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A scaling power law relating hysteresis loss and remanence in minor hysteresis loops is proposed for
the low-field magnetic characterization of ferromagnetic materials. We demonstrate that the law
holds true for very low to an intermediate level of magnetization, associated with a universal
exponent of �1.35, irrespective of types of ferromagnets and temperature, unlike the Steinmetz law
with limited applicability. The coefficient in the scaling law shows almost the same behavior as
coercivity and can be used for the evaluation of the magnetic quality of materials for which the
Steinmetz law cannot be applied and/or low measurement field is necessary.
© 2010 American Institute of Physics. �doi:10.1063/1.3289317�

I. INTRODUCTION

Scaling laws for magnetic minor hysteresis loops have
been extensively studied for evaluating the magnetic quality
of bulk ferromagnetic materials1–3 as well as thin ferromag-
netic films.4,5 In particular, the power-law relation between
hysteresis loss WF

� and the maximum magnetization Ma
� of

minor hysteresis loops is well known as the Steinmetz law,1

and is given by

WF
� = WF

0�Ma
�/Ms�nF, �1�

where nF�1.6 and Ms is the saturation magnetization. The
coefficient WF

0 is a sensitive indicator of the material’s intrin-
sic properties, including magnetocrystalline anisotropy and
microstructural properties, such as grain size and dislocation
density. The Steinmetz law generally holds true in the inter-
mediate Ma

� range where irreversible movement of the Bloch
wall plays a dominant role in the magnetization; for Fe and
its alloys, �0Ma

� is in the range of 0.3–1.2 T.
Our recent systematic studies on Fe and Ni single

crystals6,7 and low-carbon steels8 showed that the exponent
nF in Eq. �1� is almost independent of the temperature and
the level of deformation. WF

0 is more sensitive to the defect
density than the coercivity of the major hysteresis loop Hc

and is related to mechanical and physical properties such as
Vickers hardness and ductile-brittle transition temperature.
Therefore, the magnetic method using the scaling rule can be
used for evaluation of material degradation because of its
sensitivity to lattice defects and low measurements fields
�typically less than 4 kA/m�.

Despite the usability of the Steinmetz law for various
soft ferromagnetic materials, however, its applicability is
limited. For instance, for polycrystals with strong uniaxial
anisotropy, the exponent was observed to deviate signifi-
cantly from the value of 1.6; nF=1.9 for pure Co.2 This
might be attributed to the fact that the minor-loop parameters
WF

� and Ma
� reflect the average of minor loops of all grains

which are largely different in shape from grain to grain; since
for polycrystal anisotropy axes change from grain to grain,
the magnetization process for each grain strongly depends on
the relative orientation between the anisotropy axis and ap-
plied fields. Similar deviations in nF occur in the presence of
sample inhomogeneities,9,10 texture,11 etc. Further, the mag-
netization range in which the Steinmetz law is valid varies
according to the material’s intrinsic properties as well as ex-
ternal conditions such as temperature and stress. This makes
the scaling analysis difficult to perform in practice for the
integrity assessment of the ferromagnetic materials.

In this study, we have developed a scaling power law
relating hysteresis loss and remanence of minor loops for the
characterization of bulk ferromagnetic materials, which was
originally proposed for characterizing strain-induced ferro-
magnetic �-martensites in an austenitic matrix,12 where large
magnetic contribution due to the paramagnetic austenitic
phase as well as vacuum permeability by applied fields in-
validates the Steinmetz law. The proposed scaling law allows
the evaluation of the magnetic quality of bulk ferromagnetic
materials in cases where the existing scaling laws cannot be
used and/or low measurement field is indispensable.

