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Abstract

We present an ecient algorithm for generating various levels-of-detail approximations for a
given polygonal model. Our algorithm guarantees that all points of an approximation are within a
user-speci able distance  from the original model and all points of the original model are within a
distance  from the approximation. Each approximation attempts to minimize the total number of
polygons required to satisfy the previous constraint. We show how the problem of generating levelsof-detail approximations reduces to the classic set partition problem. The various approximations
are guaranteed to be topologically consistent with the input polygonal model. The approximations
can be constrained by the user to preserve any desired edges of the input model. We also propose
a method to compute an estimate of the quality of the approximation generated by our algorithm
with respect to the optimal approximation satisfying the same constraints. We have implemented
our algorithm and have obtained experimental results of multiresolution hierarchy generation on
over a thousand polygonal objects from a CAD model of a notional submarine.
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1 Introduction
We present an ecient algorithm for computing a multiresolution hierarchy a given polygonal model.
Multiresolution representations of an object nd several uses in computer graphics:
(a) In a level-of-detail based rendering algorithm for providing desired frame update rates [5, 7, 8, 13, 2].
(b) Using low-detail approximations of objects for illumination algorithms, especially radiosity [24].
(c) Simplifying traditionally over-sampled models such as those generated from volume datasets, laser
scanners, and satellites. Storing them in their original form as opposed to storing their approximations,
amounts to wasting memory for storage as well as CPU cycles during processing, with disproportionately few or no bene ts [27, 26, 17, 19, 16].
In this paper we discuss an approach for generating minimal approximations to a given polygonal
representation of an object that are guaranteed not to deviate from the original by more than a
user-speci able amount. Our approach has several bene ts in computer graphics. First, one can
very precisely quantify the amount of approximation that is tolerable under given circumstances. For
instance, one possibility could be to de ne a tolerable approximation for rendering an object as, say,
2 screen pixels. Using this information in conjunction with the distance of the object from the screen,
one can estimate the maximum deviation permissible from the surface of the object. This can then be
used to nd which precomputed level of detail of that object is most suitable. Second, this approach
allows us to have adaptive approximation over various parts of an object. This could be used in
selectively preserving those features of an object that are perceptually important. Third, just the
speci cation of one parameter, the user-speci able tolerance for approximation, is required to obtain
the approximations; ne tweaking of several parameters depending upon the object to be approximated
is not required. Thus, this approach is quite useful for automating the process of genus-preserving
simpli cations of a large number of objects.
The rest of this paper is organized as follows. In Section 2 we review some of the previous work
done in the area of approximation of polygonal models. Then in Section 3 we formally state our
problem, list assumptions for our algorithm, and give an outline of the algorithm. The next three
sections describe the details of our algorithm. In Section 6.5 we discuss some useful features of our
approach and in Section 7 we discuss our experimental results.

2 Previous Work
Approximation algorithms for polygonal models can be classi ed into two categories:
Min-# Approximations. Here given some error bound , the objective is to minimize the number
of vertices such that no point of the approximation A is farther than  away from the input model I .
Min- Approximations. Here given the number of vertices of the approximation A, the objective
is to minimize the error, or the di erence, between A and I .
In computer graphics, work in the area of min-# approximations has been done by [25] and [10]
where they adaptively subdivide a series of bicubic patches and polygons over a surface until they t
the data within the tolerance levels.
In the second category, work has been done by Turk, Schroeder et al , and Hinker and Hansen
[27, 26, 17]. Turk [27] rst distributes a given number of vertices over the surface depending on the
curvature and then re-triangulates them to obtain the nal mesh. Schroeder et al [26] and Hinker and
Hansen [17] operate on a set of local rules | such as deleting edges or vertices from almost coplanar
adjacent faces, followed by local re-triangulation. These rules are applied iteratively till they are no
longer applicable. A somewhat di erent local approach is taken by Rossignac and Borrel in [23] where
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vertices that are close to each other are clustered and a new vertex generated to represent them. The
mesh is suitably updated to re ect this.
Hoppe et al [18] proceed by iteratively optimizing an energy function over a mesh to minimize both
the distance of the approximating mesh from the original, as well as the number of approximating
vertices. An interesting and elegant solution to the problem of polygonal simpli cation by using
wavelets has been presented by DeRose et al in [11].
In computational geometry, it has been shown that computing the minimal-facet -approximation is
NP-hard for both convex polytopes [9] and polyhedral terrains [1]. Thus, algorithms to these problems
have evolved around nding polynomial-time approximations that are close to the optimal.
Let ko be the size of a min-# approximation. An algorithm has been given in [21] for computing an approximation of size O(ko log n) for convex polytopes. This has recently been improved by Clarkson
in [6]; he proposes a randomized algorithm for computing an approximation of size O(ko log ko ) in
expected time O(ko n1+ ) for any  > 0 (the constant of proportionality depends on , and tends to +1
as  tends to 0). Bronnimann and Goodrich [3] observed that a variant of Clarkson's algorithm yields
a polynomial-time deterministic algorithm that computes an approximation of size O(k0 ). Working
with polyhedral terrains, Agarwal and Suri [1] present a polynomial-time algorithm that computes an
-approximation of size O(ko log ko ) to a polyhedral terrain.
To the best of our knowledge, no prior work has been done in genus-preserving -approximation
of polygonal objects, such that the complexity of the approximate solution could be related to the
(unknown) optimal solution.

