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Abstract: In this article, entropy generation with radiation on non-Newtonian Carreau nanofluid
towards a shrinking sheet is investigated numerically. The effects of magnetohydrodynamics (MHD)
are also taken into account. Firstly, the governing flow problem is simplified into ordinary differential
equations from partial differential equations with the help of similarity variables. The solution of
the resulting nonlinear differential equations is solved numerically with the help of the successive
linearization method and Chebyshev spectral collocation method. The influence of all the emerging
parameters is discussed with the help of graphs and tables. It is observed that the influence of
magnetic field and fluid parameters oppose the flow. It is also analyzed that thermal radiation effects
and the Prandtl number show opposite behavior on temperature profile. Furthermore, it is also
observed that entropy profile increases for all the physical parameters.
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1. Introduction

During the past few years, nanoparticles with heat and mass transfer received a remarkable
attention by different researchers due to its various applications in differential industrial process.
Different kinds of heat transfer in Newtonian/non-Newtonian fluids such as water, ethylene glycol,
and oil are poor heat transfer fluids. The analysis of heat transfer in stretched flow has a great
importance due to its wide applications in chemical engineering such as polymer extrusion process,
metallurgical process, paper production and glass fiber [1]. In such kinds of process, the stretching
and cooling rate greatly impact the quality of the product. An excellent way to improve the heat
transfer in different thermal systems is the suspensions of nanoparticles in base fluids to enhance the
thermal conductivity of the fluid [2]. Nanomaterial is considered to be more efficient in nano/micro
electromechanical devices, thermal management systems at large scales, heat exchangers, advanced
cooling systems, industrial cooling applications, etc. In fact, such type of fluids are very much
balanced having no issues of erosion, non-Newtonian properties, pressure drop, and sedimentation.
It is due to the very low volume fraction and small size of nano-elements is helpful to improve
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the thermal conductivity. Akbar and Khan [3] analyzed the magnetic field effect on microorganism
and nanoparticles over a stretching surface. Hayat et al. [4] studied the unsteady flow of nanofluid
under the influence of magnetohydrodynamics with dual stratification. Ellahi et al. [5] studied the
natural convection on MHD nanofluid by means of multi-walled carbon nanotubes suspended in
salt water solution. Again Ellahi et al. [6] examined the shape effects of nanoparticles suspended in
HFE-7100 over the wedge with mixed convection and entropy generation. Garoosi et al. [7] studied
numerically, the effects of heat transfer performance of nanofluids in heat exchangers. Ali et al. [8,9]
have reported experimental studies on free convection inside circular enclosures filled with alumina
nanofluid (Al2O3) with different concentrations and heated either from below or above, respectively.
The effect of impingement stream of alumina nanofluid on cooling heat transfer of a circular disk has
been studied by Zeitoun and Ali [10,11]. Nanofluids forced convection heat transfer inside circular
tubes was investigated numerically by Ali and Zeitoun [12].

On the other hand, thermal radiation in heat transfer also plays a significant role in the
manufacturing of much-advanced energy conversion systems that works at a very high temperature
of utilizing nanofluids [13]. The influence of radiative heat transfer is very important when the
atmospheric and the surface temperature is very large. Furthermore, the influence of magnetic field
is also very much important in engineering, physics and medicine [14]. Various devices such as
boundary layer control, bearing, MHD pumps, MHD generator, and MHD sensors are affected due to
the collision between magnetic and electrically-conducting fluid. The attitude of such types of flow
mainly relies on the intensity and orientation of applied magnetic field [15]. The exerted magnetic
field helps to control the suspended nanoparticles and reorganize their concentration in the fluid
that energetically changes the characteristics of heat transfer in the flow field. Magnetic nanofluid
consists of magnetic and nano characteristics. Such type of materials has remarkable applications in
non-linear optical material, optical gratings, optical switches, magneto-optical wavelength filters and
optical modulators. In the manufacturing of various electronic devices such as loudspeakers and in
the separation of sink flow, magnetic particles play an important key role. In biomedical engineering,
magneto-nanofluids are very much helping to lead the particles up in blood flow to a tumor [16].
It happens due to the fact that, magnetic nanoparticles are considered to be more adherent to tumor
cells as compared to non-malignant cells. These kinds of particles absorb more power as compared to
other micro-particles in alternating magnetic fields adequate in humans such as for cancer therapy.
Moreover, various applications of nanofluids involve hyperthermia, contrast, magnetic drug targeting,
magnetic cell separation and magnetic resonance imaging (MRI) [17]. Extensive literature on the said
topic can be found in the [18–24] and several therein.