II. EXPERIMENT

We prepared toroidal samples of polycrystals of
Fe–3 wt % Si, Ni, and Co with a purity of 99.9% and grain
sizes of 180, 33, and 20 �m, respectively, as well as Co
single crystal grown with electron-beam floating zone melt-
ing method. Eighty turns of exciting and pickup coils were
wound around the samples with external and internal diam-
eters of 9 and 7 mm, respectively, and thickness 5 mm. The
samples were placed in a He-gas closed-cycle refrigerator
with a high-temperature stage, by which the temperature was
varied from 10 to 700 K. A set of symmetrical minor hyster-
esis loops with various amplitudes of an applied cyclic field
Ha up to 10 kA/m was measured. Before measuring each
minor loop, the sample was demagnetized with a decaying
alternating magnetic field. The magnetizing frequencies werea�Electronic mail: koba@iwate-u.ac.jp.
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0.01, 0.1, and 0.2 Hz for the Fe–Si alloy, Ni, and Co samples,
respectively and the influence of eddy current on the minor
loops was negligibly small. Using the set of minor loops,
parameters such as WF

� and Ma
� �see Fig. 1�f�� were obtained

for each minor loop, and the scaling relations were examined
in detail.

III. RESULTS AND DISCUSSION

As a typical example of a set of symmetrical minor hys-
teresis loops, the data for Ni polycrystal at several tempera-
tures and for Co polycrystal and single crystal at T=600 K
are shown in Figs. 1�a�–1�e�. For clarity, only the represen-
tative loops are shown. Figure 2 show the Ha dependence of
coercive force Hc

� and hysteresis loss WF
� of minor loops at

various temperatures for the Ni and Co polycrystal samples.
One can see that minor loops drastically change in shape
with temperature and both Hc

� and WF
� are strongly tempera-

ture dependent for both the Ni and Co samples. For the Ni
sample, both Hc

� and WF
� at a fixed high value of Ha increase,

maximize around T=200–300 K, and then decrease as the
temperature increases toward the Curie temperature of 628
K. In addition, Ha at which the parameters start to steeply
increase shifts toward a higher value and then decreases with
temperature. These behaviors of minor loops are similar to

those for Ni single crystals obtained previously.7 For the Co
polycrystal, Hc

� at a high value of Ha decreases with increas-
ing temperature, whereas WF

� increases, maximizes around
T=500 K, and then decreases. These temperature depen-
dence can be responsible for magnetocrystalline anisotropy
of Co, which changes at T�520 K from uniaxial to conical
anisotropy, and then to basal one at T�610 K.13 Note that
for the Co single crystal pronounced hysteresis loops were
only observed around T=600 K, whereas at the rest of tem-
peratures nearly reversible minor loops due to domain rota-
tion were detected. For the Fe–Si polycrystal, on the other
hand, changes in minor loops with temperature are small,
reflecting weakly temperature dependent anisotropy and the
high Curie temperature �not shown�.

Figures 3�a� and 3�b� show the double logarithmic plots
of the relation between WF

� and Ma
� for Fe–Si and Ni poly-

crystals, respectively, at various temperatures. The WF
�-Ma

�

curves are linear in the limited intermediate �0Ma
� range; the

slope is weakly temperature dependent for both materials,
indicating that these parameters are related by a power law.
�0Ma

� is in the range of 0.2–1.2 and 0.2–0.4 T for Fe–Si and
Ni polycrystals, respectively; however, the range for Ni
shifts toward lower values at temperatures near Tc=628 K.
Least-squares fits to Eq. �1� yielded nF=1.44�0.01 and

FIG. 1. A set of symmetrical minor hysteresis loops with various field amplitudes, taken at �a� T=10 K, �b� 300 K, and �c� 600 K for Ni polycrystals, as well
as that taken at T=600 K for �d� Co polycrystal and �e� Co single crystal. For clarity, only the representative loops are shown. �f� Parameters of a symmetrical
minor hysteresis loop with field amplitude Ha, where WF

�, Ma
�, MR

� , and Hc
� represent hysteresis loss, maximum magnetization, remanence, and coercive force

of a minor loop, respectively.
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1.5�0.1 for Fe–Si and Ni, respectively. These values are
consistent with the Steinmetz value of 1.6. Even for the Co
polycrystal, WF

� and Ma
� are related by the power law in a

limited range of �0Ma
�, as shown in Fig. 3�c�. However, nF

significantly deviates from 1.6 and attains a high value of
2.1�0.1 in the wide temperature range of 10–600 K. The
value of nF for the Co polycrystal is dissimilar to 1.43 ob-
tained for Co single crystal, as illustrated for T=600 K in
Fig. 3�c�.