3 Problem De nition and Algorithm Outline
3.1 Problem De nition

Let I be a three-dimensional compact and orientable object whose polygonal representation P (I ) is
given to us. Our objective is to compute a piecewise-linear approximation A of P (I ). Henceforth,
we will refer to P (I ) as P . Given two piecewise linear objects P and Q, we say that P and Q are
-approximations of each other i every point on P is within a distance  of some point of Q and every
point on Q is within a distance  of some point of P
>From a mathematical and aesthetical point of view, an approximation scheme should be invariant
under the similarity transformation, should ensure that the volume of the di erence between A and
P is small, and should be topology- and symmetry-preserving. In most computer graphics models,
vertices besides storing position coordinates, also store a lot of additional useful information, such as
color, normals, texture coordinates, etc. Therefore it is desirable to have the Vertices(A) Vertices
(P ). Keeping these issues in mind, we de ne the problem as follows:
Given a polygonal representation P of an object I and an approximation parameter , generate a
topology-preserving -approximation A with minimal number of polygons such that the vertices of A
are a subset of vertices of P .

3.2 Assumptions on Input

Without loss of generality, we assume that all polygons in P are triangles and that P is a wellbehaved polygonal model, i.e., every edge has either one or two adjacent triangles, no two triangles
interpenetrate, there are no unintentional \cracks" in the model, no T-junctions, etc. We also assume
that the vertices of P have normals that faithfully represent the normals of the object being modeled.
By this we mean that it should not be possible for an observer to distinguish (to a reasonable degree)
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between the polygonal representation of an object and the object itself, by just examining those
properties that depend on the object normals (for instance shading). Thus, if the object is a sphere
and its polygonal representation is an octahedron, then for a faithful representation of the former, the
latter should have unique normals at each vertex and edge that are equal to the normal of the sphere
at those points. With this representation, shading models such as those of Gouraud [15] or Phong
[22] give an approximately sphere-like shading to the octahedral approximation. In general, polygonal
approximations to curved objects have unique vertex and edge normals to avoid the discontinuities in
the normal-based properties of the object.
However, if the object being modeled has sharp edges, such as an octahedron, we would like to retain
the discontinuity in the normals across the faces. In such cases, a faithful polygonal representation
requires that there be multiple normals associated with each vertex and edge | one associated with
every adjacent face. An arbitrary object could have both kinds of vertices | with or without unique
normals. We rst present our algorithm with the assumption that the vertex normals are unique
(i.e., there are no normal discontinuities, or sharp edges, in the model), and then show that with a
very simple and straightforward modi cation we can handle the case where normal discontinuities are
allowed. We further assume, as is done in most computer graphics, that bilinear interpolation of the
vertex normals in the polygonal representation of an object is sucient to reasonably duplicate the
normal-based properties of the object.

