
Amini, B., et al.: A Comparative Study of Variant Turbulence Modeling in … 
THERMAL SCIENCE, Year 2011, Vol. 15, No. 4, pp. 1081-1093 1081 
 

A  COMPARATIVE  STUDY  OF  VARIANT  TURBULENCE  MODELING  IN 

THE  PHYSICAL  BEHAVIORS  OF  DIESEL  SPRAY  COMBUSTION 

by 

Behnaz AMINI
 *

 and Hasan KHALEGHI 

Department of Mechanical Engineering, Tarbiat Modares University, Tehran, Iran 

Original scientific paper 
UDC: 621.43.041.6:532.517.4:519.23 

DOI: 10.2298/TSCI110823105A 

In this research, the performance of nonlinear k-ε turbulence model in resolving 
the time delay between mean flow changes and its proportionate turbulent dissi-
pation rate adjustment was investigated. For this purpose, the ability of Launder-
-Spalding linear, Suga non-linear, Yakhot RNG and Rietz modified RNG k-ε 
models are compared in the estimation of axial mean velocity profile and turbu-
lent integral length scale evolution during engine compression stroke. Computed 
results showed that even though all the models can predict the acceptable results 
for velocity profile, for turbulent integral length scale curve, non-linear model is 
in a good agreement with modified RNG model prediction that depicts corres-
pondence with experimental reported data, while other models show a different 
unrealistic  behaviors. Also after combustion starts and piston is expanding, non-
-linear model can predicts actual manner for integral length scale while linear 
one cannot. It is concluded that, physical behavior of turbulence models charac-
teristics should be ascertained before being successfully applied to simulate 
complex flow fields like internal combustion engines. 
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Introduction 

In recent years special attention has been paid to the topic of engine flow as one of 

the major researches, due to the fact that it involves the most complex aspects of turbulence, 

unsteady and highly compressible due to very large variations in combustion chamber 

volume, non-homogeneous multi-phase flows. These problems are tightly coupled and highly 

non-linear. In-cylinder, flow characteristics can greatly affect most of engine flow mechan-

isms such as fuel spray penetration, evaporation and distribution in combustion chamber, 

flame ignition and propagation, heat transfer and even turbulent eddies. As a result improper 

modeling of in-cylinder flow characteristics may give a poor estimation of engine flow 

mechanisms so choosing a proper method for simulating both turbulence and chemistry is 

important. 
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Even though, the Launder-Spalding linear two-equation k-ε model [1], employing 

Boussinesq approximation, have been successfully tested in a wide variety of steady-state 
flows occurring in technical applications, they are not expected to present satisfactory 
results in calculating engine turbulent flow characteristics and consequently the engine 
flow mechanisms discussed earlier owing to they have been developed for incompressible 

and stationary flows. In order to compensate the weaknesses of linear k-ε models various 

approaches have been investigated by researchers during these years. 

For the non-linear k-ε model that was introduced by Speziale [2] and developed by 

Suga [3], the Boussinesq approximation is used to develop a relation between turbulent stress 

and strain rate tensors which is a function of strain and vorticity tensors. This model was used 

for modeling turbulence phenomena by Behzadi et al. [4] in KIVA base code. 

Based on the theory of re-normalization groups (RNG), the RNG k-ε model was 

developed by Yakhot et al. [5] and successfully incorporated to spray combustion modeling 

by Han et al. [6] as a further development of a study by Coleman et al. [7]. Considering the 

important role of compressibility in turbulent structures of engine flows, researches have been 

focused on developing compressible turbulence models recently. Default choice of most 

engine flow computational codes is the modified version of Launder-Spalding k-ε model 

which was corrected to account for compressibility effects by Tahry [8]. Coleman et al. 

introduced an additional closure relation to account for engine flow rapid distortions [7]. 

Rietz et al. proposed a correction for turbulence dissipation rate of the RNG k-ε 

model based on non-equilibrium turbulence considerations from the rapid distortion theory. 

According to this method, there is always a time delay between mean flow rapid changes and 

its proportionate turbulent dissipation rate adjustment [9]. 