Different thermal systems involve irreversibility process, which is often expressed by entropy
generation and is relevant to the magnetic field, viscous dissipation function, and heat and mass
transfer. To enhance such kinds of irreversibilities, the second law of thermodynamics has been used by
many researchers. However, various authors also used first law of thermodynamics but it was realized
that first law of thermodynamics is not so much efficient as compared to second law. Rashidi et al. [25]
investigated the entropy generation over an infinite porous rotating disk with variable properties under
the influence of slip and magnetohydrodynamics (MHD). They observed that disk source is the most
important source of entropy generation. Qing et al. [26] analyzed numerically the entropy generation
on MHD Casson nanofluid over a porous stretching/shrinking sheet. Mahmud and Fraser [27] studied
the entropy generation in a square porous cavity under the influence of Magnetohydrodynamics
(MHD). Tasnim et al. [28] described analytically the entropy generation, velocity, and temperature
under the effect of hydromagnetic in a porous channel. They observed that maximum entropy
generation is achieved at walls which behave very strong concentrators of irreversibility. They also
analyzed that entropy profile behaves as an increasing function with the increment in magnetic field
intensity. Butt and Ali [29] examined the influence of hydromagnetic free convection flow past through
a vertical porous plate in the presence of thermal radiation. Komurgoz et al. [30] explored the influence
of magnetic field on the entropy generation in an inclined channel through a partially filled porous
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medium. They described that entropy generation rate achieved at its maximum point in the absence
of porosity and magnetic field. Some more pertinent studies on entropy generation can be found in
references [31–38].

The above literature survey motivates the current study, which aims to present and analyze
the entropy generation with thermal radiation on MHD Carreau nanofluid towards a stretching
sheet. The governing flow problem which consists of momentum, thermal energy, nanoparticle
concentration equation, and entropy equation are simplified with the help of similarity transformation
variables. The resulting nonlinear coupled ordinary differential equations are solved numerically
with the combination of Successive linearization method (SLM) and Chebyshev spectral collocation
method. The impact of the all the pertinent parameters is discussed with the help of graphs and
tables. This paper is organized as follows, after the introduction in Section 1, Section 2 describes the
mathematical formulation of the problem, Section 3 illustrates the solution methodology, Section 4 deals
with entropy generation analysis and finally, Section 5 devoted to numerical results and discussion of
the obtained results.

2. Mathematical Formulation

Let us consider the MHD boundary layer flow of a Carreau nanofluid over a shrinking surface
near a stagnation point at y “ 0. The MHD flow occurs in the domain at y ą 0. The fluid is
electrically conducting by an external magnetic field while the induced magnetic is assumed to be
zero. Cartesian coordinate is chosen in a way such that x´axis is considered along the direction of the
sheet whereas y´axis is considered along normal to it as shown in Figure 1. Suppose that rTw and Cw

be the temperature and the nano particle fraction at the sheet while the temperature and nano-particle
fraction at infinity is rT8 and C8.
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Taking the approximation of Rosseland for radiation, the radiative heat flux qr is defined as:

qr “ ´
4σ

3k
BrT4

By
. (5)

Let us consider that temperature with in the nano particles is very small such that the term T4 can
be expanded about a free stream temperature T0 as:

rT4 “ rT4
0 ` 4rT3

0

´

rT´ rT0

¯

` 6rT2
0

´

rT´ rT0

¯2
` . . . . (6)

After neglecting the higher order terms in the above equation, it can be written as:

rT4 – 4rT3
0

´

rT´ rT0

¯

. (7)

