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Abstract: This paper studies the grey coupled prediction problem of traffic data with panel data
characteristics. Traffic flow data collected continuously at the same site typically has panel data
characteristics. The longitudinal data (daily flow) is time-series data, which show an obvious intra-day
trend and can be predicted using the autoregressive integrated moving average (ARIMA) model.
The cross-sectional data is composed of observations at the same time intervals on different days
and shows weekly seasonality and limited data characteristics; this data can be predicted using
the rolling seasonal grey model (RSDGM(1,1)). The length of the rolling sequence is determined
using matrix perturbation analysis. Then, a coupled model is established based on the ARIMA and
RSDGM(1,1) models; the coupled prediction is achieved at the intersection of the time-series data and
cross-sectional data, and the weights are determined using grey relational analysis. Finally, numerical
experiments on 16 groups of cross-sectional data show that the RSDGM(1,1) model has good
adaptability and stability and can effectively predict changes in traffic flow. The performance
of the coupled model is also better than that of the benchmark model, the coupled model with equal
weights and the Bayesian combination model.

Keywords: grey coupled model; panel data characteristics; rolling seasonal grey model (RSDGM(1,1));
cycle truncation accumulated generating operation (CTAGO); nearness grey relational degree;
traffic flow prediction

1. Introduction

Traffic flow prediction, particularly with regard to urbanization in China, has attracted the
attention of scholars over the past 20 years. Traffic flow prediction is a key problem in the development
of advanced traveler information systems (ATIS) and advanced traffic management systems (ATMS),
which can provide accurate traffic information that can be used in traffic management signal system
optimization. To address the complex characteristics of traffic flow, many theories are used for traffic
flow prediction, from classical mathematical physics models to support vector machines (SVMs) and
other evolutionary algorithms. New methods and techniques for improving the prediction accuracy are
continuously presented [1,2]. Currently, many methods such as the regression method [3,4], time-series
analysis [5,6], Kalman filter [7], grey model [8,9], spectral analysis [10,11], chaos theory [12], time-space
model [13,14], neural network [15] and SVM [16,17] are widely used in traffic flow prediction.

Many studies have shown that urban traffic flow has a cyclical pattern, including intra-day
trends and weekly trends [6,10,18]. The traffic flow series observed from the same site over several
consecutive days shows an intra-day trend following an M-shaped curve. Kamarianakis et al. [3] used
smooth-transition regressions to characterize the daily cycles of urban traffic flow. Chen et al. [19]
analyzed the retrieval of intra-day trends for traffic flow series to address missing data and to improve
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traffic predictions. The weekly seasonality of traffic flow has been recognized and used by many
scholars. Williams and Hoel [6] revealed the weekly seasonality of traffic flow and improved the
traffic prediction using a 1-week lagged first seasonal difference. Tang et al. [20] proposed a hybrid
prediction approach based on the weekly seasonality of traffic flow for different temporal scales,
predicted future data using double exponential smoothing, and estimated the residual data using
SVM. Zou et al. [21] considered the cyclical characteristics of freeway speed data by introducing a
trigonometric regression function to capture the periodic component. Furthermore, the weekly cycle of
traffic emissions revealed by Barmpadimos et al. [22] also reflect the weekly seasonality of traffic flow.

To excavate and utilize more information and to achieve better prediction, many studies have
proposed the aggregation model to forecast short-term traffic flow. Zhang et al. [23] combined the
seasonal autoregressive integrated moving average (SARIMA) and SVM models to predict traffic flow.
Wang et al. [24] used the Bayesian combination method to integrate the results from autoregressive
integrated moving average (ARIMA), Kalman filter and back propagation neural network predictions.
Guo et al. [7] used the Kalman filter to calculate the real-time forecast of traffic flow under the
seasonal autoregressive integrated moving average plus generalized autoregressive conditional
heteroscedasticity (SARIMA + GARCH) structure. Zhang et al. [10] analyzed the intra-day trends,
the deterministic part and the volatility components of traffic data and introduced spectral analysis
techniques, ARIMA and GARCH models to predict these aspects of the data, respectively. Moreover, a
hybrid empirical mode decomposition and autoregressive integrated moving average (EMD-ARIMA)
approach was used to predict the short-term traffic speed on freeways [25]. However, most of the
above models focus on the characteristics of nonlinearity, volatility and periodicity in a single time
series but fail to take advantage of the characteristic information of more dimensions of traffic flow
data, which may affect the prediction results.

Traffic flow data also have panel data characteristics outside of the one-dimensional time
series [11]. Panel data for traffic flows can be thought of as multi-day traffic obtained over multiple
time intervals for the same site. When recording traffic flow data, the data collected on the same day
(e.g., 24 data points in 24 h) are time-series data, and the data that are collected at the same time interval
(e.g., 7:00–8:00) are cross-sectional data. This data composes the H × D matrix pattern of data storage,
referred to as panel data, where H is the number of time intervals in each day and D is the number
of days in the historical data set. The ‘panel data’ presented here differs in meaning from the panel
data used in economics, but the data are acquired and stored in the same way. The cross-sectional data
is essentially considered to be a particular set of time-series data arranged in a horizontal direction.
The cross-sectional data for the same time interval on multiple days show the weekly trends of the
traffic flow, whereas the time-series data show the intra-day trends. Recently, based on these two traffic
flow trends, Tan et al. [26] used the moving average (MA) model to predict intra-week trends and
used the ARIMA model to predict intra-day trends; then, the two trends were aggregated by neural
networks. Qiu [27] proposed a double cycle seasonal autoregressive integrated moving average model
using two different ARIMA models to predict the intra-day trends and the weekly seasonality trend and
then used an improved Bayesian algorithm to combine the models. All of the above models achieved
good results. We found that constructing the model using the time-series data and the cross-sectional
data of the traffic flow is an effective coupled forecasting method.

