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What good are DFAs?

T. 9 / 6

(Your response)

Draw a DFA that accepts the following language: 

L = {w | w is 010 or the length of w is even} 

You may want to practice on scratch paper first.



L = {w | w is 010 or the length of w is even}

Did you write some test cases? 
Does it have an initial state and at least one accepting state? 
Does every state have a transition for 0 and a transition for 1? 
Does it accept the empty string? 
Does it accept 0100 and 0101? 
Does it have at least 6 states?



Where are we? 
We wanted to come up with a precise 

definition for the word computer. 
We’ve got a candidate definition:  

DFAs / FSMs. 
We want to know how good  

this definition is.



DFAs are useful! They’re everywhere!
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Biomolecular logic devices can be applied for sensing and nano-
medicine. We built three DNA tweezers that are activated by
the inputs Hþ∕OH−; Hg2þ∕cysteine; nucleic acid linker/complemen-
tary antilinker to yield a 16-states finite-state automaton. The
outputs of the automata are the configuration of the respective
tweezers (opened or closed) determined by observing fluorescence
from a fluorophore/quencher pair at the end of the arms of the
tweezers. The system exhibits a memory because each current
state and output depend not only on the source configuration
but also on past states and inputs.

biocomputing ∣ DNA machines ∣ sensor ∣ chemical recognition ∣
chemical input

Supramolecular systems that can be instructed by external
triggers and interact with biological systems attract growing

interest. Such combined assemblies hold the promise for future
nano-medical and bioengineering applications (1–3). In particu-
lar, the base sequence in DNA enables recognition and self-
assembly. We use these properties to operate a molecular assem-
bly of “tweezers” that can be opened or closed by external inputs.
The machine processes the inputs depending on its internal state
and delivers an output. Such a machine is defined as an automa-
ton. Indeed, the structural and functional information encoded
in biomolecules such as DNA (4), DNAzymes (5, 6), ribozymes
(7), DNA/protein hybrids (8), and enzymes (9) has been imple-
mented to develop logic gates (10) and finite automata (11). The
use of these logic devices to control gene expression (12), and to
process intracellular information (13), was demonstrated. Also,
programmed nucleic acid structures were used to design DNA
machines (14–17), and supramolecular DNA nanostructures per-
forming “walker,” (18–22), “tweezers” (23–26), and “gear” (27)
functionalities were reported, using nucleic acid strands, apta-
mer–substrate complexes (28), or pH (29, 30) as triggers (inputs)
for the activation of DNA machinery devices. Previous studies
described DNA–protein automata, and the advantages of an
all-DNA automata device were theoretically addressed (31).
The present study presents unique enzyme-free DNA automata,
based on the use of new chemical inputs (Hg2þ∕cysteine and
Hþ∕OH−) that require detailed design of the recognizing nucleic
acids. There are eight possible configurations of the three twee-
zers (open/closed for each). A configuration is deemed an output
of the system and is determined by reading out the fluorescence
signals of the tweezers. These configurations change when inputs
are provided; however, the next configuration will depend not
only on the most recent input but on the past input history. There-
fore we introduce the notion of “state” that, combined with the
input, will uniquely determine the output and the next state. The
states are hidden, but they can be unambiguously assigned at each
step; as shown below, 16 states suffice to fully describe history-
dependent response of the system. Such response is found in
complex systems. For example, acquired magnetization of a
ferromagnetic material reflects its past physical treatment.

Results and Discussion
Fig. 1A presents the elements of the device. It consists of three
tweezers, α, β, γ, and six inputs (pH-acidic or basic; Hg2þ ions
or cysteine ligands complexing Hg2þ ions; and two complemen-

tary single stranded nucleic acids acting as linker/antilinker units).
Each of the tweezers may exist in the closed configuration “0” or
the open structure configuration “1.” Thus, the three tweezers
may generate eight different configurations (outputs); two config-
urations where all three tweezers are closed (000) or open (111),
respectively, three configurations consisting of one open tweezers
and two closed, and three configurations that include two open
tweezers and one closed. The general principles of the input-trig-
gered opening or closing of the tweezers and the readout of the
tweezers configuration are depicted in Fig. 1B. The tweezers con-
sist of two nucleic acid arms (I and II) bridged by a “reporter”
nucleic acid III that includes at its ends a fluorophore/quencher
pair. The arms I and II are further bridged by complementary base
pairing with the nucleic acid linker IV to form the closed tweezers.
The domains Ia and IIb in the arms I and II provide the recogni-
tion sites for the respective inputs.While the inputs of type I1 open
the tweezers and release the linker, the addressing of the open
tweezers with inputs of type I2 results in the association of the
linker to the arms and in the closure of the tweezers. The fluor-
escence resonance energy transfer (FRET) between the fluoro-
phore and quencher transduces the configuration of the tweezers.
While the proximity of the fluorophore/quencher pair in the
closed tweezers leads to effective quenching and low fluorescence
of the fluorophore, in the open configuration the fluorophore and
quencher are apart, leading to a less efficient quenching, and a
high fluorescence signal. By the labeling of each of the tweezers
with a specific fluorophore [ROXðF1Þ, Cy5.5ðF2Þ, Cy5ðF3Þ], the
configuration of the respective tweezers (open or closed) is opti-
cally read out by the respective fluorescence labels. The domains
Ia and IIb in the tweezers constructs are instructed to switch
between the closed and open configurations by the respective
inputs. The switching of tweezers α is exemplified in Fig. 2A. In
their closed configuration the tweezers include the arms Ia and IIb
bridged to the linker unit by Hg2þ ions through T-Hg2þ-T bonds

Fig. 1. (A) General scheme for the application of three-tweezers structures
and a set of counteracting inputs (I1 and I2) to yield eight different config-
urations (outputs) in a finite-state automaton. (B) General scheme for the
construction of the tweezers structure and its reversible opening/closure
by the counter inputs I1 and I2, respectively.
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Wouldn’t this be nice?