The turbulence – chemistry interaction is very strong and it is therefore essential to 

have a reliable interaction model for this process if accurate predictions of emissions are to be 

performed. To account for the influence of the turbulent fluctuations on the reaction rate the 

partially stirred reactor (PaSR) approach has been used. PaSR concept by Karlsson [10] in 

1995 is an extension of the eddy break up (EBU) approach. It was further developed by 

Golovitch [11] in 2000. This model was used for calculating the turbulence – chemistry by 

Nordin [12] in 2001 in KIVA 3-V code. 

Material and methods 

A brief introduction to computational code 

In this research, above mentioned turbulence models will be introduced to a PISO 

algorithm-based code in order to compute in-cylinder axi-symmetric flow calculations. 

Droplet evaporations, breakup and collisions are also modeled in this computational code. 

Evaporation will be calculated by Bornman and Johnson equations. Collision calculations are 

based on the O’Rourke and Bracco models. Droplets turbulent dispersion phenomenon will be 

taken into account using random walk method too. Previous studies show significant 

correspondence between the results of this code and results of well-known engine codes and 

also experiments [13, 14]. Although spray and air-fuel mixing will not be directly dealt with 

in the present study, the performance of this numerical code will be examined in engine two- 

phase flow as well. Therefore, air and fuel mixing models will be reviewed briefly here in 

after. Numerical modeling of air and fuel mixing was developed by Jones and Watkins for 

reciprocating engines based on local homogeneous flow assumptions and spray calculations 
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were supposed to be a “separated flow” type [15-17]. This code in fact employs a Lagrangian-

-Eulerian approach utilizing finite volume discretization method. Two-phase flow calculations 

are also done by random parcels method which is a version of discrete droplet model 

regarding stochastic considerations. 

Flow calculations domain 

The capability of the four turbulence models discussed above will be investigated in 

control and resolving the time delay between mean flow changes and turbulence dissipation 

rate adjustment in a flat piston diesel engine with a 30 × 30 grid. The geometrical parameters 

and specifications of the computational domain have been depicted in fig. 1 and tab. 1, 

respectively. 

 

 
Figure 1. Geometry and grid lines at 180° crank 
angle 

Mathematical model 

Droplet phase equations  

As mentioned, the spray is simulated by a number of computational parcels, all 

containing a different number of representative droplets with identical properties. These 

parcels are tracked in time and space as they traverse the gas field by solving the following 

basic equations for a single droplet: 

Droplets trajectory equation 

Axial and radial droplets trajectory equations, respectively, can be expressed as eqs. 

(1) and (2): 
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Equation of motion of droplets 

Equations (3) and (4) are axial momentum and radial momentum of droplets: 
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Table 1. Specifications of the computational  
domain  

Bore [mm] 75 

Stroke [mm] 94 

Compression ratio 10.5 
Engine speed [rpm] 3000 

Valve radius [mm] 17 

Maximum opening of valve [mm] 7.3 
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in which Vrel is the relative velocity of two phases and can be expressed as eq. (5): 
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Droplets mass conservation equation 

The evaporation rate is expressed in terms of mass, or diameter and rate of 

evaporation for a single droplet is given by the expression: 
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Droplets energy conservation equation 

The liquid droplet receives its energy from the gas, which is used to increase the 

liquid temperature and overcome the latent heat of evaporation in order to evaporate the fuel. 

The evaporation process will receive its energy from droplet. 
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Gas phase equations 

The analysis of the gas phase involves solving equations for mass, momentum and 

energy together with the fuel vapor mass fraction and species concentration. Included are also 

the turbulence kinetic energy and dissipation rate for the gas phase turbulence. In addition to 

the conventional single-phase flow analysis, a droplet phase source term Sjd must be added to 

conservative equations which represent the influences of converted mass from droplets phase 

to gas phase in unit second. Effects of void fraction q, the ratio of occupied volume by gas 

phase, on the governing equations must also be considered for dense sprays. The governing 

equations for the gas phase can be expressed as a general transport equation, eq. (9): 
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With using linear k-ε turbulence model, tab. 2 illustrates Sj, this amount will be 

changed when other k-ε turbulence models is used, tab. 3 depicts the droplet phase source 

term Sjd that must be added to conservative equations.  

