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Kinematics and hydrodynamics of linear acceleration
in eels, Anguilla rostrata
Eric D. Tytell
Department of Organismic and Evolutionary Biology, Harvard University, 26 Oxford Street, Cambridge, MA 02138, USA
(tytell@oeb.harvard.edu)
The kinematics and hydrodynamics of routine linear accelerations were studied in American eels, Anguilla
rostrata, using high-speed video and particle image velocimetry. Eels were examined both during steady
swimming at speeds from 0.6 to 1.9 body lengths (L) per second and during accelerations from 1.4 to
1.3 L s2. Multiple regression of the acceleration and steady swimming speed on the body kinematics suggests that eels primarily change their tail-tip velocity during acceleration. By contrast, the best predictor of
steady swimming speed is body wave speed, keeping tail-tip velocity an approximately constant fraction of
the swimming velocity. Thus, during steady swimming, Strouhal number does not vary with speed, remaining close to 0.32, but during acceleration, it deviates from the steady value. The kinematic changes during
acceleration are indicated hydrodynamically by axial fluid momentum in the wake. During steady swimming, the wake consists of lateral jets of fluid and has minimal net axial momentum, which reflects a balance
between thrust and drag. During acceleration, those jets rotate to point downstream, adding axial momentum to the fluid. The amount of added momentum correlates with the acceleration, but is greater than the
necessary inertial force by 2.8^0.6 times, indicating a substantial acceleration reaction.
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1. INTRODUCTION
Most studies of fish swimming have focused on extreme
behaviours at two ends of a spectrum. At one end of the
spectrum are many studies examining steady swimming,
both from kinematic ( Jayne & Lauder 1995; Donley &
Dickson 2000) and hydrodynamic viewpoints (Müller et al.
1997, 2001; Drucker & Lauder 2001; Nauen & Lauder
2002; Tytell & Lauder 2004). At the other end of the spectrum are studies of very rapid behaviours such as fast starts
and feeding strikes, primarily focusing on kinematics
(Domenici & Blake 1997). However, anyone who has watched fishes swimming in nature will realize that most fishes
rarely swim steadily or perform fast starts. Most of their
time is filled with low-speed turns and small accelerations
(Webb 1991).
Manoeuvres such as turning, however, are complicated
and difficult to quantify, as is evidenced by the number of
parameters collected about fast starts (Domenici & Blake
1997). However, linear acceleration, a simple yet important manoeuvre, has received no attention, and is probably
quite important in normal fish swimming. Fishes accelerate
linearly any time they change speed, and particularly when
they hold position in a variable speed or turbulent flow.
To understand linear acceleration, it is important to separate acceleration effects from those resulting from steady
motion. The eel, Anguilla spp., an anguilliform swimmer,
has an unusual wake that makes this separation straightforward. In contrast to carangiform swimmers, which produce
wakes with substantial rearward (axial) flow during steady
swimming (Müller et al. 1997; Drucker & Lauder 2001;
Nauen & Lauder 2002), eels’ wakes have little axial flow
(Müller et al. 2001; Tytell 2004). Tytell (2004) found that
an eel’s wake during steady swimming consists primarily of
Proc. R. Soc. Lond. B (2004) 271, 2535–2540
doi:10.1098/rspb.2004.2901

fluid jets pointed at 90 to the swimming direction, resulting in negligible fluid momentum in the axial direction.
The lack of axial momentum indicates zero net force,
which should be expected based on Newton’s laws because
the eels were swimming at constant velocity (Tytell &
Lauder 2004). In other words, during steady swimming, a
fish’s momentum does not change, so the momentum of
the fluid around it must not change. By contrast, during an
acceleration the fish’s momentum does change, so the
wake momentum must also change. Because of the small
axial wake momentum during steady swimming, this
change should be immediately apparent in an eel’s wake.
This study provides, to the author’s knowledge, the first
quantitative description of how swimming kinematics and
hydrodynamics change as eels perform routine linear accelerations. The kinematic parameters that change most during acceleration are identified and are compared with
acceleration magnitude. Changes in wake momentum are
identified to estimate the forces involved. The kinematic
and hydrodynamic data together indicate a mechanism
that eels use to perform small linear accelerations and
change their swimming velocity.