With the help of Equations (5)–(7), the nonlinear radiative heat flux can be written as:

qr “ ´
4σ

3k
BrT4

By
“ ´

16σrT3

3k
BrT
By

, (8)

and their respective boundary conditions are:

ru “ uw, rv “ rvw, rT “ rTw, C “ Cw at y “ 0, (9)

ru “ rue, rv “ 0, rT Ñ rT8, C Ñ C8 as y Ñ8. (10)

The steam function satisfying Equation (1) are defined as ru “ Bϕ{By and rv “ ´Bϕ{Bx.
The velocity of the sheet is considered along x´axis i.e., ruw “ ax. Defining the following similarity
transformation variables:

ζ “

c

ruw

νx
y, ru “ ruw f 1 pζq , rv “ ´

c

νruw

x
f pζq , θ “

rT´ rT8
rTw ´ rT8

, φ “
C´ C8
Cw ´ C8

, (11)

and using Equation (8) in to Equations (7) and (3), we get:

f3 ` 1`
3 pn´ 1qWe2

2
f 22 f3 ´ f 12 ` f f 2 `M

`

1´ f 1
˘

“ 0, (12)

ˆ

1
Pr
` Nr

˙

θ2 ` f θ1 ` Nbθ1φ1 ` Nt
`

θ1
˘2
“ 0, (13)

φ2 ` Le f φ1 `
Nt

Nb
θ2 “ 0. (14)

In the above equations, for n “ 1, the present study can be reduced to Newtonian fluid, whereas
for n ą 1, the mechanism remains non-Newtonian fluid. Their corresponding boundary conditions are:

f p0q “ S, f 1 p0q “ α, f 1 p8q “ 1, (15)

θ p0q “ 1, θ p8q “ 0, (16)

φ p0q “ 1, φ p8q “ 0, (17)

where Pr “ ν{α, M “ B2
0σ{cρ, Le “

ν
DB

, Nb “
τDBpφw´φ8q

ν , Nt “
τDT

´

rTw´rT8

¯

rT8ν
, Nr “

16σrT3

3ρcpk
.
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3. Physical Quantities of Interest

The physical quantities of interest for the governing flow problem are local Nusselt number and
local Sherwood number which can be written as:

Nux “
xqw

κ
´

rTw ´ rT8
¯ , Shx “

xqm

DB pCw ´ C8q
(18)

where qw and qm are described as:

qw “ ´κ

˜

BrT
By

¸

y“0

, qm “ DB

ˆ

´
BC
By

˙

y“0
. (19)

With the help of dimensionless transformation in Equation (11), we have:

Nur “
Nux

Re
1
2
x

“ ´p1` Nrq θ1 p0q , Shr “
Shx

Re
1
2
x

“ ´φ1 p0q , (20)

where Shr and Nur are the dimensionless Sherwood number and local Nusselt number, respectively,
and Rex “ ruwx{ν is the local Reynolds number.

4. Numerical Method

We apply the Successive linearization method to Equation (12) with their boundary conditions in
Equation (15), by setting [35]:

f pζq “ f I pζq `
I´1
ÿ

N“0

fN pζq , pI “ 1, 2, 3, . . .q , (21)

where f I are unknown functions which are obtained by iteratively solving the linearized version of
the governing equation and assuming that f I p0 ď N ď I ´ 1q are known from previous iterations.
Our algorithm starts with an initial approximation f0 which satisfy the given boundary conditions in
Equation (16) according to SLM. The suitable initial guess for the governing flow problem is:

f0 “ ´1` ζ ` α` S`
1´ α

eζ
. (22)

We write the equation in general form as:

L
`

f , f 1, f 2 , f 3
˘

`N
`

f , f 1, f 2 , f 3
˘

“ 0, (23)

where:
L
`

f , f 1, f 2 , f 3
˘

“ f 3 , (24)

and:

N
`

f , f 1, f 2 , f 3
˘

“ f f 2 ` 1´ f 12 `M
`

1´ f 1
˘

`
3 pn´ 1qWe2

2
f 22 f3, (25)

where L and N are the linear and non-linear part of Equation (12). By substituting Equation (21) in
Equation (12) and taking the linear terms only, we get:

f3I ` A0,I´1 f 2I ` A1,I´1 f 1I ` A2,I´1 f I “ rI´1, (26)

the corresponding boundary conditions becomes:

f I p0q “ 0, f 1I p0q “ 0, f 1I p8q “ 0. (27)
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We solve Equation (26) numerically by a well-known method, namely, the Chebyshev spectral
collocation method. For numerical implementation, the physical region r0,8q is truncated to r0, Γs we
can take Γ to be sufficiently large. With the help of following transformations this region is further
transformed in to r´1, 1s, we have:

Ω “ ´1`
2ζ

Γ
. (28)

We define the following discretization between the interval r´1, 1s. Now, we can apply
Gause-Lobatto collocation points to define the nodes between r´1, 1s by:

ΩJ “ cos
π J
N

, pJ “ 0, 1, 2, 3 . . . Nq , (29)

with pN ` 1q number of collocation points. Chebyshev spectral collocation method based on the
concept of differentiation matrix D. This differentiation matrix maps a vector of the function values
G “ r f pΩ0q , . . . , f pΩNqs

T the collocation points to a vector G1 is defined as:

G1 “
N
ÿ

K´0

DKJ f pΩKq “ DG, (30)

the derivative of p order for the function f pΩq can be written as:

f p pΩq “ DpG. (31)

The entries of matrix D can be computed by the method proposed by Bhatti et al. [39]. Now,
applying the spectral method, with derivative matrices on linearized equation Equations (26) and (27),
we get the following linearized matrix system

AI´1GI “ RI´1, (32)

the boundary conditions takes the following form:

f I pΩNq “ 0,
N
ÿ

K“0

DNK f I pΩKq “ 0,
N
ÿ

K“0

D0K f I pΩKq “ 0,
N
ÿ

K“0

D2
0K f I pΩKq “ 0, (33)

where:
AI´1 “ D3 ` A0,I´1D2 ` A1,I´1D` A2,I´1. (34)

In the above equation As,I´1 ps “ 0, 1, . . . 3q are pN ` 1q ˆ pN ` 1q diagonal matrices with
As,I´1

`

ΩJ
˘

on the main diagonal and:

GI “ f I
`

ΩJ
˘

, RI “ rI
`

ΩJ
˘

. pJ “ 0, 1, 2, 3, . . . Nq . (35)

After employing Equation (31) on the solutions for f I are obtained by solving iteratively
Equation (33). We obtain the solution for f pζq from solving Equation (34) and now Equations (13) and
(14) are now linear therefore, we will apply Chebyshev pseudo-spectral method directly, we get:

BH “ S, (36)

with their corresponding boundary conditions boundary conditions:

θ pΩNq “ 1, θ pΩ0q “ 0, (37)

φ pΩNq “ 1, φ pΩ0q “ 0, (38)
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where H “
`

θ
`

ΩJ
˘

, φ
`

ΩJ
˘˘

, B is the set of linear coupled equation of temperature and nanoparticle
concentration, S is a vector of zeros, and all vectors in Equation (36) are converted to diagonal matrix.
We imposed the boundary conditions in Equations (37) and (38) on the first and last rows of B and
S, respectively.

5. Entropy Generation Analysis

The volumetric entropy generation of the Williamson nanofluid is given by [26]:

S3gen “
κ
rT2

8

„

´

BrT
By

¯2
` 16σrT3

3k

´

BrT
By

¯2


`
µ
rT8

ˆ

´

Bru
Bry

¯2
`
pn´1qνΓ2

2

´

Bru
By

¯4
˙

`RD
C8

´

BC
By

¯2
`

σB2
0

rT8

ru2 ` RD
rT8

´

BrT
By
BC
By `

BC
Bx
BrT
Bx

¯

. (39)

