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Abstract

A central challenge to many fields of science and engineering involves minimizing
non-convex error functions over continuous, high dimensional spaces. Gradient descent
or quasi-Newton methods are almost ubiquitously used to perform such minimizations,
and it is often thought that a main source of difficulty for these local methods to find
the global minimum is the proliferation of local minima with much higher error than
the global minimum. Here we argue, based on results from statistical physics, random
matrix theory, neural network theory, and empirical evidence, that a deeper and more
profound difficulty originates from the proliferation of saddle points, not local minima,
especially in high dimensional problems of practical interest. Such saddle points are
surrounded by high error plateaus that can dramatically slow down learning, and give the
illusory impression of the existence of a local minimum. Motivated by these arguments,
we propose a new approach to second-order optimization, the saddle-free Newton method,
that can rapidly escape high dimensional saddle points, unlike gradient descent and
quasi-Newton methods. We apply this algorithm to deep or recurrent neural network
training, and provide numerical evidence for its superior optimization performance.

1 Introduction

It is often the case that our geometric intuition, derived from experience within a low dimensional physical
world, is inadequate for thinking about the geometry of typical error surfaces in high-dimensional spaces.
To illustrate this, consider minimizing a randomly chosen error function of a single scalar variable, given
by a single draw of a Gaussian process. (Rasmussen and Williams, 2005) have shown that such a random
error function would have many local minima and maxima, with high probability over the choice of the
function, but saddles would occur with negligible probability. On the other-hand, as we review below, typical,
random Gaussian error functions over N scalar variables, or dimensions, are increasingly likely to have
saddle points rather than local minima as N increases. Indeed the ratio of the number of saddle points to
local minima increases exponentially with the dimensionalityN .

A typical problem for both local minima and saddle-points is that they are often surrounded by plateaus of small
curvature in the error. While gradient descent dynamics are repelled away from a saddle point to lower error
by following directions of negative curvature, this repulsion can occur slowly due to the plateau. Second order
methods, like the Newton method, are designed to rapidly descend plateaus surrounding local minima by multi-
plying the gradient steps with the inverse of the Hessian matrix. However, the Newton method does not treat sad-
dle points appropriately; as argued below, saddle-points instead become attractive under the Newton dynamics.

Thus, given the proliferation of saddle points, not local minima, in high dimensional problems, the entire
theoretical justification for quasi-Newton methods, i.e. the ability to rapidly descend to the bottom of a convex
local minimum, becomes less relevant in high dimensional non-convex optimization. In this work, which
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118, route de Narbonne, 31062 Toulouse Cedex 4, France
(Received 6 November 2006; published 10 April 2007)

We calculate the average number of critical points of a Gaussian field on a high-dimensional space as a
function of their energy and their index. Our results give a complete picture of the organization of critical
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The statistics of random fields has been studied in detail
in the mathematics and physics literature [1]. Gaussian
random fields are of particular importance, as they can
arguably occur spontaneously in systems with a large
number of degrees of freedom by appealing to the central
limit theorem. Recently string theorists have postulated
that the effective theory arising from string theory is highly
complex leading to a string landscape with a huge number
of possible minima, each of which could describe a poten-
tial universe [2]; thus, a statistical study of this complex
landscape may well be necessary. Gaussian fields arise
generically in the study of classical complex systems
such as spin glasses, optimization problems, and protein
folding [3]. In many of these systems, jamming or the onset
of a glass transition occurs due to the presence of a large
number of metastable states or local minima in the energy
landscape. High-dimensional complex potentials also oc-
cur as the potential energy of interacting particle systems
which exhibit a structural glass transition (no quenched
disorder is present). Many numerical results exist on these
potential energy landscapes, notably for Lennard-Jones
and soft-sphere glass forming mixtures [4]. Scaling argu-
ments relating the number of critical points (points where
the gradient of the potential energy vanishes) of various
types also exist [5] and the onset of the glass transition is
often identified with the point where the critical points in
the free energy landscape become dominated by minima
[6]. In this Letter we compute the average number of
critical points of a Gaussian potential, on a high-
dimensional space, at a fixed value of the potential and at
a fixed number of negative eigenvalues at the critical point.