2. MATERIAL AND METHODS
(a) Experimental procedure
American eels (Anguilla rostrata) were collected by seine from the
Charles River (Cambridge, MA, USA) during June and July 2002
and housed in aquaria at room temperature. Experiments were
conducted in a 600 l closed-circuit flow tank with a 26 cm
wide  26 cm deep  80 cm long working section. Animals were
confined to the working section using plastic grids covered in a
fine mesh.
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Before the experimental procedure, an eel was allowed to
acclimate in the flow tank at a slow swimming velocity for at least
1 h. After the acclimation period, eels adopted a steady swimming
behaviour. During the procedure, the animal was gently manoeuvred into position by using a wooden probe. After a period of
steady swimming, all eels accelerated voluntarily out of the filming
region. Swimming was filmed from below through a front-surface
mirror at 45 using a digital high-speed camera (RedLake) at 125
or 250 frames per second (fps).
To quantify flow velocities behind the swimming eel, the tank
was seeded with near-neutrally buoyant silver-coated glass particles (12 mm in diameter; density 1.3 g cm3; Potters Industries,
USA). As the particles followed the fluid motion, they were illuminated by using a 30 cm wide horizontal light sheet projected 7 mm
above the bottom of the tank using two argon-ion lasers at
between 4 and 8 W. Particle images were filmed using a second
digital high-speed camera: either a RedLake camera at 250 fps and
480 pixel420 pixel resolution or a NAC Hi-DCam at 500 fps at
1280 pixel1024 pixel resolution (as in Tytell & Lauder 2004).
The flow tank’s boundary layer for the floor of the working section was measured to verify that the horizontal light sheet was
above the boundary layer. At the lowest flow speeds, the boundary
layer was turbulent and ca. 7 mm thick. The boundary layer is
thinner at higher flow speeds (Schlichting 1979); therefore, the
light sheet was always above the boundary layer. Nevertheless,
portions of the eels’ bodies were in the boundary layer and ground
effects could affect the flow field (Rayner & Thomas 1991).
At each swimming speed, the eel was removed and a mean
background flow field was measured and subtracted from all flow
fields at that speed.

(b) Data analysis
Eel outlines and midlines were digitized by using a custom
MATLAB 6.1 (Mathworks, Natick, MA, USA) program. After
manual identification of an eel’s head and tail, the program identified the outline and midline of the eel image using a cross-correlation based technique. Midlines were smoothed simultaneously
in both space and time using a smoothing spline to achieve a mean
squared error of ca. 0.25 square pixels (as recommended by
Walker (1998)). Steady swimming kinematics and hydrodynamics were quantified as in Tytell (2004). Kinematic parameters,
including undulation amplitude at 20 points along the body,
undulation frequency, average tail- tip velocity, body wave speed
and body wave length, were calculated from these midlines.
Strouhal number (St ), defined in animal studies as the ratio of
average tail velocity to swimming velocity (Triantafyllou et al.
2000), was also estimated. The velocity and acceleration of the
body were taken from the point at the tip of the snout. All variables
involving a length were normalized by the eel’s body length L.
The particle image velocimetry (PIV) algorithm was performed
by using a custom MATLAB 6.1 program in two passes using a standard statistical cross-correlation (Fincham & Spedding 1997) and
an error-correction technique with an integer pixel estimate of the
velocity between passes (as in Hart 1999). Data were smoothed
and interpolated onto a regular grid using an adaptive Gaussian
window algorithm with the optimal window size (2–3 mm for
these data; Fincham & Spedding 1997) accounting for the uneven
spacing of PIV data (Fincham & Spedding 1997).
Axial wake momentum was quantified from the flow field data.
Any axial momentum was attributed to acceleration because eels
have little axial flow in their wakes during steady swimming. In
particular, this momentum represents differences in thrust from
the amount necessary to counteract drag, and includes
Proc. R. Soc. Lond. B (2004)