The studies of traffic flow with panel data characteristics have revealed an interesting finding:
the cross-sectional data exhibits, in addition to the intra-week trend, a clear characteristic of limited
data. All of the cross-sectional data, regardless of whether for 1 h flow or a shorter time interval flow,
can only produce seven data points per week and only 28 data points within 4 weeks. Stale data
loses its freshness and is no longer effective due to the interference of weather and other factors.
We found that the grey system model was very suitable for tapping the inherent rules of this limited
data. The grey prediction model has previously been successfully applied in the transportation field.
Mao et al. [9] constructed a simple trigonometric grey GM(1,1) model for traffic flow forecasting.
Guo et al. [8] established a delay and nonlinear grey model for urban road short-term traffic flow
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forecasting. Lu et al. [28] developed an optimized nonlinear grey Bernoulli model for traffic flow
prediction. Yang and Liu [29] used grey numbers and grey sets to represent uncertainties in travel
time. Bezuglov and Comert [30] established the GM(1,1) model and grey Verhulst model with Fourier
error corrections for short-term traffic speed and travel time predictions. René S. et al. [31] developed
an improved grey GM(1,4) model for German traffic safety predictions. Recently, a seasonal discrete
grey model based on the cycle truncation accumulated generating operation (CTAGO) proposed by
Xia [32] was successfully used in the seasonal forecasting of fashion retail. The model accurately
captures the seasonal and limited data characteristics of fashion sales, which have a strong similarity
to cross-sectional traffic flow data. The CTAGO can be used to address the intra-week trends of the
cross-sectional traffic flow data. These studies show that the grey system theory has good performance
for short-term traffic flow forecasting; however, it has not been used for prediction of traffic flow
cross-sectional data with intra-week trends. Moreover, grey relational analysis, which is another active
branch of grey system theory, has been successfully applied to management science and industrial
control in practice [33,34]. Zhang et al. [35] used grey relational analysis for traffic congestion clustering
judgment and obtained good results.

In summary, it is very meaningful to study the traffic flow prediction problem with panel data
characteristics. Unlike the previous double time-series prediction, time-series data are predicted
using the ARIMA model, and cross-sectional data are predicted using the proposed rolling seasonal
grey forecasting model (RSDGM(1,1)) due to the characteristics of intra-week trends and limited
data. Then, a coupled model is established to couple the time-series and cross-sectional data at the
intersection, using the grey relational analysis to identify the weights. Finally, a case study is given.

The remaining parts of this paper are organized as follows: In Section 2, the fundamental theories
of the grey prediction model are introduced, and a new RSDGM(1,1) based on the CTAGO is proposed.
In Section 3, the RSDGM(1,1)-ARIMA coupled model is proposed, and grey relational analysis is used
to identify the weights. In Section 4, numerical examples and experimental results are provided and
discussed. Finally, in Section 5, some conclusions are provided based on the results.

2. Fundamental Theories

Grey system theory was founded by Deng Julong (1982) [36]. Since then, grey prediction
theory and grey relational analysis have developed and matured rapidly; they have also been
widely applied to analyses, models, predictions, decision making, and control of various systems.
Grey system modeling finds the internal regularity of a given data series by accumulating operations.
DGM(1,1), the discrete grey model with a first-order differential equation and one variable, has been
shown to be equivalent to the GM(1,1) model under given conditions and to be simpler to use [37].
Xie and Liu discussed in detail the basic principles of DGM(1,1) [38], which has been widely used
recently [32,39–41]. Here, we give a concise basic process of DGM(1,1).

2.1. DGM(1,1) Model

Assume that x(0) = (x(0)(1), x(0)(2), · · · , x(0)(n))
T

is an original, non-negative sequence.
The basic idea of the grey model is to find the internal regularity of a time series with limited data by
accumulating operations. The most basic first-order accumulated generating operation (1-AGO) is
defined as follows:

x(1)(k) =
k

∑
i=1

x(0)(i), k = 1, 2, · · · n. (1)

Its 1-AGO sequence is x(1) = (x(1)(1), x(1)(2), · · · , x(1)(n))
T

.
Then, the DGM(1,1) model [38] is:

x(1)(k + 1) = β1x(1)(k) + β2 (2)
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Its parameter estimation is β̂ = [β1, β2]
T = (BT B)−1BTY, where

Y =


x(1)(2)
x(1)(3)

...
x(1)(n)

, B =


x(1)(1) 1
x(1)(2) 1

...
...

x(1)(n− 1) 1

.

The solution (or time response function) of the DGM(1,1) model is given by:

x̂(1)(k + 1) = (x(0)(1)− β2

1− β1
)βk

1 +
β2

1− β1
(3)

The restored values of x(0)(k) can be given by:

x̂(0)(k + 1) = (β1 − 1)(x(0)(1)− β2

1− β1
)βk−1

1 (4)

2.2. The CTAGO Operator and Its Properties

When the original sequence is a seasonal sequence, the oscillation of the data causes the original
sequence to be unable to effectively meet the smooth ratio of the grey modeling condition; thus, the
prediction results appear to have a large deviation. Therefore, the CTAGO is introduced to obtain a
better grey modeling smooth ratio condition.

Set q as the periodic value of the seasonal original raw sequence x(0); then, define the CTAGO [32]
as follows:

y(0)(k) = CTAGO(x(0)(k)) =
q

∑
j=1

x(0)(k + j− 1) , ∀k = 1, 2, · · · n− q + 1. (5)

If r = n− q + 1, then y(0) = (y(0)(1), y(0)(2), · · · , y(0)(r))
T

is denoted as the CTAGO sequence.
To investigate the relationship between the CTAGO sequence and the original sequence, we have

the following:

y(0)(k + 1)− y(0)(k) =
q

∑
j=1

x(0)(k + j)−
q

∑
j=1

x(0)(k + j− 1)= x(0)(k + q)− x(0)(k).

Thus,
y(0)(k + 1)− y(0)(k) = x(0)(k + q)− x(0)(k) (6)

Equation (6) shows that the difference information of the CTAGO sequence y(0) is equal to the
cycle difference information of the corresponding data in the seasonal original data series, which is the
basis of the GM(1,1) modeling data restored values.

On the other hand, given ∀k = 1, 2, · · · n− q+ 1, if x(0)(k+ q) > x(0)(k), then y(0)(k+ 1) > y(0)(k);
if x(0)(k + q) < x(0)(k), then y(0)(k + 1) < y(0)(k).