In the above equation, the entropy generation consists of three effects, (i) conduction effect (also
known as heat transfer irreversibility, (HTI)); (ii) fluid friction irreversibility (FFI) and (iii) diffusion
(also known as diffusive irreversibility, (DI)). The characteristics entropy generation can be written as:

S30 “
κ p∆Tq2

L2rT2
8

. (40)

With the help of Equation (8), the entropy generation in dimensionless form can be written as:

NG “
S3

gen
S3

0
“ Re p1` Nrq θ12 pζq ` ReBr

Ω

´

f 22 pζq `
pn´1qνWe2

2 f 24 pζq
¯

`
ReBr

Ω M f 12 pζq

`Reλ1
` χ

Ω
˘2

φ12 pζq `Reλ1
` χ

Ω
˘

θ1 pζq φ1 pζq .
(41)

These number are given in the following form:

Re “
ruLL2

ν
, Br “

µruw
2

κ∆T
, Ω “

∆T
rT8

, χ “
∆C
C8

, λ1 “
RDC8

κ
. (42)

6. Results and Discussions

In this section, we will discuss the behavior of various emerging parameters with the help of table
and graphics. The graphical results are sketched for velocity profile, temperature profile, concentration
profile, and entropy profile against Hartmann number, thermophoresis parameter, Brownian motion
parameter, Lewis number, fluid parameter, radiation parameter, Reynolds number, Brinkmann number,
and Prandtl number, respectively. Furthermore, the present study can be reduced to Newtonian fluid
also, by taking n “ 1, or We “ 0. Table 1 shows the numerical values of local Nusselt number and local
Sherwood number for different values of all the physical parameters. Table 2 shows the numerical
comparison with existing published results by taking n “ 1, We “ 0 (Newtonian fluid) and M “ 0
as special case of our study. We can observe from Table 1 that the present results are in very good
agreement with the existing published data. Figure 2 is plotted for velocity profile against Hartmann
number pMq and Weissenberg number pWeq. From this figure, we can observe that velocity profile
diminish due to the increment in Weissenberg number. However, we can also observe that velocity
depicts similar behavior when the influence of magnetic field increases. In fact, it happens due to the
influence of Lorentz force which provides resistance and opposes the flow. It depicts from Figure 3 that
when the power law index pnq increases it tends to reduce the velocity profile. One more interesting
thing, we observe that when the fluid depicts non-Newtonian behavior then the profile decreases as
compared to Newtonian behavior of the fluid.
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Table 1. Numerical values of reduced Nusselt number pNurq and Sherwood number pShrq for various
values of Pr, Nr, Nb, and Nt.

Pr Nr Nb Nt Le Nur Shr

1 0.5 0.2 0.2 1 1.6734 -
2 - - - - 2.1657 -

10 - - - - 2.9205 -
- 1 - - - 1.8475 -
- 2 - - - 2.1193 -
- 3 - - - 2.3387 -
- - 0.1 - - 1.7499 0.7765
- - 0.3 - - 1.6044 1.2441
- - 0.6 - - 1.4333 1.5063
- - - 0.1 - 1.7499 1.3605
- - - 0.3 - 1.6044 0.8944
- - - 0.6 - 1.4333 0.6264
- - - - 1.5 - 1.5063
- - - - 2 - 1.9470
- - - - 3 - 2.8467

Table 2. Comparison of f 2 p0qwith existing published results for M “ 0 and n “ 1, We “ 0.

α Present Results Bhatti et al. [39] pppk ÑÑÑ 0qqq Mahapatra and Nandy [40] Lok et al. [41] Wang [42]

0.0. 1.2325 1.2325 1.2325 - 1.2325
0.5 0.7133 0.7133 0.7133 0.7133 0.7133
1.0 0 0 0 0 0
2.0 ´1.8873 ´1.8873 ´1.8873 ´1.8873 ´1.8873
´0.5 1.4956 1.4956 1.4956 - 1.4956.
´1.0 1.3288 1.3288 1.3288 - 1.3288
´1.15 1.0822 1.0822 1.0822 - 1.0822