components of the inertial force as well as an acceleration reaction
force. The wake momentum flux DM, which has units of force,
was estimated by integrating through a plane behind the eel in
each frame:
ðw
DM ¼ qhU
u  U dy,
(2:1)
w

where q is the fluid density, h is the wake height, equivalent to the
fish’s height (Nauen & Lauder 2002) measured at mid-body, u is
the instantaneous axial fluid velocity, U is the mean flow velocity,
w is half the wake width, and y is the coordinate in the lateral
direction. The wake width w was 40 mm and the plane was
centred on the tail tip. It was placed 8 mm downstream of the eel’s
tail as a compromise between two issues: first, difficulties making
measurements close to the body due to shadows and reflections
and second, potential errors owing to turbulence or viscous effects
for measurements in the far wake (Tytell & Ellington 2003). The
momentum estimate was fairly robust to the plane’s location
within ca. 1 cm. The momentum flux DM was smoothed over time
using a running average with a window length of 0.25 tail beat
periods.
When a body accelerates in a fluid, it also accelerates some volume of fluid surrounding it. The mass of the fluid increases the
apparent mass of the body by an amount Cf, called the added mass
coefficient (Batchelor 1973; Daniel 1984). To estimate Cf, the
wake momentum flux was regressed on the inertial force qVa
necessary to accelerate the eel’s volume V with density q at the
estimated rate a, as follows:
DM ¼ (1 þ Cf )qVa,

(2:2)

assuming that the animal’s density is approximately the same as
the fluid’s.

(c) Statistics
Multiple regression (Quinn & Keough 2002) was performed to
relate swimming speed and acceleration to body kinematics. Five
kinematic variables were included in the analysis: tail amplitude,
head amplitude, average tail velocity, body wave speed and body
wave length. Each swimming sequence included a period of steady
swimming followed by acceleration. To separate the effects of
acceleration from those of swimming speed, a ‘steady swimming’
value (the median) of each kinematic variable was estimated in
each sequence. Then, the maximum and minimum deviation of
each parameter from its steady swimming value was calculated.
This allowed each swimming sequence to be its own control and
removed any influence of time in the analysis. The medians and
deviations were used as independent variables in the regression.
Because all of the measured kinematic variables increase with
increasing swimming velocity (Tytell 2004) and thus increasing
force, maximum deviations were assumed to correspond to
maximum accelerations, and minimum deviations to minimum
acceleration.
All errors are reported as s.e.m. All statistical analyses were performed using SYSTAT 10.2 (Systat Software, Point Richmond, CA,
USA).

3. RESULTS
Kinematic and hydrodynamic data were taken from six
individuals, with length L ranging from 12 to 24 cm long,
each swimming at speeds from 0.6 to 1.9 L s1 and acceleration a from 1.4 to 1.3 L s2. From these individuals, 68
swimming sequences consisting of 1196 tail beats in total
were analysed. Of these, 894 beats occurred during steady
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Table 1. Multiple regression of steady swimming speed and acceleration on tail beat amplitude, head amplitude, average tail velocity, body wave speed and body wave length.
(The significant kinematic correlates of swimming speed and acceleration are listed below each parameter)a

steady swimming speed (L s1)
body wave speed (L s1)
tail amplitude deviation (L)
tail velocity deviation (L s1)
acceleration (L s2)
tail velocity deviation (L s1)
a

coefficient

standardized
coefficient

t
(d.f. ¼ 125)

1.2 ^ 0.2
9 ^ 3
0.5 ^ 2

1.4 ^ 0.3
0.24 ^ 0.04
0.25 ^ 0.08

5.29
2.83
3.07

< 0.001
0.005
0.003

4.93

< 0.001

1.9 ^ 0.4

0.9 ^ 0.2

p

(n ¼ 136, from 68 swimming sequences; L, body length; t, Student’s t-statistic.)