Combined with Equation (6) and the above analysis, if the original sequence has periodic
oscillation, the CTAGO operator also has periodic oscillation. However, the CTAGO operator can
weaken the oscillation of the original sequence, resulting in a relatively flat CTAGO sequence. Then, the
CTAGO sequence can satisfy the smooth ratio of grey modeling in a given condition, which has the
following properties:

Property 1. Assume that ∀k = 1, 2, · · · , n− q, q ≥ 3, M = 1
q+1 (x(0)(k) + x(0)(k + 1) + · · ·+ x(0)(k + q)),

M = max
{

x(0)(k), · · · , x(0)(k + q)
}

, and m = min
{

x(0)(k), · · · , x(0)(k + q)
}

.
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If M < 3
2 M, m > 1

2 M and the smooth ratios ρy(k) =
y(0)(k)

k−1
∑

i=1
y(0)(i)

∈ ( 1
q−0.5 , 1

2 ), then the smooth ratios

satisfy the condition of the quasi-smooth sequence:

ρy(k + 1)
ρy(k)

< 1, k = 3, 4, · · · n− q− 1,

The CTAGO sequence is a quasi-smooth sequence, which satisfies the conditions of DGM(1,1)
grey modeling.

Proof. ρy(k+1)
ρy(k)

= y(0)(k+1)
k
∑

i=1
y(0)(i)

/ y(0)(k)
k−1
∑

i=1
y(0)(i)

= y(0)(k+1)
y(0)(k)

·

k−1
∑

i=1
y(0)(i)

k−1
∑

i=1
y(0)(i)+y(0)(k)

To prove ρy(k+1)
ρy(k)

< 1, that is, y(0)(k + 1) ·
k−1
∑

i=1
y(0)(i) < y(0)(k)(

k−1
∑

i=1
y(0)(i) + y(0)(k)), we need to

prove y(0)(k+1)−y(0)(k)
y(0)(k)

< y(0)(k)
k−1
∑

i=1
y(0)(i)

= ρy(k)

According to Equation (6), y(0)(k+1)−y(0)(k)
y(0)(k)

= x(0)(k+q)−x(0)(k)
x(0)(k)+···+x(0)(k+q−1)

If x(0)(k + q) − x(0)(k) < 0, the conclusion is clearly established; if x(0)(k + q) − x(0)(k) > 0,

by M < 3
2 M, m > 1

2 M, y(0)(k+1)−y(0)(k)
y(0)(k)

= x(0)(k+q)−x(0)(k)
(q+1)M−x(0)(k+q)

< M−m
(q+1)M−M

< 1.5M−0.5M
(q+1)M−1.5M

= 1
q−0.5

Because the smooth ratios of the CTAGO sequence ρy(k) ∈ ( 1
q−0.5 , 1

2 ),

y(0)(k + 1)− y(0)(k)
y(0)(k)

<
y(0)(k)

k−1
∑

i=1
y(0)(i)

= ρy(k)

Under the given conditions of property 1, the traffic flow cross-sectional data cycle is q = 7,
and the fluctuation range of the data is m > 1

2 M, M < 3
2 M. When the smooth ratios of the CTAGO

sequence are ρy(k) ∈ ( 1
6.5 , 1

2 ) = (0.1538, 0.5), the CTAGO sequence is a quasi-smooth sequence, which
satisfies the conditions of DGM(1,1) grey modeling. However, the original cross-sectional data series
does not satisfy the conditions of a quasi-smooth series, which is verified in the numerical experiment.

2.3. The DGM(1,1) Model of the CTAGO Operation

For CTAGO sequence y(0) = (y(0)(1), y(0)(2), · · · , y(0)(r))
T

, we can obtain its 1-AGO sequence

y(1) = (y(1)(1), y(1)(2), · · · , y(1)(r))
T

, where

y(1)(k) =
k

∑
i=1

y(0)(i), k = 1, 2, · · · , r (7)

Based on Equations (5) and (7), we can obtain:

y(1)(k) =
k

∑
i=1

y(0)(i) =
k

∑
i=1

q

∑
j=1

x(0)(i + j− 1), k = 1, 2, · · · , r (8)
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If we mark A =


1 0 0 · · · 0
1 1 0 · · · 0
1 1 1 · · · 0
...

...
...

...
1 1 1 · · · 1


r

and G =


1 1 · · · 1 0 · · · 0 0 · · · 0
0 1 1 · · · 1 · · · 0 0 · · · 0
...

...
...

...
...

...
...

...
...

0 0 0 0 0 · · · 1 1 · · · 1


r×n

, the

corresponding matrix expressions can be obtained as y(0) = Gx(0) and y(1) = Ay(0) = AGx(0).
For the CTAGO sequence y(0), its DGM(1,1) model can be given by

y(1)(k + 1) = β1y(1)(k) + β2 (9)

The parameter identification has the following theorems:

Theorem 1. If P = (β1, β2)
T , Y =


y(1)(2)
y(1)(3)

...
y(1)(r)


r−1

, B =


y(1)(1) 1
y(1)(2) 1

...
...

y(1)(r− 1) 1


(r−1)×2

, and the DGM(1,1)

model parameter identification of the CTAGO sequence y(0) is

P = (BT B)
−1

BTY= ((A2G2M)T A2G2M)
−1

(A2G2M)T A1GX,

where

B =


1 0 · · · 0
1 1 · · · 0
...

...
. . .

...
1 1 · · · 1


r−1


1 1 · · · 1 0 · · · 0 0 · · · 0
0 1 · · · 1 1 · · · 0 0 · · · 0
...

...
...

...
...

...
...

...
...

0 0 0 0 0 · · · 1 1 · · · 1


(r−1)×(n−1)

·


x(0)(1) 1
x(0)(2) 0

...
...

x(0)(n− 1) 0

 , A2 · G2 ·M,

Y =


1 1 0 · · · 0
1 1 1 · · · 0
...

...
...

...
1 1 1 · · · 1


(r−1)×r

·


1 1 · · · 1 0 · · · 0 0 · · · 0
0 1 1 · · · 1 · · · 0 0 · · · 0
...

...
...

...
...

...
...

...
...

0 0 0 0 0 · · · 1 1 · · · 1


r×n

·


x(0)(1)
x(0)(2)

...
x(0)(n)

 , A1 · G · X.

Proof. Based on y(1)(k + 1) = β1y(1)(k) + β2, k = 1, 2, · · · , r− 1, we have Y = BP, that is,
y(1)(2)
y(1)(3)

...
y(1)(r)


r−1

=


y(1)(1) 1
y(1)(2) 1

...
...

y(1)(r− 1) 1


(r−1)×2

·
(

β1

β2

)
,

by

Y =


y(1)(2)
y(1)(3)

...
y(1)(r)


r−1

=


1 1 0 · · · 0
1 1 1 · · · 0
...

...
...