Figures 4 and 5 present the temperature profiles for different values of Prandtl numbers,
thermophoresis parameter, Brownian motion parameter and radiation parameter. It can be noticed
from Figure 4 that when the thermophoresis parameter pNtq increases then the temperature profile
also enhances and also the boundary layer thickness increases, however the behavior of temperature
profile remains same when the Brownian motion parameter increases pNbq. Physically, an increment in
thermophoresis parameter creates a force which leads to move the nanoparticles from hotter region to
the colder region which in results enhances the temperature and the boundary layer thickness increases.
From Figure 5 we can analyze that with the increment in radiation parameter pNrq, temperature profile
increases and its attitude is completely opposite with the increment in Prandtl number. Moreover,
we can also observe that for large values of Prandtl number pPrq, momentum diffusivity is more
dominating as compared to thermal diffusivity. Figures 6 and 7 are sketched from the concentration
profile against, Brownian motion parameter, thermophoresis parameter and Prandtl number. It can
be observed from Figure 6 that thermophoresis parameter pNtq enhances the concentration profile,
but Brownian motion parameter pNbq provides resistance to the concentration profile and as a result
concentration profile and boundary layer thickness increases. It can be examined from Figure 7
that with the increment in Lewis number pLeq, nanoparticle concentration profiles diminish and its
associated boundary layer thickness. Figures 8–11 are drawn for the entropy profile for all of the
physical parameters of interest. From Figures 8–10 we can see that entropy profile decreases initially,
but it starts changing its behavior after certain values of pζ ą 0.5q . From Figure 11, we can analyze
that the Reynolds number pReq enhances the entropy profile.
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7. Conclusions

In this article, entropy generation with thermal radiation on a Carreau nanofluid towards a
shrinking sheet has been investigated numerically under the influence of magnetohydrodynamics
(MHD). The governing flow problem is modeled using Ohms law and with the help of momentum,
thermal energy, and nanoparticle concentration equations. The resulting partial differential equations
are simplified into ordinary differential equations using similarity transformation variables. Numerical
computation has been employed with the combination of the successive linearization method and
Chebyshev spectral collocation method. The main observations for the present flow problem are
described below:

‚ The magnitude of the velocity decreases for larger values of Hartmann numbers and
fluid parameters.

‚ The Brownian motion parameter and thermophoresis parameter show similar behavior on the
temperature profile.

‚ Larger values of the thermal radiation parameter enhance the temperature profile.
‚ The concentration profile also behaves as a decreasing function due to the increment in the

Lewis number.
‚ The entropy profile behaves as an increasing function of all the physical parameters of interest.
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Nomenclature

ru, rv Velocity components pm{sq
x, y Cartesian coordinate pmq
rp Pressure

`

N{m2˘

n Power law index
We Weissenberg number
Re Reynolds number
NG Dimensionless entropy number
Re Reynolds number
rt Time psq
Pr Prandtl number
k Mean absorption coefficient
S Suction/injection parameter
Nb Brownian motion parameter
Nt Thermophoresis parameter
qw Heat flux
Le Lewis number
qm Mass flux
Br Brinkman number

T8 Environmental temperature (K)
M Hartman number
B0 Magnetic field
Nr Radiation parameter
rT, C Temperature pKq and Concentration
g Acceleration due to gravity

`

m{s2˘

DB Brownian diffusion coefficient
`

m2{s
˘

DT Thermophoretic diffusion coefficient
`

m2{s
˘

Greek Symbol

α Thermal conductivity of the nano particles
α Stretching parameter
λ Williamson fluid parameter
σ Stefan-Boltzmann constant
µ Viscosity of the fluid

`

N¨ s{m2˘

λ1 Dimensionless constant parameter
Ω Dimensionless temperature difference
χ Dimensionless concentration difference
φ Dimensionless Nanoparticle concentration
θ Dimensionless Temperature profile
σ Electrical conductivity pS{mq
ϕ Stream function
τ Effective heat capacity of nano particle pJ{Kq
ν Nano fluid kinematic viscosity

`

m2{s
˘
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