3.3 Algorithm Outline

Our basic approach is to rst generate two o set surfaces to the input piecewise linear model P { one
on the outside and the other inside P . This is discussed in Section 4 and illustrated in Figure 6. Next
we generate all candidate triangles whose vertices are a subset of the vertices of P and that lie within
the two o set surfaces. We then associate the vertices and triangles of P with the candidate triangles
that \cover" them. This process is explained in Section 5. Our nal step is a greedy approach for
selecting the solution triangles that de ne the approximation A from the candidate triangles. Why this
approach works and how this can be used to get a quantitative measure of the quality of approximation
is described in Section 6.

4 Generation of O set Surfaces

The -o set for a parametric surface f (s; t) = (f1 (s; t); f2 (s; t); f3 (s; t)), whose unit normal to f is
n(s; t) = (n1 (s; t); n2 (s; t); n3 (s; t)), is de ned as f (s; t) = (f1(s; t); f2(s; t); f3(s; t)), where fi(s; t) =
fi (s; t) + ni (s; t):
For our purposes, let us simply de ne the o set surface P (+) (respectively P (?)) for an object
I to be the surface that lies within a distance of  from every point p on I in the same (respectively
opposite) direction as the normal to I at p. These two o set surfaces are shown for a very simple
polygonal object in Figure 6 (P (+) in red, P (?) in green).
In order to preserve the input topology of P , we desire that these o set surfaces do not selfintersect. To meet this criterion we reduce our level of approximation at certain places. In other
words, to guarantee that no intersections amongst the o set surfaces occur, we have to be content at
certain places with the distance between P and an o set surface being smaller than .
Next, we introduce the notions of edge halfspaces and the fundamental prism. Then using these
concepts, we describe a method to generate a particular kind of non-intersecting o set surfaces that
lie on an o set of no more than  from P .
3

4.1 Edge Halfspaces

Let e = (v1 ; v2 ) be an edge of P . If the normals n1 ; n2 to I at both v1 and v2 , respectively, are
identical, then we can construct a plane e that passes through the edge e and has a normal that is
perpendicular to that of v1 . Thus v1 , v2 and their normals all lie along e . Such a plane de nes two
halfspaces for edge e, say e+ and e? (see Fig 1(a)). However, in general the normals n1 and n2 at the
vertices v1 and v2 need not be identical, in which case it is not clear how to de ne the two halfspaces for
an edge. One choice could be to use a bilinear patch that passes through v1 and v2 and has a tangent
n1 at v1 and n2 at v2. Let us call such a bilinear patch for e e. Let the two halfspaces for the edge e
in this case be e+ and e? . This is shown in Fig 1(b). A bilinear patch e? is de ned over a parametric
domain (u; v); 0  u; v  1 as: x(u; v) = b00(1 ? u)(1 ? v) + b01 (1 ? u)v + b10 u(1 ? v) + b11 uv, where
b00; b01; b10; and b11 are the four corner points of a bilinear patch. For details, refer [12].
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Figure 1: Edge Halfspaces

4.2 The Fundamental Prism

Let us refer to the triangles of the given polygonal representation P as the fundamental triangles.
Consider one such triangle. Let its vertices be v1 , v2 , and v3 . Let the coordinates and the normal
of each vertex v be represented as c(v) and n(v), respectively. We next de ne the coordinates and
the normal of a (+)-o set vertex vi+ for a vertex vi as: c(vi+ ) = c(vi ) + n(vi ), and n(vi+ ) = n(vi ).
Essentially, we translate each vertex in the direction of its normal by an amount  to obtain its (+)o set vertex. The (?)-o set vertex can be similarly de ned in the opposite direction. These o set
vertices for a fundamental triangle are shown in Figure 2.
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Figure 2: The Fundamental Prism
Now consider the closed object de ned by vi+ and vi? , i = 1; 2; 3. It is de ned by two triangles, at
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the top and bottom, and three edge halfspaces. This object contains the fundamental triangle (shown
shaded in Figure 2) and we will henceforth refer to it as the fundamental prism.