...
1 1 1 · · · 1


(r−1)×r

·


y(0)(1)
y(0)(2)

...
y(0)(r)


r

=


1 1 0 · · · 0
1 1 1 · · · 0
...

...
...

...
1 1 1 · · · 1


(r−1)×r

·


1 1 · · · 1 0 · · · 0 0 · · · 0
0 1 1 · · · 1 · · · 0 0 · · · 0
...

...
...

...
...

...
...

...
...

0 0 0 0 0 · · · 1 1 · · · 1


r×n

·


x(0)(1)
x(0)(2)

...
x(0)(n)

 = A1 · G · X,
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and

B =


y(1)(1) 1
y(1)(2) 1

...
...

y(1)(r− 1) 1


(r−1)×2

=


1 0 · · · 0
1 1 · · · 0
...

...
. . .

...
1 1 · · · 1


r−1


y(0)(1) 1
y(0)(2) 0

...
...

y(0)(r− 1) 0


(r−1)×2

=


1 0 · · · 0
1 1 · · · 0
...

...
. . .

...
1 1 · · · 1


r−1


1 1 · · · 1 0 · · · 0 0 0 0
0 1 1 · · · 1 · · · 0 0 0 0
...

...
...

...
...

...
...

...
...

0 0 0 0 0 · · · 1 1 · · · 1


(r−1)×(n−1)

·


x(0)(1) 1
x(0)(2) 0

...
...

x(0)(n− 1) 0

 = A2 · G2 ·M

The matrix form of the DGM(1,1) model Y = BP can be rewritten as

A1GX = A2G2M · P

Using the least squares method, the parameter solution is transformed into:

min‖A1GX− A2G2M · P‖2 = min(A1GX− A2G2M · P)T(A1GX− A2G2M · P)

Using the derivation formula of the matrix, we have:

P =

(
β1

β2

)
= ((A2G2M)T A2G2M)

−1
(A2G2M)T A1GX.

Theorem 2. If B = A2G2M, Y = A1 · G · X, and (β1, β2)
T = ((A2G2M)T A2G2M)

−1
(A2G2M)T A1GX, then

(1) The solution of the DGM(1,1) model (Equation (9)) is given by

ŷ(1)(k + 1) = (y(0)(1)− β2

1− β1
)βk

1 +
β2

1− β1
(10)

(2) The time response function of the CTAGO sequence y(0) is given by

ŷ(0)(k + 1) = (β1 − 1)(y(0)(1)− β2

1− β1
)βk−1

1 (11)

(3) After the inverse operation, the solution of the corresponding seasonal original sequence x(0) is given by

x̂(0)(k + 1)= (β1 − 1)(y(0)(1)− β2
1−β1

)β
k−q
1 − y(0)(k− q + 1) + x(0)(k− q + 1), k = q, q + 1, · · · , n (12)

Proof.

(1) According to Equation (3), the following is clearly available:

(2) ŷ(0)(k + 1) = ŷ(1)(k + 1) −ŷ(1)(k) = (β1 − 1)(y(0)(1)− β2
1−β1

)βk−1
1 , k = 1, 2, · · · , n− 1.

(3) Based on property 1 and Equation (11), we have

x̂(0)(k + 1) =ŷ(0)(k− q + 2)−y(0)(k− q + 1) + x(0)(k− q + 1)
= (β1 − 1)(y(0)(1)− β2

1−β1
)β

k−q
1 − y(0)(k− q + 1) + x(0)(k− q + 1), k = q, q + 1, · · · , n.
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In Theorem 2, based on the CTAGO and the 1-AGO transform, the grey DGM(1,1) model of the
CTAGO sequence is established, which not only gives the solution of the CTAGO sequence but also
gives the solution of the seasonal original sequence. Equation (12) is called the solution of the seasonal
discrete grey forecasting model (SDGM(1,1)).

2.4. Rolling Grey Prediction Model: RDGM(1,1)

The rolling DGM(1,1) prediction model is a flexible extension of the DGM(1,1) model [42].
When the grey model is used to predict the traffic flow, the latest traffic information should be
updated in real time, and the influence of the old information should be reduced step by step. Because
the most recent data usually reflect the latest trends and characteristics of the object, in most cases,
the rolling algorithm can improve the prediction accuracy [43]. Therefore, the rolling algorithm is used
to keep the length of the data sequence unchanged, to constantly introduce new data, and to remove
old data. The rolling DGM(1,1) process can be described as follows:

Step 1 The sequence
{

x(0)(1), x(0)(2), · · · , x(0)(p)
}

is first used for DGM(1,1) modeling, and

x̂(0)(p + 1) is predicted;
Step 2 The information is updated in real time, new observations x(0)(p + 1) are introduced, and the

old information x(0)(1) is removed. The rolling sequence
{

x(0)(2), · · · , x(0)(p), x(0)(p + 1)
}

is

used for DGM(1,1) modeling, and x̂(0)(p + 2) is predicted;
Step 3 Step 2 is repeated until all the data points that need to be predicted have been obtained.

In the rolling DGM(1,1) prediction process, the length of the rolling data sequence is an important
parameter. If this parameter is too small, it may cause prediction distortion due to lack of information.
If the value is too large, it may cause data redundancy and will not be able to obtain the optimal effect.
In the next section, we focus on the problem of the rolling sequence length in RSDGM(1,1).

2.5. Rolling Seasonal Grey Model of CTAGO Sequences: RSDGM(1,1)

The CTAGO sequence of the original seasonal data can improve the smooth ratio of the modeling
sequence and expand the application range of the grey model. However, the DGM(1,1) model of
the CTAGO sequence is still a small sample data model, which needs to be improved in the longer
sequence. Wu [44–46] used matrix perturbation theory to explain the small sample data size of the
grey prediction model.

The literature [46] shows that when x(0)(t) is disturbed, the disturbance boundary L(x(0)(t)) of
the parameter is an increasing function of n. Thus, when n increases, the parameter perturbation
boundary increases, and the grey system model requires small sample modeling [46].

The rolling prediction model has better adaptability in practice and has been successfully applied
in the fields of energy, electricity and financial forecasting [37,42,43,47]. For more elements of the
seasonal traffic flow sequence, based on the idea of rolling metabolic prediction, the corresponding
equal dimension rolling metabolism grey model is established, which is called the RSDGM(1,1) model.
In the improved model, the key problem is determining the length of the rolling sequence so that it not
only contains the seasonal information of the original sequence but also meets the small sample data
modeling requirements of the grey model.