L = {w | w is 010 or the length of w is even}

or



Nondeterministic Finite Automaton

L = {w | w is 010 or the length of w is even}

“Lambda transitions” don’t consume input, they just change state. 

NFAs can be in more than one state at the same time.

compare to DFA



NFAs are a model of computation
The data are (bit) strings. 

The computation proceeds as follows: 

A state machine starts in an initial state. 

The machine: 

consumes one bit of input and takes  
every transition that applies 

AND 
takes every λ transition. 

The machine stops when the input is empty or when it 
cannot make progress. 

The machine accepts if it is in at least one accepting state.

the machine can be in  
multiple states at the same time



Draw these NFAs

(1) L = {w | w is 101 or w contains an even number of 0s} 

(2) L = {w | w starts and ends with 01}
should reject all strings  

whose length is less than 2

Write test cases first!!!! 
At least three strings accepted by the NFA.

At least three strings rejected by the NFA.



(1) L = {w | w is 101 or w contains an even number of 0s}

Write test cases first!!!! 
At least three strings accepted by the NFA.

At least three strings rejected by the NFA.



(2)L = {w | w starts and ends with 01}

Write test cases first!!!! 
At least three strings accepted by the NFA.

At least three strings rejected by the NFA.



Some definitions
An alphabet (Σ, pronounced “Sigma”) is a set of characters. 
The alphabet of bits: Σ = {0, 1} 
The alphabet of digits: Σ = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} 
The alphabet of lower-case English letters: Σ = {a, b, …, z} 

A string is a sequence of characters 
A bit string: 101010 
A digit string: 42 
A lower-case-English-letter string: fortytwo 

A language is a set of strings 
e.g., all bit strings of length 10 or smaller 
e.g., all digit strings that start with 4 
e.g., all the words defined in the Merriam-Webster dictionary 

An automaton is a computational model that accepts or 
“recognizes” a language.



And now for  
something different: 
regular expressions 

A shorthand notation for a language.
We skipped regular expressions. Don’t 
worry — we’ll come back to them!



Which would you rather use?

(1) NFAs 

(2) DFAs 

(3) Regular expressions 

(4) It depends



DFAs Regular 
Expressions≡

(regular languages)

NFAs ≡



What makes for a 
“good” DFA?



FSM Minimality: intuition

• What does it mean to have “not enough states”? 
• How does each state contribute to the language accepted 

by the FSM? 
• What’s the difference between (paths to) accepting states 

and (paths to) rejecting states?

state ~ fate 
strings with different fates  
must be in different states



DFA Minimality: intuition

state ~ fate 
strings with different fates  
must be in different states


so: let’s distinguish states based on fates



of two strings

Distinguishability

Two strings w1, w2  are distinguishable if 
there is some other string z such that  
w1 z ∈ L and w2 z ∉ L.

L = {w | w’s length is divisible by 3} 1 and 11 are distinguishable: 
w1  =  1 
w2  =  11 
z  =  1 
w1z  =  	11	∉	L 
w2z  =  111	∈	L

“distinguishing extension”



of a set of strings

Pair-wise distinguishability

L = {w | w’s length is divisible by 3}

A set S = {w1, w2, … wn}  
is pairwise distinguishable for a language L if 
every pair of strings wi ≠ wj is distinguishable. 

w1 w2 w3

λ 1 11

w1 λ n/a 11 1

w2 1 redundant n/a 1

w3 11 redundant redundant n/a

The set {λ,	1,	11} is  
pair-wise distinguishable:



Distinguishability theorem

If a set S = {w1, w2, … wn} (i.e., a set of size n)  
is pairwise distinguishable for a language L, then 
any DFA that accepts L must have at least n states. 

L = {w | w’s length is divisible by 3}

w1 w2 w3

λ 1 11

w1 λ n/a 11 1

w2 1 redundant n/a 1

w3 11 redundant redundant n/a

L requires at least 3 states.



Distinguishability theorem

L = {w | the third bit in w is a 1} 

If a set S = {w1, w2, … wn} (i.e., a set of size n)  
is pairwise distinguishable for a language L, then 
any DFA that accepts L must have at least n states. 

w1 w2 w3 w4 w5

λ 1 11 111 000
w1 λ n/a
w2 1 n/a n/a
w3 11 n/a n/a n/a
w4 111 n/a n/a n/a n/a
w5 000 n/a n/a n/a n/a n/a

L requires at least 5 states.

Here’s a practice problem that we 
didn’t see in class.

(Solution on the next slide)



Distinguishability theorem

L = {w | the third bit in w is a 1} 

If a set S = {w1, w2, … wn} (i.e., a set of size n)  
is pairwise distinguishable for a language L, then 
any DFA that accepts L must have at least n states. 

w1 w2 w3 w4 w5

λ 1 11 111 000
w1 λ n/a 001 001 λ 001
w2 1 n/a n/a 01 λ 01
w3 11 n/a n/a n/a λ 1
w4 111 n/a n/a n/a n/a λ
w5 000 n/a n/a n/a n/a n/a

L requires at least 5 states.