 
Table 2. Source terms 

Conservation equation
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K is extracted from the PaSR model that is described in detail in the section Validation of the 

model and calculations, and effective viscosity is expressed as: 
 

 eff t  (10) 

 
Table 3. Droplet phase source term Sjd  

Conservation equation Sfd 
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Turbulent flow modeling 

Equations of the k-ε model, turbulence kinetic energy and turbulent dissipation rate, 

are expressed, respectively, as eq. (11) and (12)  
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Linear k-ε turbulence model 

For linear model Boussinesq approximation and turbulence viscosity are expressed 

as eqs. (13) and (14): 
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Equations of k-ε model, turbulence kinetic energy and turbulent dissipation rate, are 

expressed, respectively as eq. (15) and eq. (16): 
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Constant coefficient of linear k-ε turbulence model are given in tab. 4. 

Non-linear k-ε turbulence model 

For the Suga non-linear model the Boussinesq approximation is used to develop a 

relation, between turbulent stress and strain rate tensors which is a function of strain and 

vorticity tensors. The Boussinesq approximation for second order nonlinear model has 

quadratic products of the strain and vorticity tensor to improve the prediction of secondary 

flows involving the normal stress effects: 
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Table 4. Linear k-ε turbulence model constant 

Ce1 Ce2 Ce3 sk se sm 

1.44 1.92 –1.0 1.0 1.3 0.09 
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In addition, for third order non-linear model, with adding the cubic terms to 

Boussinesq approximation it can lead to better results in modeling of flows with streamline 

curvature, as claimed in [4]: 
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Unlike linear model, for calculating turbulence viscosity, Cm is not constant and it is 

a function of strain and vorticity tensors to assist the sensitivity of the model to stream line 

curvature: 
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where the non-dimensional strain, ,S  and the vorticity, ,  are defined in eq. (23) and (24): 
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as claimed in [3].  

Constant coefficient of Suga non-linear k-ε turbulence model are given in tab. 5, 

 
Table 5. Suga non-linear k-ε turbulence model constants 

C1 C2 C3 C4 C5 C6 C7 

–1.0 0.1 0.26 –10 2c  0.0 –5 2c  5 2c  

RNG k-ε turbulence model 

The RNG k-ε model was developed to account for the effects of smaller scales of 

motion in the standard k-ε model. For this purpose, Yakhot et al. suggested the inclusion of an 

extra term in right-hand side of the turbulence dissipation rate equation of the standard k-ε 

model. This term (R) is of the same order of magnitude as the standard e-production term in 
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the flow regions of large strain rate (e. g. recirculating flows or flows undergoing strong 

compression) and therefore can correct its value. In this model turbulence kinetic energy is 

expressed as: 
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Also turbulent dissipation rate is expressed as: 
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Turbulence viscosity is expressed as eq. (14). In eqs. (25) and (26) P is the 

turbulence energy production and will be found from the following relation: 
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R, the last term of dissipation rate, will be formulated as: 
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Constant coefficient of RNG k-ε turbulence model are given in tab. 6.

 
 

Table 6. RNG turbulence model constants 

sk se  Ce1 Ce2 b h0 Cm 

0.72 0.72 1.42 1.68 0.015 4.38 0.085 

Rietz modified RNG turbulence model 

Rietz modified RNG turbulence model was introduced in order to obtain a physical 

behavior for turbulent characteristics of engine flow. Rietz et al. proposed a correction to the 
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term of turbulence dissipation rate. Non-equilibrium turbulence considerations from rapid 

distortion theory have been utilized to derive a correction to the turbulence dissipation rate 

[9]: 

 
eq

tRe
 (32) 

in which 

 t
tRe  (33) 

The partially stirred reactor model  

Under high-intensity conditions, turbulence exerts the main influence on the 

mechanism of turbulence combustion. Due to the thinness and complex structure of the flame, 

the computation cell size has to be several orders of magnitude larger than required to resolve 

the flame structure. It is still not possible, with current computer technology, to resolve the 

flame structure for practical purposes. Since it is only possible to resolve variables, e. g., 

species concentrations, on a scale which is of the same order as the cell size, the conditions in 

the combustion zone are thus, in principle, unknown. The PaSR model has been generalized 

to account for the effect of mixture imperfections. 