If the length of the seasonal original sequence data x(0) is n with a period of q, the length of its
CTAGO sequence is r = n− q + 1. Considering periodicity, we need r = n− q + 1 ≥ q. To meet the
new information priority principle, r needs to be identified as the minimum value q; thus, n = 2q− 1.

The following theorem uses Lemma 1 to explain the weight preference of the corresponding time
data of the previous period in the SDGM(1,1) model.
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Lemma 1. Suppose that x and x + h satisfy [46]

‖Bx−Y‖2 = min, ‖(B + ∆B)x− (Y + ∆Y)‖2 = min,

where B, ∆B ∈ Cm×n with m ≥ n and Y 6= 0, ∆Y ∈ Cm×n.

Let k+ = ‖B†‖2‖B‖, γ+ = 1− ‖B†‖2‖∆B‖2, and rx = Y− Bx, where B† is the pseudo-inverse of
matrix B. If rank(B) = rank(B + ∆B) = n and ‖B†‖2‖∆B‖2 < 1, then

‖h‖ ≤ k+
γ+

(
‖∆B‖2
‖B‖ ‖x‖+

‖∆Y‖
‖B‖ +

k+
γ+

‖∆B‖2
‖B‖

‖rx‖
‖B‖

)

Theorem 3. Assume that the length of the seasonal original sequence x(0) is n = 2q− 1 and that the length of its
CTAGO sequence y(0) is r = q. B and Y are the same as in Theorem 1. L(x(0)(t)) is the perturbation bound when ε

is regarded as a disturbance of x(0)(t) (t = 1, 2, · · · , n− 1, n). With Lemma 1, rank(B) = rank(B+∆B) = 2,
‖B†‖2‖∆B‖2 < 1. If ε 6= 0 and ‖B†‖2‖∆B‖2 < 1, then

L(x(0)(1)) < L(x(0)(2)) < · · · < L(x(0)(q)), L(x(0)(q)) > L(x(0)(q + 1)) > · · · L(x(0)(2q− 1));

that is, L(x(0)(q)) = max
{

L(x(0)(1)), L(x(0)(2)), · · · , L(x(0)(2q− 2)), L(x(0)(2q− 1))
}

.

Proof.

(i) If ε is regarded as a disturbance of x(0)(1), from Theorem 1,

Y + ∆Y1 = A1 · G ·


x(0)(1) + ε

x(0)(2)
...

x(0)(n)

 = Y + A1 · G ·


ε

0
...
0

, ∆Y1 = A1 · G ·


ε

0
...
0

 =


ε

ε
...
ε


r−1

,

B + ∆B1 = A2 · G2 ·


x(0)(1) + ε 1

x(0)(2) 0
...

...
x(0)(n) 0

 = B + A2 · G2 ·


ε 0
0 0
...

...
0 0

,

∆B1 = A2 · G2 ·


ε 0
0 0
...

...
0 0

 =


ε 0
ε 0
...

...
ε 0


(r−1)×2

, ∆BT
1 · ∆B1 =

(
(r− 1)ε2 0

0 0

)
,

Therefore, ‖∆B1‖2 =
√

λmax(∆BT
1 ∆B1) =

√
r− 1|ε| =

√
q− 1|ε|, ‖∆Y1‖2 =

√
r− 1|ε| =√

q− 1|ε|, Thus,

L(x(0)(1)) = k+
γ+

(
‖∆B‖2
‖B‖ ‖x‖+

‖∆Y‖
‖B‖ + k+

γ+

‖∆B‖2
‖B‖

‖rx‖
‖B‖

)
= k+

γ+
|ε|
(√

q−1
‖B‖ ‖x‖+

√
q−1
‖B‖ + k+

γ+

√
q−1
‖B‖

‖rx‖
‖B‖

)
(13)

(ii) If ε is regarded as a disturbance of x(0)(2),

∆Y2 =


2ε

2ε
...

2ε


r−1

, ∆B2 =


ε 0

2ε 0
...

...
2ε 0


(r−1)×2

, ‖∆B2‖2 =
√

4q− 7|ε|, ‖∆Y2‖2 = 2
√

q− 1|ε|,
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Similarly,

L(x(0)(2))=
k+
γ+
|ε|
(√

4q− 7
‖B‖ ‖x‖+

2
√

q− 1
‖B‖ +

k+
γ+

√
4q− 7
‖B‖

‖rx‖
‖B‖

)
(14)

(iii) If ε is regarded as a disturbance of x(0)(t) (t = 3, · · · , q− 1, q), ∆Y and ∆B also change. Then,

‖∆Bt‖2 =

√√√√ t

∑
j=1

j2 + t2(q− t− 1)|ε|, ‖∆Yt‖2 =

√√√√ t

∑
j=2

j2 + t2(q− t)|ε|

When t = 3, · · · , q− 1, q,

L(x(0)(t))= k+
γ+
|ε|


√

t
∑

j=1
j2+t2(q−t−1)

‖B‖ ‖x‖+

√
t

∑
j=2

j2+t2(q−t)

‖B‖ + k+
γ+

√
t

∑
j=1

j2+t2(q−t−1)

‖B‖
‖rx‖
‖B‖

. (15)

Set f (t) =
t

∑
j=2

j2 + t2(q− t), g(t) =
t

∑
j=1

j2 + t2(q− t− 1).

If 2 ≤ t ≤ q and f (t)− f (t− 1) = (2t− 1)(q− t + 1) > 0, then g(t)− g(t− 1) = (2t− 1)(q− t) ≥ 0.
From Equations (13)–(16), we can obtain L(x(0)(1) < L(x(0)(2) < · · · < L(x(0)(q)).

(iv) If ε is regarded as a disturbance of x(0)(t) (t = q + 1, q + 2, · · · , 2q − 1, ), ∆Y and ∆B also
change; then,

‖∆Bt‖2 =

√√√√n−t

∑
j=1

j2|ε|( t = q + 1, q + 2, · · · , 2q− 2),‖∆B2q−1‖2 = 0, ‖∆Yt‖2 =

√√√√n−t+1

∑
j=1

j2|ε|;

thus,

L(x(0)(t))= k+
γ+
|ε|


√

n−t
∑

j=1
j2

‖B‖ ‖x‖+

√
n−t+1

∑
j=1

j2

‖B‖ + k+
γ+

√
n−t
∑

j=1
j2

‖B‖
‖rx‖
‖B‖

, L(x(0)(2q− 1))= k+
γ+

|ε|
‖B‖ (16)

By contrasting Equations (15) and (16), we can obtain:

L(x(0)(q)) > L(x(0)(q + 1)) > · · · L(x(0)(2q− 1)).