Generally, the magnetization process before the satura-
tion level is reached can be divided into three main stages.2

In the first stage around the origin, the magnetization process
is reversible, while in the second stage, the irreversible
movement of the Bloch wall becomes dominant and the
magnetization with field shows a steep increase. In the third
stage, the magnetization process proceeds gradually due to
irreversible domain rotation. It is generally accepted that the
Steinmetz law, which is an empirical law, holds true in the
second stage and that the irreversible movement of the Bloch

wall governs the law. The magnetization range in the second
stage strongly depends on the material’s intrinsic properties
such as crystal symmetry, magnetocrystalline anisotropy,
magnetostriction, and microstructures. In the case of hexago-
nal Co, the crystal is magnetically uniaxial, and its magne-
tocrystalline anisotropy is one to two orders of magnitude
greater than that of bcc Fe and fcc Ni crystals.2 Therefore,
for Co polycrystal with anisotropy axes changing from grain
to grain, the magnetization process for each grain strongly
depends on the relative orientation between the anisotropy
and applied fields; for grains having the anisotropy axis
nearly parallel to applied fields, the magnetization steeply
increases with field due to Bloch wall movement, whereas
for grains whose anisotropy axes are not parallel to applied
fields the magnetization shows a slow increase due to a con-
siderable contribution of domain rotation.2,13 Consequently,
when a cyclic field of Ha is applied to the sample, each grain
shows a largely different minor hysteresis loop in magnitude
and shape, and the macroscopic parameters Ma

� and WF
�,

FIG. 2. Minor-loop parameters as a function of Ha at various temperatures; �a� Hc
� and �b� WF

� for the Ni polycrystal sample and �c� Hc
� and �d� WF

� for the Co
polycrystal sample.
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which reflect the average of minor loops for all grains, would
not follow the Steinmetz law. This might be responsible for
the large deviation of nF for the Co polycrystal, as shown in
Fig. 3�c�.

Now, we consider the scaling relations from the view-
point of the Rayleigh law. The Rayleigh law14 efficiently
describes magnetization at low magnetic fields and is ex-
pressed as M =�aH+ 1

2bH2, where the initial susceptibility �a

and the Rayleigh constant b are parameters related to the
reversible and irreversible movement of the Bloch wall, re-
spectively. In some materials such as Ni and Co, domain
rotation also contributes to the first term of the law. The
minor-loop parameters Ma

� and WF
� that are obtained by ap-

plying a cyclic field of amplitude Ha to the materials can be
expressed as �aHa+bHa

2 and 4
3�0bHa

3, respectively. Using
these parameters, the relation between WF

� and Ma
� can be

expressed as follows.15

WF
� = �0�− �a + ���a�2 + 4Ma

�b�3/�6b2� �2�

If the movement of the Bloch wall is reversible, Eq. �2�
yields the relation WF

� = 4
3�0b�Ma

� /�a�3, while Eq. �2� can be
reduced to WF

� = 4
3�0b�Ma

� /b�3/2 if the irreversible movement
dominates. Therefore, the relation of Eq. �2� always gives an
exponent of 1.5–3 as long as the Rayleigh law holds true.
The value of the exponent is generally dependent on the
types of ferromagnets, temperature, stress, magnetocrystal-
line anisotropy, etc. For instance, for Ni polycrystal with the

Rayleigh range of �0Ma
�� �0.04 T, the exponent is

strongly temperature dependent and close to 3 at higher tem-
peratures because of significant contribution of rotation
mechanism,13 whereas for Fe–Si polycrystal with the Ray-
leigh range of �0Ma

�� �0.05 T, the exponent is about 2. In
the intermediate Ma

� range beyond the Rayleigh region, on
the other hand, the well-known empirical Steinmetz law
holds true. This Steinmetz law can be related to the Rayleigh
law with dominant irreversible mechanism, because in this
Ma

