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Background. Thrombotic vascular occlusion is one
of the main complications that can occur during microsurgical anastomosis and is frequent when the
blood becomes turbulent. The aim of this ex vivo study
was to test the use of nonlinear mathematical tools to
detect turbulence flow upstream and downstream of
an arterial stenosis and of a microsurgical anastomosis technique in arteries with diameters in the range
of microsurgical practice.
Materials and methods. Rat carotid arteries (0.8 to
1.2 mm diameter) were transferred to a flow chamber
and perfused with Krebs solution. An oscillated vascular flow was initiated with a peristaltic pump and a
transit time flowmeter was used to measure flow with
two probes. An arterial stenosis was created by a ligature and progressively increased ranging from 0 to
95%. For each flow signal three nonlinear analytical
procedures were applied: time-delayed procedures,
correlation dimension, and computing of the largest
Lyapunov exponent.
Results. Our results indicated that the level of turbulence flow is correlated with the area reduction stenosis. In the range of 60 –95% area reduction stenosis,
we noted an experimental increase of turbulence flow.
We also founded that a classical end-to-end anastomosis technique induced an increase of the turbulence
flow in comparison with a control artery.
Conclusions. Thus nonlinear analysis can be useful
in characterizing the complexity of an oscillated flow
in small arteries submitted to stenosis or microsurgical anastomosis and may have clinical uses in de-

INTRODUCTION

The avoidance of thrombotic vascular occlusions is a
crucial problem for the vascular surgeon during and
after microsurgical anastomosis. Unlike the quasilaminar oscillated regime observed in a rectilinear artery, an arterial stenosis or a microsurgical anastomosis generates a turbulent, chaotic blood flow, and
therefore facilitates fast thrombosis of the intervention
[1– 4]. In addition, thrombotic growth increases the
turbulence rate of the fluid regime [5, 6]. It would be
useful to be able to predict more precisely the real
effect of the quality and type of microsurgical anastomosis on blood hemodynamics not only in a quantitative but also in a qualitative manner and hence on the
quality of tissue perfusion. Following early work on
nonlinear dynamic systems by Poincaré, Lorenz defined the dynamic of a chaotic system as “sensitive to
initial conditions.” Regarding the analysis of blood flow
dynamics Ruelle and co-workers [7, 8] demonstrated
that hydrodynamic turbulence is associated with a chaotic behavior and cannot be adequately analyzed by
Fourier analysis, requiring specific nonlinear mathematical tools for nonlinear analysis [see 9 –13 for details on methods]. Reynold’s number and Womersley
number are more familiar concepts for surgical researchers. However, a large amount of recent re-
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FIG. 1.

Details of the polycarbonate flow chamber with the artery inside.

searcher has stressed that the use of other parameters
are more adequate for characterizing turbulence in the
case of pulsatile flow in a collapsible or viscoelastic
tube [11, 14, 15]. The nonlinearity of a dynamic system
means that some system variables, as well as their
temporal derivatives, are coupled nonlinearly and are
unpredictable. In such nonlinear dynamic systems a
tiny difference in initial conditions of two trajectories
grows exponentially with time. However, such unpredictable behavior does not exclude the presence of an
underlying order, capable of analysis by nonlinear
mathematical techniques. Computational methods are
now available for characterizing and quantifying an
apparently random experimental time series, thereby
distinguishing deterministic chaos from stochastic
noise [16, 17]. The correlation dimension and the largest Lyapunov exponent are the two parameters used to
characterize the chaotic behavior of a turbulent system
[7, 8, 10] and were used in this study [18, 19]. In
medical physiology, Griffith and co-workers [20, 21]
used these analytical procedures to observe the effects
of specific pharmacological interventions on blood pressure and microcirculation vasomotion. Wagner and coworkers [22, 23] determined in the same way whether
or not arterial blood pressure was governed by a chaotic control system. The aim of the present study was to
test the use of nonlinear techniques for hydrodynamic
microsurgical vascular research, to allow future estimation of the effect of different microsurgical techniques on microvascular hemodynamics [24]. To facilitate control of flow parameters and reduce
homeostatic influences, we used rat carotid arteries
perfused ex vivo in a flow chamber at constant pressure
in order to evaluate the relationship between the level
of turbulence and the degree of stenosis.