4.3 Non-intersecting O set Computation

If we o set each vertex vi by the same amount , to get the o set vertices vi+ and vi? , the two o set
surfaces P (+) and P (?) may self-intersect because one or more o set vertices are closer to some nonadjacent fundamental triangle. In other words, if we de ne a Voronoi diagram over the fundamental
triangles of the model, the condition for the o set surfaces to intersect is that there be at least one
o set vertex lying in the Voronoi region of some non-adjacent fundamental triangle. This is shown in
Figure 3 by means of a two-dimensional example. In the gure, the o set vertices b+ and c+ are in
the Voronoi regions of edges other than their own, thus causing self-intersection of the o set surface.
ε

b
Offset
c+

Voronoi
edge

b+
ε

c
Original
surface

Figure 3: O set Surfaces
Once we make this observation, the solution to avoid self-intersections becomes quite simple | just
do not allow an o set-vertex to go beyond the Voronoi regions of its adjacent fundamental triangles.
In other words, determine the positive and negative  for each vertex vi such that its o set vertices vi+
and vi? determined with this new  do not lie in the Voronoi regions of the non-adjacent fundamental
triangles.
While this works well in theory, ecient computation of the three-dimensional Voronoi diagram of
the fundamental triangles is dicult. To avoid this, we adopt a conservative approach for recomputing
the value of  at each vertex. This approach underestimates the values for the positive and negative
. In other words, it guarantees the o set surfaces not to intersect, but it does not guarantee that the
 at each vertex is the largest permissible . We next discuss this approach for the case of computing
the positive  for each vertex. Computation of negative  follows similarly.
Consider a fundamental triangle t. We de ne a prism tp for t, which is conceptually the same as its
fundamental prism, but uses a value of 2 instead of  for de ning the o set vertices. Next, consider
all triangles i that do not share a vertex with t. If i intersects tp above t (the directions above
and below t are determined by the direction of the normal to t, above is in the same direction as the
normal to t), we nd the point on i that lies within tp and is closest to t. Since we are dealing
with convex objects, this point would be either a vertex of i , or the intersection point of one of its
edges with the three sides of the prism tp . Once we nd the point of closest approach, we compute
the distance i of this point from t. This is shown in Figure 4.
Once we have done this for all i, we compute the new value of the positive  for the triangle t as
new = 21 mini i . If the vertices for this triangle t have this value of positive , their positive o set
surface will not self-intersect. Once the new (t) values for all the triangles t have been computed, the
new (v) for each vertex v is set to be the minimum of the new (t) values for all its adjacent triangles. The
5
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Figure 4: Computation of i
o set surfaces are then computed with these modi ed values of  at each vertex v. Connectivity of the
o set surfaces mirrors that of the given polygonal model P . We use an octree in our implementation
to speed up the identi cation of triangles i that intersect a given prism.

5 Generation of Candidate Triangles
Generation of candidate triangles for the approximation involves computing visibilities between vertices
and edges with occlusion being provided by the o set surfaces.
We de ne two vertices vi and vj to be visible to each other i an observer at vi (or vj ) can see
the vertex vj (or vi ), with the two o set surfaces providing occlusion. This condition for visibility is
equivalent to the condition that the line segment joining vi and vj does not intersect P (+) or P (?).
We de ne an edge e to be visible to a vertex v i an observer at v can see the entire edge e, with
the two o set surfaces providing occlusion. This condition for visibility is equivalent to the condition
that the triangle formed by v and e does not intersect P (+) or P (?).
A line segment e = (vi , vj ) is a candidate edge if vi and vj are visible to each other. A triangle 4
is a candidate triangle if every edge of 4 is visible to the vertex not incident to it. Keeping this in
mind, we rst generate all candidate edges (vi , vj ). Let the set of all such edges be Se. Clearly, the
set of all candidate triangles will have edges drawn from Se . To generate the exact set of candidate
triangles, we can intersect all triangles with edges in Se with the two o set surfaces and discard those
that intersect either of the two o set surfaces.
Having generated the candidate triangles, the next step is to nd which of the vertices of P are
covered by a given candidate triangle. The general idea being that we like to give a greater preference
to those candidate triangles that cover more vertices of P . The implementation of this step is quite
simple. For each vertex vi , consider the line segment formed by its o set vertices (vi+ ; vi? ). We say
that a vertex vi is covered by a candidate triangle i the line segment (vi+ ; vi? ) intersects the candidate
triangle. Using this approach, we nd the vertices of P that are covered by a given candidate triangle
and the candidate triangles that cover a given vertex of P .