In PaSR approach, a computational cell is split into two different zones, one zone, in 

which all reactions occur, and another, in which no reactions occur. Thus, the composition 

changes due to mass exchange with the 

reacting zone. Furthermore, the reacting zone 

is treated as a perfectly stirred reactor (PSR), 

in which the composition is homogeneous 

(every species is assumed to be perfectly 

mixed with the other ones). This allows us to 

disregard any fluctuations when calculating 

the chemical source terms. The reactive mass 

fraction will be defined below as the 

calculation is advanced one time step, from C0 

to C1. Figure 2 shows the conceptual picture of 

PaSR model. 

C0 is the averaged concentration in the feed of the cell and may be considered as the 

initial averaged concentration in cell, C is the unknown concentration in the reaction zone, 

and C1 is the time averaged reactor-exit concentration. This is also the averaged concentration 

in cell: 
 

 1 0(1 )C KC K C  (34) 
 

where K is the mass fraction of the mixture that reacts. To estimate this fraction, it seems 

quite clear that it shall be proportional to the ratio of chemical reaction time tch to the total 

conversion time in the reactor that it is the sum of the micro-mixing time tmix and reaction 

time tch: 

 
ch

ch mix

K  (35) 

 

 
Figure 2. Conceptual picture of a PaSR 

 



Amini, B., et al.: A Comparative Study of Variant Turbulence Modeling in … 
1090  THERMAL SCIENCE, Year 2011, Vol. 15, No. 4, pp. 1081-1093 
 

From the Taylor time scale, tmix is expressed as:  
 

 mix mix

k
C  (36) 

Cmix is a constant between 0.001 and 0.3. tch is expressed as: 
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Considering the following reactions, wh and DHcombustion can be defined: 
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The rate equation for eq. (38) is: 
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For finding the combustion terms of source term Sj in eq. (9) for species vapor mass 

fraction and energy eqs. (40) and (41) must be used: 
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where (hi)f is standard heat of formation of a species. 

Validation of the model and calculations 

Generally, a preliminary work is required to ensure that the numerical solutions are 

independent of mesh size and the time step. So, in order to examine the sensitivity of 

calculated results to grid size and time step, flow field was solved with three different mesh 

sizes of 30 × 30, 40 × 40, and 45 × 45. The time step independency of results was also 

investigated with five equivalent time steps of 1, 0.75, 0.5, 0.25, and 0.125 degree of crank 

angle (namely, 55.5, 41.6, 27.8, 13.9, and 6.9 ms, respectively). Computed results 

demonstrated that a 30 × 30 grid and an equivalent time step of 0.125 degree of crank angle 

(6.9 ms) present a grid and time independent solution. In order to evaluate the computational 

code, axial mean velocity profile calculated with Suga non-linear and RNG k-ε turbulence 

models compared with its experimental data reported in [14] in a cross-section of a flat head 

piston at 15 mm distance from the cylinder head, the specification of which is listed in tab.1, 

at 90° crank angle. As shown in fig. 3, calculated velocity profiles are correspondent with the 

one obtained from experiment. 
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Evaluation of the present numerical code will be fulfilled if such a comparison 

between numerical and experimental data is carried out in the case of in-cylinder two-phase 

flow when the fuel is injected into the combustion chamber. Spray tip penetration length into 

the combustion chamber is an important parameter in spray structure and has a great role in 

performance of internal combustion engines. Therefore, in this section the spray tip 

penetration length computed with non-linear turbulence model was compared with 

experimental data reported in [18] in which the initial combustion chamber pressure and 

temperature conditions were set to be 20 bar and 300 K, respectively. As seen in fig. 4, Suga 

non-linear turbulence model calculations show a high degree of correspondence with 

experimental reported data. 
 

Result and discussion 

The objective of this study is a comparative assessment of variant k-ε models for 

engine flow applications and implementation of non-linear k-ε turbulence model in-cylinder 

flow and assessing its capability in resolving the time delay between mean flow rapid changes 

and its proportionate eddy dissipation adjustment. According to the fact that the flow field 

will experience a continuous reduction in volume during compression stroke, integral length 

scale which delivers a description of flow field overall size is also expected to decrease [9]. 

Integral length scale can be computed from the relation: 
 

 

1.5

I

k
L C  (44) 

 
The behavior of the turbulent integral length scales are presented in fig. 5.  