swimming (|a| < 0.1 L s2) and 302 during acceleration.
Hydrodynamic data from 23 representative datasets with
534 tail beats were analysed, of which 457 were steady and
77 were during acceleration.
A dataset was designated ‘steady’ when the maximum
acceleration magnitude was less than 0.1 L s2. In these
sets, the velocity had a maximum standard error of ca. 7%
and in most cases the velocity variation was less than 1%.
Animals were able to maintain swimming steadily from
ca. 0.5 to 2 L s1, corresponding to Reynolds numbers of
16 000–120 000.
(a) Steady swimming
Steady swimming data were quantified, but because similar data have been presented before (Gillis 1998; Tytell
2004), they are only briefly summarized here. Tail beat frequency, body wave length, body wave speed and average tailtip velocity increased significantly ( p < 0:03) with increasing
swimming speed. Tail beat amplitude also increased, but not
significantly ( p ¼ 0:082). All kinematic variables showed
significant differences between individuals ( p < 0:001 in all
cases). St showed no significant change with swimming
speed ( p ¼ 0:202), with a mean of 0:321^0:002 across all
swimming speeds, although it increased and became more
variable at the slowest speeds. Undulation amplitude
increased exponentially along the body.
During steady swimming, the wake consisted of lateral jets
of fluid separated by one or more vortices (figure 1a), as
described in Tytell & Lauder (2004). The angle of the jet was
not significantly different from 90 to the swimming direction
( p ¼ 0:407), indicating a lack of significant axial flow.
(b) Acceleration
After a period of steady swimming, all eels naturally
accelerated out of the filming area. Accelerations with substantial turning were identified visually and excluded. In
the accelerations analysed, no eel deviated more than 40
from the flow direction and most turned less than 13 .
When the entire eel was visible, the negative accelerations
produced as the eels approached the front baffle or a wall
were also analysed. Acceleration varied from 1.4 to
1.3 L s2.
The most obvious visual change during acceleration was
an increase in body amplitude (figure 2), which was particularly noticeable at the head. Head amplitude was often
close to zero, particularly at low speeds, making any small
increase quite obvious. Increases in tail amplitude,
although larger numerically, were less apparent visually.
Proc. R. Soc. Lond. B (2004)