6 Composing the Final Solution
Let us take a moment to review the information we have accumulated over the last couple of sections.
At this stage we have available to us all candidate triangles that lie between the two non self-intersecting
o set surfaces and information about which candidate triangle covers which vertex. Our goal is to
6

nd a subset of those candidate triangles that | (a) covers all the vertices of P , (b) does not self
intersect, and (c) does not leave any holes in the mesh where there were none before.
Before we go any further, let us introduce the problems of set cover and set partition.

6.1 Set Cover and Set Partition

Consider a set of integers P = f1; 2; : : : ; pg and another set T = ft1 ; t2 ; : : : ; tm g, where tj  P for
j 2 J = f1; 2; : : : ; mg. A subset C  J de nes a cover of P if Sj2C tj = P . Let cPj > 0 be the
cost associated with each element tj of T . The total cost of a cover C is de ned as j 2C cj . The

set covering problem is to nd a cover of the minimum
cost. If we impose the restriction that for all
T
distinct elements i; j 2 C we must have that ti tj = ;, we then say that C de nes a partition of
P . In other words, a partition of P is a collection of those sets of T that are mutually exclusive and
collectively contain all the elements of P . Finding a partition of minimum cost is referred to as the set
partition problem. We will next show how the problem of nding an -approximation to a polyhedral
object can be transformed to the problem of set partition.
Let vi , vj be a visible pair of vertices (i.e., the segment (vi , vj ) does not intersect the o set surfaces).
We project the segment ij = (vi ; vj ) on to the surface P as follows. Since ij does not intersect the
o set surfaces, it can intersect the fundamental prisms only at the bilinear patches erected on the
edges of fundamental triangles. Let a1 ; a2 ; : : : ; ak be the sequence of the intersection points of ij
and the bilinear patches of fundamental prisms, sorted along ij . If the intersection point al lies on
a bilinear patch that was erected on an edge e of a fundamental triangle t, then let al denote the
projection of al onto the edge e (if al = (ua ; va ) and e = (u; 0); 0  u  1; in the parametric domain
of the bilinear patch as de ned in Section 4.1, then al = (ua ; 0)). By construction, the segment
al al+1 lies on a fundamental triangle. Let ij be the polygonal chain a1 a2:::ak lying on the surface P .
Let ? = f ij j vi and vj is a visible pair of verticesg. ? also includes each edge of P . ? induces a
subdivision on P , denoted as A(? ). Every face of A(? ) is contained in a fundamental triangle. Let
f1 ; f2; : : : ; fp be the set of faces in A(? ). Let 4i be a candidate triangle with edges ei1 ; ei2 ; and ei3
whose projections on P are the polygonal chains i1 ; i2 ; and i3 , respectively. These three polygonal
chains enclose a set of faces fi1 ; fi2 ; : : : ; fi in A(? ) that lie within the fundamental prisms that 4i
intersects. Let us de ne the projection 4i of the triangle 4i on to the surface of P to be the set
ffi1 ; fi2 ; : : : ; fi g of these faces.
Let the indices of the faces f1 ; f2 ; : : : ; fp in A(? ) be represented by the elements of P = f1; 2; : : : ; pg,
and let the projections 4j of the candidate triangles 4j be the elements tj of the set T , with i 2 tj
i the face fi of A(? ) is contained in 4j . With this equivalence, the problem of nding the smallest
number of corresponding candidate triangles 4i that -approximate a given polygonal object P can
be transformed to the problem of determining the smallest set partition of the set P by the elements ti
of the set T . The above transformation, although theoretically sound, has a large running time. If the
number of vertices in P is n, j? j = O(n2 ) and therefore jP j = jA(? )j = O(n4 ). Also, jT j = O(n3 ).
Therefore the binary occupancy matrix that relates which elements of P belong to which elements of
T has a size O(n4 )  O(n3 ) = O(n7 ), a trivial lower bound for any set-partitioning algorithm that
attempts to solve this problem.
If we consider covering vertices, instead of covering the faces of A(? ), we can achieve better run
times. Let the indices of the vertices of P de ne the set P , and the candidate triangles 4i de ne the
set T , with i 2 tj i the candidate triangle tj covers a vertex vi (i.e., the segment vi+ vi? intersects
tj ). Now our problem reduces to that of set partitioning with one additional triangle disjointness
constraint. The set partitioning solution guarantees that there are no common vertices of P in the
interior of any pair of triangles of the nal solution. However this does not prevent two triangles from
l
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overlapping each other if the overlapping region does not have any common vertices. Further, if we
de ne the cost cj associated with each triangle tj to be the inverse of its cardinality, i.e., the inverse
of the number of vertices covered by it, then the solution of this set partitioning problem will yield
the smallest number of triangles that cover all the vertices of the input P . With this approach we get
jP j = n instead of jP j = O(n4 ). We have implemented this latter formulation.