� range the irreversible movement of Bloch wall dominates
the magnetization mechanism and the exponent of the Stein-
metz law is close to 1.5 predicted by the Rayleigh law.
Therefore, it would be always expected that the power-law
exponent of the WF

�-Ma
� relation shows a transition from

1.5–3 in the Rayleigh region to about 1.5 in the intermediate
Ma

� range with increasing maximum magnetization. In con-
trast, for the Co polycrystal with strong magnetocrystalline
anisotropy, the magnetization process is always associated
with irreversible domain wall motion and domain rotation
and nF falls in the value between 1.5 and 3 even in the
intermediate Ma

� range. Therefore, the Steinmetz law has lim-
ited applicability with respect to the magnetization range and
the types of ferromagnetic materials.

On the other hand, the remanence of minor loops MR
� is

given by MR
� = 1

2bHa
2 and does not include explicitly �a.

Therefore, the relation between WF
� and MR

� is expressed as

WF
� = 4�0�2MR

� �3/2/�3b1/2� , �3�

and only includes the parameter b. This implies that this
scaling law will be valid irrespective of the magnetization
range as well as the microscopic magnetic state of each
grain.

Figures 4�a�–4�c� show the double logarithmic plots of
the relation between WF

� and MR
� for Fe–Si, Ni, and Co poly-

crystals, respectively. The curves are linear over a limited
range of MR

� ; however, the linearity persists even for minor
loops obtained with very low Ha. This indicates that the
power law is valid for very low to an intermediate level of
magnetization. By assuming the equation

WF
� = Wm

0 �MR
� /MR�nm, �4�

an almost constant value of nm�1.35, which is close to 1.5
derived from the Rayleigh law, was obtained from the least-
squares fits for all the materials. Here, Wm

0 and MR are a
coefficient and the remanence, respectively. Similar values of
nm were obtained for Fe, Ni, and Co single crystals. The
values and Ma

� range for which Eq. �4� holds true are listed in
Table I. Note that within the measurement accuracy, the va-
lidity of Eq. �4� can be confirmed down to a �0Ma

� value of
the order of 10−3 T, except in the case of Ni polycrystal.

Figures 5�a� and 5�b� show WF
0, Wm

0 , and Hc as a function
of temperature for Fe–Si and Ni polycrystals, respectively.
The variation of Wm

0 with temperature is almost identical to
that of structure-sensitive magnetic properties WF

0 and Hc and
agrees with the previous observations.13 This good relation-
ship can be understood on the basis of the Néel theory,16

where the coercivity was related to the parameters of the
Rayleigh law using statistical potential function of the Bloch
wall pinning. The theory showed that both �aHc and bHc /�a

FIG. 3. Relations between WF
� and Ma

� for �a� Fe–Si, �b� Ni, and �c� Co
polycrystals at various temperatures. For comparison, the data for Co single
crystal �open triangles� at T=600 K are shown in �c�. The solid lines
through the points represent the least-squares fits.
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are constant and Hc�b−1/2. Since Wm
0 is proportionally re-

lated to b−1/2 �see Eqs. �3� and �4��, a good relationship be-
tween Wm

0 and Hc would always be expected as far as the
Rayleigh law is valid as observed experimentally; the same
holds true for WF

0 when the irreversible motion of the Bloch
wall dominates the magnetization process.

In this study, we obtained nm�1.35 for all the investi-
gated ferromagnets. The value is very close to the reported
value of 1.4 for ferromagnetic �-martensite clusters formed

in a paramagnetic austenitic matrix.12 This means that the
exponent nm is approximately 1.35 universally irrespective
of the types of ferromagnetic materials. Although the similar
value of 1.5 is derived from the phenomenological Rayleigh
law, however, the underlying mechanism that yields the uni-
versality and its slightly lower value than 1.5 is not fully
understood. Nevertheless, considering that the behavior of
minor-loop coefficients as well as the Rayleigh law were
well described within the Néel theory,16 the statistical prop-
erties of the Bloch wall moving in a random pinning field
can be connected to the macroscopic scaling power-law be-
tween hysteresis loss and remanence of minor loops. Further
theoretical investigation is required to clarify this point.