Two multiple regressions were performed: one on average swimming speed with respect to kinematics, and
another on acceleration versus kinematics. Both regressions were highly significant ( p < 0:001 in both cases) and
are summarized in table 1. Most coefficients were not significant, but swimming velocity is primarily predicted by
body wave speed, with small contributions from tail amplitude deviation and tail velocity deviation (table 1; figure
3a). The variation in acceleration is only significantly
related to deviation of tail velocity from the steady value
(table 1; figure 3b).
All basic kinematic variables were correlated with each
other (r > 0:28 in all cases), although the deviation parameters were relatively uncorrelated (jrj < 0:09). Correlated
independent variables tend to cause underestimation of the
number of significant coefficients (Quinn & Keough 2002).
However, those that are significant are likely to be highly
significant.
Figure 1 shows a representative flow field during steady
swimming at 1.34 L s1 (figure 1a) and during acceleration
at 0.6 L s2 (figure 1b). Before accelerating, the eel in figure
1b was swimming at 1.42 L s1. Note the reorientation of
the jets (region 1) to point downstream. In the acceleration,
maximum momentum flux in the wake was 4.65 mN (as a
force coefficient: 0.0074), compared with the maximum
force to accelerate the eel’s mass alone of 1.28 mN (force
coefficient: 0.0020).
As in figure 1b, more momentum is usually present in the
wake than is accountable directly to inertial forces owing to
acceleration (figure 4). Maximum and minimum wake
momentum flux, equivalent to the net force on the animal,
were regressed on maximum and minimum inertial force to
cause the acceleration in a vacuum. This analysis produces
a slope of 3:8^0:6, which is significantly different from 1
(p < 0:001). Therefore, from equation (2.2), the added
mass coefficient over the range of accelerations examined is
2:8^0:6 (s.e.m.; n ¼ 46, from 23 swimming sequences).
4. DISCUSSION
This study identifies the primary kinematic parameters that
the American eel, A. rostrata, uses to control swimming
speed and linear acceleration and relates this acceleration
to changes in axial wake momentum. This provides the first
quantitative examination, to the author’s knowledge, of
routine linear accelerations during fish swimming. Multiple regression indicates that the most important kinematic parameters are body wave speed and tail-tip velocity.
These results suggest that St (Triantafyllou et al. 2000),
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Figure 1. Representative wake flow fields. (a) Steady swimming at 1.34 L s1 by a 23 cm eel. The field is an average of 14 steady
tail beats at the same phase. (b) Acceleration towards the left at 0.6 L s2, starting from steady swimming at 1.42 L s1 by a 24 cm
eel. The field is an average of three fields at the same tail beat phase. In both panels, the tail tip is indicated on the left in grey,
vector lengths are proportional to flow magnitude, and vorticity is given by the coloured background. For velocities less than
5 cm s1, arrowheads remain visible to indicate flow direction. Important flow regions are indicated by numbers and explained in
the text. The integration plane for equation (2.1) is shown by a white line in both frames. An arrowhead indicates that the plane
extends beyond the region shown.
usually written as a function of tail beat amplitude A,
frequency f, and swimming speed U as St ¼ 2fA=U , may be
a major kinematic parameter relating to thrust output of
swimming eels.
During steady swimming, St stays approximatey constant. All basic kinematic variables are correlated with
swimming speed (r > 0:38; mean r ¼ 0:63), although
only body wave speed has a significant regression coefficient, possibly owing to the correlation between the kinematic variables (Quinn & Keough 2002). Nonetheless, the
correlations mean that the kinematic parameters stay
approximately constant fractions of swimming speed,
resulting in a St that does not vary significantly with speed.
During steady swimming St remains near 0.32, a value
shown to be efficient for flapping propulsion (Read et al.
2003), and used by many animals (Triantafyllou et al.
2000; Taylor et al. 2003). Even though the swimming kinematics are correlated with speed, as steady speed drops
below 1 L s1, St tends to grow and become more variable,
increasing to ca. 0.5 at 0.5 L s1, similar to observations
from some other fishes (E. Drucker, personal communication) and marine mammals (Rohr & Fish 2004). The
elevation of St at low speed may not indicate decreased
efficiency, because the overall metabolic cost of transport is
Proc. R. Soc. Lond. B (2004)

still low for eels swimming at 0.5 L s1 (van den Thillart
et al. 2004). The mechanical reasons for the low cost of
transport, however, remain unclear.
During acceleration, tail-tip velocity deviates from its
steady value (figure 3b; p < 0:001), indicating a corresponding change in St. Because tail-tip velocity is proportional to fA, acceleration is correlated with a change in
St. The exact change is difficult to quantify, however,
because St is inversely proportional only to steady swimming speed, not the instantaneous velocity. Nonetheless,
because these changes in St are correlated with acceleration, they must also be correlated with changes in net
force on the body: specifically, an imbalance between
thrust and drag. This correlation is plausible, because an
engineering study on flapping foils found force output to be
strongly related to St (Read et al. 2003).
However, eels cannot modulate St by changing tail-tip
velocity alone. The tail velocity is a function of other kinematic variables, such as frequency and amplitude or,
equivalently, body wave speed, wave length and amplitude.
Because tail-tip velocity seems to increase independently of
body wave speed, wave length or amplitude must also
change to keep wave speed constant. Unfortunately, both
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Figure 3. Multiple regression. (a) Swimming speed plotted
against body wave speed, the best predictor of swimming
speed in the multiple regression. (b) Acceleration plotted
against tail velocity deviation, the only significant predictor of
acceleration.
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Standard error around each envelope is indicated by a
coloured region. The ‘steady’ swimming envelope
(acceleration magnitude less than 0.1 L s2) is shown by a
thick red line. For each trace, acceleration ranges, mean values
and number of tail beats (n) are given in the legend.
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Figure 2. Undulation amplitude envelopes at each body
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n
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48
0.1–0.25
0.16 ± 0.04 42
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0.006 ± 0.04 402
less than –0.25 –0.6 ± 0.2
8

