) + ∆ε(t), E(t+1) = E(ε(t+1)), S(t+1) = E(t+1)TE(t+1);
Step 5: If ‖∆ε(t)‖< ε, vector ε(t) is supposed to as the best estimate ε∗, else t = t + 1;
Step 6: If S(t+1) < S(t), then µ(t+1) = µ(t)/ν, go to Step 2, else µ(t+1) = µ(t)ν, go to Step 3.

However, some generalized geometric error parameters resulting in the tiny contributions for the
probe position errors of PACMM could not be calibrated. Therefore, these parameters are assimed to
be the redundant parameters of generalized geometric error parameters for error model of PACMM.
The redundant parameters ε21, ε31, ε32, ε34, ε35, ε41, ε46, ε51, ε52, ε66 are eliminated by using the analysis
method introduced by Zhang et al. [30].

4. Sample Strategy

In fact, The sampling process for calibration data of PACMM records its six joint values.
The calibration accuracy of PACMM must be affected by the sampling randomness in the whole
work volume of PACMM. Borm et al. [31] introduced an optimized sampling strategy for calibrating
the serial robot, needs the joint values of the serial robot collected uniformly in the corresponding
joint spaces. Therefore, the length gauge should be uniformly distributed in the whole work volume
of PACMM for sampling the calibration data to reduce the sampling randomness of the PACMM.
However, the partial work volume of PACMM can not be collected according to performance tests of
PACMM. The length gauge is uniformly distributed at four different positions around the PACMM.
The length gauge can be uniformly rotated by the different poses to reduce the geometric and
non-geometric errors of PACMM according to the Figure 5.

Figure 5. Sample strategy.
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The detailed sampling procedures are shown in the Figure 6.

Figure 6. Sampling procedure.

5. Experiment

In this section, the generalized geometric error parameters calibration of PACMM is performed
by L-M algorithm in the Section 3.2. In order to verify the advantage of the proposed method
with respect to D-H model [32], the comparison experiment is also done by PACMM based on the
generalized geometric error parameters and D-H model, respectively.

5.1. Calibration

The nominal values of the kinematic structural parameters of the kinematic model of PACMM
are listed in the Table 1. The parameter d7 of the probe is equal to 210 mm here.

Table 1. Nominal values of structural parameters.

Parameters A1 A2 A3 A4 A5 A6

θ (rad) 0 −1.57 −3.33 −4.57 −0.97 −3.96
α (rad) −π/2 π/2 −π/2 π/2 −π/2 π/2
l (mm) 40 −40 32 −32 32 −32
d (mm) 0 0 440 0 340 0

In the error model of PACMM, the initial generalized geometric error parameters vector ε(0)

is equal to 0. In the process of the calibration, the length gauge would be placed by the above
method in the Section 4. The calibration data are substituted into the L-M algorithm of the Section 3.2.
The convergence value of the objective function F(ε) is 0.1402 by 50 iterations. Figure 7 shows that the
value of F(ε) tends to be stabilized in about five iterations. The generalized geometric error parameter
vector ε∗ is supposed to as the optimal parameter vector for PACMM. The generalized geometric error
parameters calibrated of PACMM are listed in the Table 2.
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Table 2. Generalized geometric error parameters calibrated.

Parameters E1 E2 E3 E4 E5 E6

ε1 (mm) −0.0156 −0.0060 −0.0062 −0.0076 0.0164 −0.0038
ε2 (mm) - 0.0071 0.0081 −0.0025 0.0204 −0.0017
ε3 (mm) - - - - - 0.0247
ε4 (rad) - 0.0015 −0.0307 0.0443 −0.0332 -
ε5 (rad) - 0.0288 −0.0423 −0.0318 −0.0013 -
ε6 (rad) −0.0011 −0.0021 0.0021 −0.0007 0.0018 -

- Redundant parameter.
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Figure 7. Convergence curve.

The measurement errors of the length gauge using PACMM before and after calibrating 50 times
are shown in the Figure 8. In addition, the measurement standard deviation of PACMM for the length
gauge is reduced from 0.5550 mm (before calibration) to 0.0452 mm (after calibration).
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Figure 8. Measurement residual errors of length gauge using PACMM before and after calibration.
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5.2. Comparison

To verify the advantage of the kinematic model of PACMM based on generalized geometric
error model with respect to D-H model, this paper presents that PACMM measures the length
gauge 20 times at four different positions and the measured angle data is calculated by generalized
geometric error parameters and D-H method, respectively. Figure 9 shows the measurement standard
deviations of length gauge using PACMM based on D-H and generalized geometric error method
at four different positions. Besides, the results of the comparison experiment demonstrate that the
measurement standard deviation of length gauge using PACMM based on the generalized geometric
error method is reduced from 0.0627 mm to 0.0452 mm with respect to the D-H model.
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Figure 9. Comparison of the measurement results of length gauge using PACMM based on the
Denavit-Hartenberg (D-H) and generalized geometric error method.

6. Discussion

The comparison experimental results demonstrate that the proposed method is effective and the
higher measurement accuracy of PACMM using the proposed method could be achieved with respect
to D-H model. Note here that the measurement accuracy of FaroArm Platinum 1.8 m is 0.037 mm,
as specified by ASME B89.4.22 norm. The measurement accuracy of PACMM using the proposed
method is slightly lower than Faro Platinum 1.8 m, but its price is only half of the FaroArm Platinum
1.8 m. In future work, improving the manufacturing process of parts, optimizing the calibration
method of the structural parameters, reducing the number of PACMM DOFs in the process of the
practical work and adopting multi-group kinematic parameters calibrated for the kinematic model of
PACMM would be regarded as the research key to improving the measurement accuracy of PACMM.

7. Conclusions

A new kinematic model of PACMM which considers both geometric and non-geometric errors
is proposed on the basis of generalized geometric error model in this paper. Generalized geometric
error parameters are calibrated by the L-M algorithm. The experimental results demonstrate that the
measurement standard deviation of the length gauge is reduced from 0.5550 mm (before calibration)
to 0.0452 mm (after calibration). Besides, the results of the comparison experiment which is also
performed to illustrate the advantage of PACMM based on the generalized geometric error method,
demonstrate the measurement standard deviation of the proposed method, which is reduced from
0.0627 mm to 0.0452 mm with respect to D-H.
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Abbreviations

The following abbreviations are used in this manuscript:

PACMM Portable Articulated Coordinate Measuring Machine
CMM Coordinate Measuring Machine
D-H Denavit-Hartenberg
L-M Levenberg-Marquard
1D one-dimensional
DOF degree of freedom
GA Genetic Algorithm
PSO Particle Swarm Optimization
SA Simulated Annealing
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