Unlike the Steinmetz law, the scaling law relating hys-
teresis loss and remanence was found to have two advan-
tages for the magnetic characterization of ferromagnetic ma-
terials. One of these advantages is the universality of the
exponent being independent of the types of ferromagnets and
external conditions. The universality means that the magnetic
quality of materials is only reflected in the minor-loop coef-
ficient Wm

0 . Therefore, by obtaining values of Wm
0 for differ-

ent materials and/or under different conditions, a difference
in magnetic quality due to such as difference in microstruc-
tures, defect density, magnetic anisotropy etc. can be accu-
rately evaluated. The other advantage is the wide magnetiza-
tion range in which the law holds true. As can be seen from
Table I, the law covers the magnetization from very low
range, for which the Steinmetz law is not valid. This means
that the measurement of the structure-sensitive property Wm

0

requires a far lower applied field than that required for WF
0;

for instance, in the case of Fe–Si polycrystal a maximum
field of about 50 A/m is enough for obtaining Wm

0 with good
accuracy, in contrast to the field of �200 A /m required for
obtaining WF

0. This very low measurement field is highly
suitable for the in situ integrity assessment of ferromagnetic
materials which requires a compact measurement device.
The proposed scaling law between hysteresis loss and rema-
nence therefore allows the examination of the magnetic qual-
ity of materials for which the existing Steinmetz law cannot
be used and/or low measurement field is indispensable.

FIG. 4. Relations between WF
� and MR

� for �a� Fe–Si, �b� Ni, and �c� Co
polycrystals at various temperatures. For comparison, the data for Co single
crystal �open triangles� at T=600 K are shown in �c�. The solid lines
through the points represent the least-squares fits.

TABLE I. nF and nm, obtained from the WF
�-Ma

� and WF
�-MR

� relations, re-
spectively, for various types of ferromagnetic materials. Each value is the
average of the values obtained over temperature range of 10–600 K. For
comparison, the Ma

� range at T=300 K, where Eqs. �1� and �4� hold true is
given.

Materials

WF
�-Ma

� relation WF
�-MR

� relation

nF

�0Ma
�

�T� nm

�0Ma
�

�T�

Polycrystal
Fe–Si 1.44�0.01 0.2–1.2 1.34�0.01 �0.35
Ni 1.5�0.1 0.2–0.4 1.26�0.03 0.02–0.4
Co 2.1�0.1 0.02–0.2 1.41�0.03 �0.5

Single crystal
Fe 1.48�0.05 0.2–1.0 1.36�0.02 �0.7
Ni 1.64�0.03 0.02–0.24 1.39�0.05 �0.07
Co 1.43�0.01 0.1–1.1 1.35�0.04 �0.8

FIG. 5. WF
0, Wm

0 , and Hc as a function of temperature for �a� Fe–Si and �b�
Ni polycrystals, respectively. The solid and open circles and crosses denote
WF

0, Wm
0 and Hc, respectively. Hc for the Fe–Si and Ni samples was obtained

from the major hysteresis loop with Ha=1.5 and 8 kA/m, respectively.
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IV. SUMMARY

A scaling relation between hysteresis loss and rema-
nence of symmetrical minor hysteresis loops was examined
for polycrystals of Fe–Si, Ni, and Co as well as Co single
crystal, varying temperature. We found that the scaling
power law with an exponent of �1.35 holds true for all the
ferromagnets in the wide magnetization range from very low
to an intermediate level, while the magnetization range that
the Steinmetz law is valid is only limited in the intermediate
range and strongly depends both on materials and tempera-
ture. The coefficient in the scaling power law shows almost
the same behavior as coercivity as well as that of the Stein-
metz law. The behavior of the obtained scaling law was ex-
plained on the basis of Rayleigh law and Néel theory.
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