We shall consider a Gaussian field � defined over
N-dimensional Euclidean space. The field has zero mean
and correlation function:

 h��x���y�i � Nf
�
�x� y�2

2N

�
: (1)

Here we shall study the statistics of critical points of �
within a region V of volume LN , where L is its character-
istic length. The statistical mechanics [7,8] and Langevin
dynamics [9] of a particle in this type of random potential,

restricted to the volume V, have been widely studied. The
model can be studied in an infinite volume if a confining
harmonic potential 1

2�x2 is added and the total number of
critical points can be calculated [10] as a function of �.
Here we study the case without confining potential in a
finite volume. We give explicit expressions for the average
of the number, N ��; ��, of critical points as a function of
index N� and their energy N� in the form hN ��; ��i �
exp�N���; ���, where ���; �� is the ‘‘complexity,’’
thereby giving a complete picture of the geometry of
critical points. Our method can also be applied to the
confined case where � � 0 and details will be published
elsewhere [11]. For the purposes of this Letter we consider
the unconfined case, as it is more relevant to landscape
scenarios in string theory and other translationally invari-
ant systems and also because the results are more explicit.

For an N � N matrix H the index of H, denoted by
I�H�, is defined as the number of negative eigenvalues of
H. The number of critical points of energy E � N� and
index �N is given by the generalized Kac-Rice formula

 N ��; �� �
Z
V
dx

YN
i�1

��@i��x��j detH�x�j����x�

� N����I�H�x��� N��; (2)

whereH�x� is the Hessian matrix of the field� at the point
x, with elements Hij�x� � @i@j��x�. The average of
N ��; �� is then given, using the spatial translational in-
variance of the field �, as

 hN ��; ��i � LN
��YN

i�1

��@i��0��
�
j detH�0�j����0�

� N����I�H�0��� N��
�
: (3)

The nonvanishing correlation functions for the Gaussian
random variables H�0� and ��0� are
 

h��0���0�i � Nf�0�;

h@i@j��0�@k@l��0�i �
f00�0�
N
��lk�ij 	 �lj�ik 	 �kj�il�;

h@i@j��0���0�i � �ijf0�0�: (4)
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 h��x���y�i � Nf
�
�x� y�2

2N

�
: (1)

Here we shall study the statistics of critical points of �
within a region V of volume LN , where L is its character-
istic length. The statistical mechanics [7,8] and Langevin
dynamics [9] of a particle in this type of random potential,

restricted to the volume V, have been widely studied. The
model can be studied in an infinite volume if a confining
harmonic potential 1

2�x2 is added and the total number of
critical points can be calculated [10] as a function of �.
Here we study the case without confining potential in a
finite volume. We give explicit expressions for the average
of the number, N ��; ��, of critical points as a function of
index N� and their energy N� in the form hN ��; ��i �
exp�N���; ���, where ���; �� is the ‘‘complexity,’’
thereby giving a complete picture of the geometry of
critical points. Our method can also be applied to the
confined case where � � 0 and details will be published
elsewhere [11]. For the purposes of this Letter we consider
the unconfined case, as it is more relevant to landscape
scenarios in string theory and other translationally invari-
ant systems and also because the results are more explicit.

For an N � N matrix H the index of H, denoted by
I�H�, is defined as the number of negative eigenvalues of
H. The number of critical points of energy E � N� and
index �N is given by the generalized Kac-Rice formula

 N ��; �� �
Z
V
dx

YN
i�1

��@i��x��j detH�x�j����x�

� N����I�H�x��� N��; (2)

whereH�x� is the Hessian matrix of the field� at the point
x, with elements Hij�x� � @i@j��x�. The average of
N ��; �� is then given, using the spatial translational in-
variance of the field �, as

 hN ��; ��i � LN
��YN

i�1

��@i��0��
�
j detH�0�j����0�

� N����I�H�0��� N��
�
: (3)

The nonvanishing correlation functions for the Gaussian
random variables H�0� and ��0� are
 

h��0���0�i � Nf�0�;

h@i@j��0�@k@l��0�i �
f00�0�
N
��lk�ij 	 �lj�ik 	 �kj�il�;

h@i@j��0���0�i � �ijf0�0�: (4)
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f (x1, x2)

x1 x2

f (x1, x2)

Newton rescales the gradient by 1/λi in the eigendirection vi
Trust-region methods (damping) can correct for cases where some λi = 0

A problem remains: if λi < 0, you get back onto the saddle

(damping here would give updates much less related to curvature)

Intuitive fix: rescale the gradient by 1/|λi |
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Interpretation of the 1/|λi | hack

Trust region methods

Minimize the first-order Taylor approximation of f (x)
subject to d(x , x + ∆) ≤ ε

d(x , x + ∆) ≡
1

2

∣∣∆>H(x)∆
∣∣

penalizes the discrepancy between

the first and second-order approximation of f

≤ ∆>|H(x)|∆

Saddle-free Newton method:

∆ ∝ −|H|−1∇f
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