Linear k-ε model depicts a gradual continuous increment as the combustion chamber 

compresses to TDC, so this result accounts for not only this model is not realistic, but also it 

is not sensitive enough to variation of flow field volume, this model gives a quite poor 

estimation of time delay between mean flow rapid changes and adjustment in small 

dissipative scales of the flow during compression stroke. Although first the RNG model 

reveals an increment in integral length scale which is not physical while the combustion 

chamber compresses, near the TDC the trend becomes acceptable. According to [9] the Rietz 

modified  RNG turbulence model has been validated with experimental data. As it can be seen  

 

 
 

Figure 3. Compartion of calculated axial mean 
velocity profile with experimental result 

 
Figure 4. Compartion of calculated spray 
penetration length with expremental result 
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Suga non-linear second order k-ε turbulence 

model presents near results to Rietz modified 

RNG but still demonstrates an upward trend 

until crank angle of 240. Suga non-linear third 

order k-ε turbulence model has a very good 

agreement with the Rietz modified RNG. 

Figure 6 illustrates the integral length scale 

after combustion starts, at crank angle of 358, 

for liinear and non-linear k-ε turbulence 

models.  

Since piston is expanding rapidly in the late 

compression phase, the cylinder volume is in-

creasing and integral length scale is increasing 

accordingly [9]. This behavior is well reflected 

by the non-linear model. In contrast, the linear 

k-ε computation account for an almost constant 

integral length scale during this expansion 

phase, which is inconsistent with the increas-

ing cylinder volume determining the squish 

flow.  

Conclusions 

Taking every proofs into consideration it 

can be concluded that, although in some 

features like the axial mean velocity profile, 

illustrated in fig. 2, all the models can predict 

the acceptable results, for integral length scale 

solely modified RNG and non-linear third order models depict correspondence with ex-

perimental reported data [9]. Physical behaviors of turbulence models characteristics should 

be ascertained before being successfully applied to simulate complex flow fields like internal 

combustion engines. 

Nomenclature 

C ‒  concentration, [molm–3]  
CD  ‒  drag coefficient, [‒] 
Cp ‒  specific heat, [Jkg–1K–1] 
D ‒  mass diffusion coefficient, [m2s-1] 

Dd ‒  droplet diameter, [m] 
h ‒  gas enthalpy, [Jkg–1] 
K ‒  thermal conductivity, [Wm–1K–1] 
k ‒  turbulent kinetic energy, [m2s–2] 
Nd,k ‒  number of droplets in each parcel 
Nu ‒  Nusselt number [=(ρvDd/m)0.5μCp/k)0.33],  
 ‒  [‒] 
Pt  ‒  total pressure, [Pa] 
Pv,s ‒  vapor pressure at droplet surface, [Pa] 
 

 

Pv,  ‒  vapor pressure away from droplet surface, [Pa] 
Q ‒  latent heat, [Jkg–1] 
R ‒  gas constant, [Jmol–1K–1] 
Ret ‒  turbulence Reynolds number 
S ‒  strain tensor, [s–1] 

S  ‒  non-dimensional strain, [‒] 
Sh ‒  Sherwood number  
 ‒  [=(ρvDd/m)0.5μ/rDp/k)0.33], [‒] 
T ‒  temperature, [°K] 
Tm ‒  mean temperature, [°K] 
δt  ‒  interval between two continuous time  
u ‒  axial velocity, [ms–1] 
v ‒  radial velocity, [ms–1] 
 

 

 
Figure 5. Compartion of integral length scale 
with using variant k-ε models 
 

 
Figure 6. Compartion of integral length scale 
during combustion stroke  
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Greek symbols 

e ‒  turbulent dissipation rate, [m2s–3] 
εeq ‒  equilibrium turbulence, [m2s–3] 
μt ‒  turbulence viscosity, [Pa·s] 
n ‒  molecular (kinematic) viscosity, [m2s–1] 
nt ‒  turbulent viscosity, [m2s–1] 
ρ ‒  density, [kgm–3] 
ζt  ‒  Prandtl number for turbulent flow 
t ‒  time 

 ‒  non-dimensional vorticity, [‒] 

 

Ω ‒  vorticity tensor, [s–1] 

Subscripts 

d ‒  related to droplet 
g ‒  related to gas phase 

Superscript 

¢ ‒  indicates gas phase velocity components  
 ‒  fluctuations 
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