6.2 The Greedy Heuristic

The set cover and the set partition problems are both known to be NP-complete [14], so we cannot hope
to have a polynomial-time algorithm for computing an optimal solution to our polygonal approximation
problem. However, there exist several heuristics that compute approximate solutions to these problems.
These heuristics generate solutions that have been found, in general, to be reasonably close to the
optimal. A user could implement any of the heuristics for solving the polygon approximation problem.
We are using the greedy heuristic, because of its simplicity and because it facilitates an easy analysis
of the quality of the solution. We will discuss the issue of estimating quality in Section 6.4.
A greedy heuristic for solving the set cover problem proceeds as follows. We start with an empty
cover and at every step, we add that set which covers the largest number of thus far uncovered
points. In our setting, this translates to selecting the triangle that covers the largest number of
vertices. However, since we have an additional disjointness constraint to observe, we proceed slightly
di erently. At each step, out of all the candidate triangles we pick the triangle that covers the largest
number of vertices of P in its interior. Then we check to see if it overlaps any other triangles of the
solution generated thus far. If it does, we discard it, otherwise it becomes a part of the solution. This
is done until all points have been covered.
We next explain the process of checking whether two given triangles overlap each other or not. First,
for each triangle we nd the fundamental prisms that it intersects. Second, for every fundamental prism
that both triangles intersect we compute the intersection of each triangle with the fundamental prism
and project it on to the fundamental triangle. Third, we check if the projections of the two triangles
on the fundamental triangle overlap. Since the projection of each triangle is convex, we determine
whether two triangles overlap or not by straightforward two-dimensional linear programming. Figure 5
illustrates the overlapping projections on a fundamental triangle.
v

2

v

3

t
v

1

Figure 5: Checking for Overlaps
It should be noted that this greedy heuristic may not preserve an object's symmetry.

6.3 Modi cation to the Greedy Heuristic

The greedy heuristic as we have presented above has a few drawbacks. First, its implementation
su ers from serious numerical degeneracy problems. One of the most common problems with this is
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that cracks are left in the nal mesh due to inconsistencies in determining whether the long and thin,
sliver, triangles overlap the partially constructed approximation mesh. To overcome this we use the
following method.
We maintain a complete mesh at every iteration of the algorithm. Let the mesh at the ith iteration
be Mi ; M0 is the input mesh. Let the triangle that covers the largest number of vertices of Mi?1 be
tj . Let the set of all the triangles of Mi?1 that are covered by tj be denoted by Tj . We nd the hole
in Mi?1 that is formed if we delete all the triangles in Tj . Our objective is to determine if we can
triangulate this hole such that one of the triangles is tj . If such a triangulation is possible, let the
set of triangles in this triangulation be represented by T 0 j . By construction, tj 2 T 0 j . We delete Tj
from Mi?1 and add the new triangles T 0 j to get Mi . In other words, Mi = Mi?1 ? Tj + T 0 j . If we
cannot nd such a triangulation T 0 j , we try the same with the next triangle that covers the maximum
number of triangles of Mi?1 .