In summary, L(x(0)(q)) = max
{

L(x(0)(1)), L(x(0)(2)), · · · , L(x(0)(2q− 2)), L(x(0)(2q− 1))
}

.

Because x̂(0)(2q) = ŷ(0)(q + 1) − y(0)(q) + x(0)(q), Theorem 3 shows that under the same
perturbation situation, the parameter perturbation bound of x(0)(q) is the largest, which is the previous
period of x̂(0)(2q) in the corresponding time data. Therefore, x(0)(q) has the greatest impact on the
parameter estimates, which can be understood as the corresponding weight of the maximum. The equal
dimension RSDGM(1,1) rolling model calls attention to the new information priority of the grey model
and the periodic law of the original data.

When the sequence length of the RSDGM(1,1) model is determined, the prediction procedure of
the RSDGM(1,1) is shown in Figure 1.
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3. RSDGM(1,1)-ARIMA Coupled Model

For the time-series and cross-sectional traffic flow data, the intra-day trend of traffic flow for
typical time-series data has been widely studied, and the ARIMA model is widely used in traffic flow
time-series prediction. However, the proposed RSDGM(1,1) model is used to predict the cross-sectional
data due to its typical characteristics of limited data and seasonal fluctuations. Then, a coupled model
is established coupling the time-series and cross-sectional data at the intersection point, which is based
on the nearness grey relational degree to identify the weights.

3.1. ARIMA Model

For the time-series traffic flow data, the ARIMA model is used to determine the regression-type
relationship between the historical data and the future data, and a differencing technique is applied
for the non-stationary data.

The time series xt that we want to study is always non-stationary; by proper differencing, we can
obtain an ARIMA model [48] that is usually denoted as ARIMA (p, d, q):

ϕ(B)(1− B)dxt = C + θ(B)εt (17)
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where xt is the traffic flow series and B is the backshift operator Bnxt = xt−n;
ϕ(B) = 1 − ϕ1B − · · · − ϕPBP is the autoregressive coefficient polynomial of the

ARMA(p, q) model;
θ(B) = 1 − θ1B − · · · − θqBq is the moving smooth coefficient polynomial of the

ARMA(p, q) model;
d is the frequency difference; p is the lag order of AR; q is the lag order of MA; C is a constant;

and {εt} is the zero mean white noise sequences.

3.2. RSDGM(1,1)-ARIMA Coupled Model

The road traffic system is nonlinear, seasonal and uncertain; many single traffic flow models have
advantages and disadvantages and corresponding applicable conditions and scope. Therefore, the
comprehensive consideration of more factors and the use of a hybrid algorithm are important means
of improving the effectiveness of traffic flow prediction.

In this paper, traffic flow panel data are collected; RSDGM(1,1) is used to predict the cross-sectional
data that has weekly seasonal characteristics; and the ARIMA model is used to predict the time-series
data. Then, at the intersection, the predictive values of the two models are coupled. At time t + 1,
the predictive value of the cross-sectional data is Qs

t+1, its weight is ws
t , the prediction value of the

time-series data is Qa
t+1, and there is a weighted value of wa

t ; thus, the time-series and cross-sectional
data coupled prediction model is as follows:

Qt+1 = ws
t Qs

t+1 + wa
t Qa

t+1 (18)

The coupled algorithm uses the nearness grey relational degree [33,34] to identify the weight.
The definition of the nearness grey relational degree is as follows:

Definition 1. Assume that Xi = (xi(1), xi(2), · · · , xi(n)) and Xj = (xj(1), xj(2), · · · , xj(n)) [34].

Let Si − Sj =
∫ n

1 (Xi − Xj)dt; then,

ρij =
1

1 +
∣∣Si − Sj

∣∣ (19)

is called the nearness grey relational degree of Xi and Xj.
The single prediction model before time t + 1 is used to predict the performance of the integrated

q phase, reflecting its weight in the coupled model. The higher the nearness grey relational degree
is between the fitting value and the actual value of the single model, the greater the weight of the
coupled model is; conversely, its weight is smaller.

The weights in a Bayesian combined model depend on the predictive performance of all the
moments before time t + 1; in other combination models, the weights are determined by only the
prediction error of time t. In fact, according to the weekly seasonality of the cross-sectional data, taking
the predictive nearness grey relational degree of the q phase before the t + 1 moment as a weight
index can reflect the cycle information priority of the RSDGM(1,1) model, which is more in line with
the actual needs. In the literature [24], time-series data take the predictive nearness grey relational
degree of the q phase before t + 1 as a weight index, and good results have been achieved with q = 3, 5,
or 7. In conclusion, in the coupled model, both cross-sectional data and time-series data will take the
nearness grey relational degree in the q = 7 phase before t + 1 to identify the weights.

The coupled prediction model algorithm is as follows:

(1) The fitting value and real value sequence of the 7 time intervals before t + 1 are extracted from
the RSDGM and ARIMA model prediction periods, respectively:
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Qs = (Qs(t− q), Qs(t− q + 1), · · · , Qs(t)), Q̂s = (Q̂s(t− q), Q̂s(t− q + 1), · · · , Q̂s(t));
Qa = (Qa(t− q), Qa(t− q + 1), · · · , Qa(t)), Q̂a = (Q̂a(t− q), Q̂a(t− q + 1), · · · , Q̂a(t)).

(2) According to Equation (19), the corresponding nearness grey relational degree ρs
t and ρa

t are
obtained:

ρs
t =

1
1 +

∣∣Qs − Q̂s
∣∣ , ρa

t =
1

1 +
∣∣Qa − Q̂a

∣∣ ;
(3) The corresponding weighted coefficients in the coupled model are determined by the nearness

grey relational degree:
ws

t = ρs
t /(ρs

t + ρa
t ), wa

t = ρa
t /(ρs

t + ρa
t );

(4) Equation (18) is used to solve the time-series and cross-sectional data coupled prediction:

Qt+1 = ws
t Qs

t+1 + wa
t Qa

t+1.