Figure 4. Added wake momentum flux plotted against
inertial force due to acceleration. A linear regression line is
indicated by a solid thick line with a 95% CI shown in grey
( y ¼ (3:8^0:5)x ¼ 0:4^0:3; r 2 ¼ 0:569; p < 0:001). A
slope of 1 is indicated by the thin line.

of these variables have substantial noise, obscuring these
trends in the data.
Nonetheless, the thrust/drag imbalance that seems to be
linked to St deviation is apparent as axial fluid momentum
in the wake. During steady swimming, when St remains
close to 0.32, there is little or no axial momentum in the
wake; all fluid momentum is directed laterally. Thus,
because the net force on the fish is zero (i.e. thrust equals
drag), thrust cannot be measured from the wake during
steady swimming. When the eel accelerates, however, the
jets rotate so that they change the axial fluid momentum
(figure 1a), reflecting the force beyond that necessary to
counter drag. This rotation causes the wake to resemble the
reverse von Karman street typical of thrust production
(Read et al. 2003) and usually observed for other fishes
(see, for example, Nauen & Lauder 2002).
These qualitative changes in the wake seem quite robust,
but it must be acknowledged that the quantitative hydrodynamic data in this study have limitations. Although the
flow fields that have been described (figure 1) are above the
boundary layer, they are only just above it, and ground
effects may be substantial. However, these effects should be
fairly constant within this study because all eels were of
similar size. Therefore, the comparisons presented here are
valid, but may be underestimates, because ground effects
have been shown to lower force estimates for hovering animals (Rayner & Thomas 1991). The ground’s effect for eels
should be less substantial than for hovering animals (e.g.
Blake 1979; Rayner & Thomas 1991), because flow is
mostly parallel to the ground rather than perpendicular.
Additionally, the momentum calculations may introduce
some inaccuracies. Equation (2.1) assumes that flow fields
are identical through the entire height of the eel, which is
probably an oversimplification and might result in over- or
underestimation of momentum, depending on the threedimensional structure. Turbulent effects may also affect
momentum estimates, as Tytell & Ellington (2003) found,
but the method used here should be more robust to these
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effects than theirs. Vertical or transverse flow fields would
help to define these potential error sources.
Given these caveats, the axial momentum change seems
to be significantly more than would be required to
accelerate the eel’s mass in a vacuum (figure 4; p < 0:001),
indicating that linear acceleration is substantially impeded
by the acceleration reaction (Batchelor 1973), with an
overall added mass coefficient of 2:8^0:6. In comparison, a
rigid cylinder has an added mass coefficient of one accelerating perpendicular to its axis, and 0.5 parallel to its axis
(Daniel 1984). Studies of oscillating cylinders have shown
that the acceleration reaction can be amplified by vortex
shedding owing to the oscillatory motion (Facchinetti et al.
2004). Extrapolating these data to eels is difficult, because
the study focused on forces parallel to the oscillation direction, whereas the eel is accelerating normal to its oscillation
direction. However, vortex shedding owing to oscillatory
motion may have the potential to increase the effective
added mass, and may be a reason why eels show such high
added-mass coefficients.
Ultimately, eels appear to use different strategies for generating propulsive force during steady swimming and acceleration. By varying body wave speed proportionally to
swimming speed, they can maintain steady swimming at a
St known to be efficient. To accelerate, however, they vary
tail-tip velocity, changing St and increasing or decreasing
thrust. The decoupling of wave speed and tail velocity may
help to explain how fishes control force output during
unsteady swimming, a common behaviour in the wild.
The author thanks Michelle Chevalier, Matthew McHenry,
Emily Standen and George Lauder. Laura Farrell maintained
the animals. This study was supported by Harvard University
and the National Science Foundation under grants
IBN9807021 and IBN0316675 to George Lauder.
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