6.4 Estimating Solution Quality

It has been shown in the literature [20, 4] that the greedy heuristic yields a solution to the set cover
problem that is guaranteed to be within a factor of (1 + lg d) of the optimal, where d is the maximum
number of elements in any set tj . It is easy to prove that if in the greedy heuristic at each stage we
select the set that has a cost within a factor of the largest cost, then the worst-case-ratio guarantee
of the approximate solution to that of the optimal becomes (1 + lg d).
Due to the set-disjointness constraint, our approach does not give any performance guarantees, such
as the above, on the quality of the solution obtained with respect to the optimal. However, we can
compute a worst-case estimate of how far away our solution is from the optimal in the following way. At
each iteration of the greedy approach, we compute the ratio of the largest number of uncovered points
in any candidate triangle (that may or may not overlap with the triangles already determined to be
in A) to the largest number of points in a non-overlapping candidate triangle. Let be the maximum
of these ratios computed over all iterations of the greedy algorithm. Then, jAo j  jAj=( (1 + lg d))
where Ao is the optimal solution. This gives a worst-case estimate of the quality of our solution A
with respect to the optimal Ao .

6.5 Some Useful Properties

Interpolation. Smooth interpolation between various levels of detail is useful in avoiding any jerkiness

of abrupt changes during switching from one level of detail to the other. Our approach lends itself
naturally to this interpolation since we always generate a subset of the vertices of the original model.
Further, during the course of the algorithm, we associate each vertex with the triangle that it will
be replaced by. Therefore, to incorporate interpolation with this approach we can move each vertex
along the direction of its normal till it reaches its replacement triangle.
Preserving user-speci ed edges. One of the important properties in any approximation scheme
is the way it preserves normal discontinuities or sharp edges present in the input model. Our approach
can preserve any user-speci able edge e. We note that an edge e can disappear from the output A i
there is a triangle in A that intersects the bilinear patch e or the plane e that de nes the two edge
halfspaces for e. We can invalidate all such candidate triangles, thereby retaining e in the solution, by
making e (or e ) \opaque" in the visibility computations.
Adaptive approximation. Consider the case where certain features of an object are crucial to
human-perception and are not to be approximated beyond a certain level. In our approach since all
the candidate triangles are constrained to lie within the two o set surfaces, manipulation of these
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o set surfaces provides an easy way to smoothly control the local level of approximation. Thus, a user
may vary the  associated with a region to adaptively change the level of local approximation.

7 Results
We have implemented our algorithm and tried it out on several thousand objects, most of which
are part of a model of a notional submarine. On average we were able to achieve simpli cations of
roughly 70% with minimal perceptual di erences. Higher levels of simpli cations should be possible
with a less conservative o set-surface computation program. Our present implementation is somewhat
overcautious in preventing o set-surface intersections. The results in this section are for a version of
our implementation that removes vertices instead of triangles.
We simpli ed a total of 1090 objects from the auxilliary machine room (AMR) of the submarine
dataset for testing our algorithm. These objects have been cumulatively reduced as follows:
Level-of-Detail Dataset Complexity % Reduction
Original dataset 350,023 triangles
0.0
First level
206,859 triangles
40.9
Second level
141,983 triangles
59.4
Third level
104,874 triangles
70.0
Table 1: Polygonal Simpli cation Results
The value of  that was chosen to approximate the polygonal objects varied from one object to the
other, as it should. For the set of results described above, we manually assigned  values. Recently we
have automated the process by using a simple heuristic which sets the  value for each object to be a
percentage of the diagonal of its bounding box. When performing simpli cations on the AMR model
described above using this heuristic, we obtained the reductions presented in Table 2.
Level-of-Detail % of Diagonal % Reduction
Original dataset
0
0.0
First level
1
37.8
Second level
2
54.6
Third level
4
63.7
Fourth level
8
68.7
Table 2: Polygonal Simpli cation Results for  Set to a Percentage of the Object's Bounding Box
For the above results, the ith level of detail was obtained by simplifying the i ? 1th level of detail.
There are two advantages to this scheme. First, it allows one to proceed incrementally, taking advantage of the work done in previous simpli cations. As a result the time taken to simplify reduces with
every new level-of-detail. Second, it builds a hierarchy of detail in which the vertices at the ith level of
detail are a subset of the vertices at the i ? 1th level of detail. This hierarchy allows the levels of details
to be useful in not only ecient rendering but also in a wide variety of accuracy-guided simulation of
physical processes, such as radiosity.
Figures 7 and 8 show simpli cations of a roller structure from the torpedo room portion of the
model, while Figure 9 shows 3 levels-of-detail of a segment of the AMR dataset.
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