The coupled model forecasting process diagram is as follows in Figure 2.
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4. Numerical Examples and Experimental Results

4.1. Data Description

The data used in the present study were measured on Shaoshan Road in Changsha, China.
The selected road is one of the busy arterial roads in Changsha; it is an 8-lane road, with 4 lanes in each
direction. The present study considered only the direction from south to north. At the intersection of
Shaoshan Road and Jiefang Road, four loop detectors located on the straight lane were used to obtain
the required traffic data. The traffic data was output by the SCATS Traffic Reporter system with a
5-min acquisition cycle [49]. Each detector collected 288 traffic data points per day. Flow data from
21 consecutive days (14 October to 3 November 2013) were collected from the loop detectors and used
for model development. The traffic flow data corresponding to 4 November 2013, was used for model
validation. For this study, we converted the raw data into hourly traffic flow with 24 data points per
day. The 3D display of the panel data is shown in Figure 3. Figure 4 shows that because the weekend
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traffic flow trend differs significantly from that of the working day, the cross-sectional data have a
significant weekly seasonality with a period of 7; the time-series data have obvious intra-day seasonal
trends with a period of 24.
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The model predictive performance evaluation used the absolute percentage error (APE) and
the mean absolute percentage error (MAPE) to describe the degree of deviation of the traffic flow
predictive value from the actual value. In addition, the equal coefficient (EC) was used to describe the
degree of fit of the prediction curve to the measured curve. x(k) are the measured values of traffic flow,
x̂(k) are the predicted values, and N is the number of data points. Then,

APE =
|x(k)− x̂(k)|

x(k)
× 100% (20)

MAPE =
1
N

N

∑
k=1

|x̂(k)− x(k)|
x(k)

× 100% (21)

EC = 1−

√
∑ (x̂(k)− x(k))2√

∑ (x(k))2 +
√

∑ (x̂(k))2
(22)
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4.2. Analysis of RSDGM(1,1) Model Prediction Results

The RSDGM(1,1) model is used to predict the cross-sectional traffic flow data. From the observed
data shown in Figure 4, each set of cross-sectional data has 21 sample values in the training set.
As the traffic flow forecasting is mainly for traffic management services, this paper focuses on 16 time
intervals from 6:00 to 22:00 each day. Correspondingly, we built 16 RSDGM(1,1) models on 16 different
cross-sections. The characteristic of rolling prediction is that in the seven data intervals used for model
fitting, after one step prediction, the oldest data point should be removed, and the most recent one
should be added. Due to the small amount of computation required, the rolling prediction does not
excessively increase the complexity but makes full use of the latest information.

Taking 21 sample values for a cross section as an example, the rolling model was
built according to the forecasting procedure shown in Figure 1. For the original sequence
x(0) = (x(0)(1), x(0)(2), · · · , x(0)(21)), q = 7, the Step 1–Step 8 rolling prediction obtained
x̂(0)(14), x̂(0)(15), · · · , x̂(0)(21). The MAPE of these values was measured as a model performance
criterion. The Step 9 rolling prediction obtained x̂(0)(22) compared with the validation data;
we calculated the APE of the predicted values for 4 November.

Table 1 shows the comparative analysis of the RDGM(1,1) and RSDGM(1,1) models for 16 different
cross-sectional data intervals. As shown in Figure 5, the RSDGM(1,1) model is better than the DGM(1,1)
model in 14 of the 16 sets of cross-sectional data.

Table 1. Forecast comparison of the RDGM(1,1) and RSDGM(1,1) models.

Cross-Sectional
Data Series Time Interval

RDGM(1,1) RSDGM(1,1)

Steps 1–8 Forecast
MAPE (%)

4 November
Forecast APE (%)

Steps 1–8 Forecast
MAPE (%)

4 November
Forecast APE (%)

1 6:00–7:00 0.1207 0.3515 0.1028 0.0379
2 7:00–8:00 0.4204 0.4584 0.0519 0.0292
3 8:00–9:00 0.1682 0.2598 0.0839 0.0829
4 9:00–10:00 0.0842 0.1055 0.0453 0.0581
5 10:00–11:00 0.0271 0.0372 0.0383 0.0526
6 11:00–12:00 0.0576 0.0764 0.0434 0.0714
7 12:00–13:00 0.0992 0.0722 0.0525 0.0101
8 13:00–14:00 0.0848 0.1361 0.0286 0.0294
9 14:00–15:00 0.0453 0.0885 0.0278 0.0165
10 15:00–16:00 0.0411 0.0258 0.0560 0.0458
11 16:00–17:00 0.0671 0.0436 0.0541 0.0357
12 17:00–18:00 0.0629 0.0777 0.0580 0.0537
13 18:00–19:00 0.0591 0.0195 0.0545 0.0275
14 19:00–20:00 0.0500 0.1564 0.0224 0.0568
15 20:00–21:00 0.0723 0.0577 0.0435 0.1108
16 21:00–22:00 0.0779 0.0736 0.0326 0.0074
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Table 2 shows that the RSDGM(1,1) model is more stable than the DGM(1,1) model. In the
16 groups of cross-sectional data, 14 groups had an average relative error of <6%; only 1 group reached
10.28%. However, the average relative error of the RDGM(1,1) model is more discrete; 7 groups were
in the range of (6%, 10%), 3 groups exceeded 10%, and the maximum relative error was 42.04%.

Table 2. The distribution of the MAPE values for the RDGM(1,1) and RSDGM(1,1) models.

MAPE (0%, 3%) (3%, 6%) (6%, 10%) (10%, 50%)

RDGM(1,1) 1 5 7 3
RSDGM(1,1) 3 11 1 1

Figure 6 shows the smooth ratio of the RDGM(1,1) and RSDGM(1,1) models for the two sets of
cross-sectional data. Figure 6a shows that for the 11th set of cross-sectional data, both models met the
quasi-smooth conditions and can be used for modeling. Figure 6b shows that the volatility of the 8th set
of data was the largest; the RSDGM(1,1) model met the quasi-smooth conditions, and the RDGM(1,1)
model did not meet the quasi smooth conditions. The forced modeling results were very poor.
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Figure 6. Smooth ratios of the fitting cross-sectional data of two models: (a) the 11th group; (b) the
8th group.

For the periodic volatile data series, comparative analysis shows that the CTAGO operator in the
RSDGM(1,1) model can improve the smooth ratio of the sequence to meet the modeling conditions of
the quasi-smooth sequence.

Figure 7 shows the prediction effect of the RDGM(1,1) and RSDGM(1,1) models on the two sets
of cross-sectional data. In Figure 7a, the daily 1-h traffic flow data in the 10:00–11:00 interval show
weaker cycle volatility; however, this situation is rare. In the 16 groups of cross-sectional data, at
least 14 groups show strong cycle volatility, as shown in Figure 7b. For the cross-sectional data of the
8th group, the RDGM(1,1) model cannot effectively capture the cyclical fluctuation; thus, the MAPE of
the fitting value reached 42.04%. Through the CTAGO operator, the RSDGM(1,1) model can effectively
reflect seasonal fluctuation; its MAPE is only 5.19%, which is far better than that of the RDGM(1,1)
model. In short, the results of the 16 groups of cross-sectional data analysis show that the RSDGM(1,1)
model has better adaptability and stability.
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Figure 7. The prediction effects of the cross-sectional data: (a) the 11th group; (b) the 8th group.

4.3. Analysis of the Coupled Model Prediction Results

In the coupled model based on the nearness grey relational degree, the RSDGM(1,1) model is
used to predict the cross-sectional data, and the ARIMA model is used for time-series forecasting.
Time-series prediction is based on 504 time interval data points for the historical data set to predict
the data for 4 November (Monday). After the test, the original data is not stable, but the first-order
difference is stable; thus, the ARIMA(5,1,5) is established. When both transverse and longitudinal
models are determined, the coupled prediction model is established in accordance with the algorithm
in Section 4.

In the coupled model, the weights are determined by the nearness grey relational degree between
the predictive values and the actual values of the q phase before t + 1 of the single model. The weight
of a single model is proportional to the nearness grey relational degree, and the higher the nearness
degree is, the greater the weight coefficient is. In a general combination model with the relative errors
as the weights, the weights and the errors are inversely proportional; that is, the smaller the error
is, the greater the weight is. As shown in Figure 8, the weight coefficients of the RSDGM(1,1) model
and the corresponding MAPEs of the 7 time intervals before t + 1 in the opposite state are consistent
with the general combination model. The weight coefficients are in the interval [0.45, 0.650], which
reflects the coupled effect of the time-series and cross-sectional data. In the extreme cases, individual
coefficients close to 0 or 1 do not appear.

Figure 9 shows the prediction effect of the coupled the ARIMA and RSDGM(1,1) models;
the prediction effect of the coupled model is better than that of the two baseline models. Figure 10
shows the relative error of the predicted values of the 3 models in the 16 time intervals for the time
period 6:00–22:00 on 4 November. The coupled model clearly improves the prediction effect of the
single model: the maximum error is less than 10%, and the average error is reduced to 4.02%. Thus, a
stable output is obtained.
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Figure 8. Comparative analysis of the weights of the RSDGM and the MAPE of the last 7 intervals.
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Table 3 shows the prediction results of the 3 models: the coupled model with the nearness
grey relational degree, the coupled model with equal weight and the Bayesian combination model.
The average relative error of the 3 models is better than that of the single benchmark model, and the
optimal result is obtained by the coupled model with the nearness grey relational degree.
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Table 3. Comparison of the various model prediction effects.

Model RSDGM(1,1) ARIMA Coupled Model
with Equal Weight

Bayesian
Combination Model

The Proposed
Coupled Model

MAPE 4.54% 6.68% 4.17% 4.44% 4.02%
EC 0.9732 0.9503 0.9738 0.9722 0.9743

5. Conclusions

In this paper, a traffic flow RSDGM-ARIMA coupled prediction model based on time-series and
cross-sectional data is established. To account for the weekly seasonality of the cross-sectional data,
a new RSDGM(1,1) based on the CTAGO, is developed; a full account of the limited data, nonlinear,
and seasonal characteristics of this data is provided. For the coupled process of the time-series and
cross-sectional data, a coupled model with a nearness grey relational degree is established, which
not only optimizes the prediction precision of the model but also fully considers the performance
of the two benchmark models in the coupled model. The smooth ratio condition of the RSDGM
model and the rationality of the weight distribution of the coupled model are verified in the numerical
experiments. We reach the following conclusions:

(1) For the weekly seasonality of the cross-sectional traffic flow data, the smooth ratio condition of
the DGM(1,1) model is optimized using the CTAGO operator. The experimental results show
that the CTAGO sequence can satisfy the quasi-smooth condition when the original seasonal
cross-sectional traffic flow data does not. This improvement extends the application scope of the
DGM(1,1) model and improves its prediction accuracy.

(2) A new RSDGM(1,1) based on the CTAGO is established. The CTAGO operator can transform the
seasonal fluctuation sequence of the traffic flow into a flat sequence, which can be used to achieve
a high precision DGM(1,1) rolling model. Based on matrix perturbation analysis, the length of
the sequence in the rolling model is determined, which not only achieves prediction with limited
cross-sectional data but also reflects the weight priority of the previous data cycle in the weekly
seasonal cross-sectional data.

(3) A coupled model is established in which the weights are determined by the nearness grey
relational degree. By using the nearness grey relational degree to identify the weights, the role of
the benchmark model is reflected; moreover, extreme weights do not appear in the intelligent
algorithm. The proposed coupled model not only obtains high precision prediction but also
considers the performance of the RSDGM(1,1) and ARIMA models in the coupled process.

The improved RSDGM model captures the intra-week seasonal and limited data characteristics of
the traffic flow cross-sectional data. Numerical experiments on 16 groups of cross-sectional data show
that the RSDGM(1,1) model has good adaptability and stability and can effectively predict the changes
in traffic flow. This model is a new attempt to determine the weight of the coupled process based on
the nearness grey relational degree. The performance of the coupled model is also better than that of
the benchmark model, the coupled model with equal weights and the Bayesian combination model.
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Abbreviations

The following abbreviations are used in this manuscript:

GM(1,1) Grey model with a first-order differential equation and one variable
DGM(1,1) Discrete grey model with a first-order differential equation and one variable
RDGM(1,1) Rolling DGM(1,1) model
RSDGM(1,1) Rolling seasonal DGM(1,1) model
x(0) The original non-negative observed sequence
y(0) Cycle truncation accumulated generating operator sequence
1-AGO First-order accumulated generating operation
CTAGO Cycle truncation accumulated generating operation
APE Absolute percentage error
MAPE Mean absolute percentage error
EC Equal coefficient
ARIMA Autoregressive integrated moving average model
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