MATERIALS AND METHODS

Animal Preparation
Thirty wistar male rats weighing 350 to 450 g were chosen because
of the similar scale of rat artery diameter and human artery diameter observed in microsurgery. Three groups of 10 rat carotid arteries
were studied: In group 1, carotid arteries were used as control. In
group 2, variable arterial stenosis from 0 to 90% was used. In group
3 we underwent standard end-to-end anastomosis with six stitches of
10.0 nylon. Animals were housed and cared for in accordance with
our institution’s guidelines. They were anesthetized intraperitoneally with 50 mg/kg sodium pentobarbital. Body temperature was
maintained with a homeothermic blanket control unit (Harvard).
The left cervical area was shaving with electric clippers and disinfected with betadine, and the cervical vasculature exposed via a
longitudinal incision. The left carotid artery (0.8 to 1.2 mm in diameter) was then dissected atraumatically along its entire length. The
proximal end of the artery was identified, to maintain the direction
of the normal flow through the artery after mounting.

Perfusion System
A perfusion system based on that developed by Labadie et al. [25]
was used (Fig. 1). The constant-flow head is generated by a pulsatile
pump (Masterflex pump, Cole-Parmer Instrument Company, Chicago, IL). Perfusion frequency was maintained constant and the
pulsatile rate was chosen to be 2 Hz as previously used by Low and
Chew [26] in their study. Flexible silicone tubes were used (Silastic,
No. 601-325/0.104 in. i.d., 0.192 in. o.d./HH109226/Dow Corning
Corporation, Medical Products, Midland, MI). Perfusates were collected in a downstream reservoir, which served as both a sampling
port and an inlet to the centrifugal pump. Thirty seconds after
dissection, arteries were carefully and immediately transferred to
the polycarbonate flow chamber containing Krebs solution, thermostated at 37°C, and oxygenated (95% O 2, 5% CO 2). The solution was
constantly renewed to maintain the same pH and preserve physiological wall artery properties. The temperature inside and outside
the chamber was controlled by a circular heating coil and continuously monitored by a thermistor probe (Digi-sense, thermocouple
thermometer), inserted through the chamber wall and placed in the
bath. The proximal and distal ends of the artery were secured to
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Profile of the progressive arterial stenosis system used.

cannulas with cyanoacrylate glue. Axial length was fixed by viewing
the vessel under a dissecting microscope and adjusted by positioning
the distal cannula with the help of a micromanipulator (Prior Manipulators, Stoeling Co., IL). The flow chamber was placed on the
stage of a microscope (Wild Leitz, Germany) and a video system
(Video Camera CCD; VW-GL 350, Digital Panasonic, U.S.A.) to facilitate control of the stenosed area. Microsurgical 10.0 polypropylene was used for both variable stenosis and anastomosis (Fig. 2:
side view). Reduction of the variable concentric area was analyzed
with NIH Image Software (No. 1.62b7, National Institutes of Health,
Bethesda, MD) and the percentage was expressed in area reduction:
% stenosis ⫽ 100 ⫻ [1 ⫺ ( A2/A1)], where A1 was the crosssectional area distal to the stenosis and A2 was the cross-sectional
area within the stenosis. Standard end-to-end sutures were made
with six stitches of 10.0 nylon. Flow probes were symmetrically
positioned and carefully fixed close to the stenosed or anastomosed
artery which had been bathed in the Krebs solution, provided as an
acoustic coupling agent. Probe orientation was guided by the intensity of the flow signal. No manipulation of the probe itself was
necessary after its initial orientation. To have an oscillated flow
reference from the pulsatile pump, we studied in a preliminary
experiment the oscillated flow generated through a Silastic noncollapsible tube with a diameter in range of the carotid artery (N ⫽ 10
experiments).

Nonlinear Analytical Procedures

Measurements

Statistical Analysis

The transit time flowmetry signal which is frequently used in
microvascular research [25, 27–29] was applied to the detection of
each signal. To compare the direct flowmetry measurements, before
and after stenosis, the transit-time flowmeter (T206, Transonic Systems, Ithaca, NY) was used with a probe (Model IV, Transonic
Systems) that was adjustable to the range of carotid diameter.
Probes were precalibrated by the manufacturer and provided absolute flow. Fluid pressure was controlled both proximal and distal to
the artery segment with fixed pressure transducers (Uniflow, Baxter
Healthcare, Irvin, CA). The pressure transducers were directly fixed
to the end of the cannulas as noted in the model by Labadie et al.
[25]. At the beginning of all experiments, the system pressure was
constant and measured at 99.1 ⫾ 6.7 mm Hg. Flow and pressure
were recorded via a personal computer equipped with an analog-todigital data acquisition system (Model MP30, Biopac Systems, Inc.,
Santa Barbara, CA). The system was programmed with acquisition
and linear analysis software (Biopac Student Lab Software, Inc.,
Santa Barbara, CA). Flow signals were passed through a 10 Hz
(Transonic) filter and stored on a hard disk with a sampling frequency of 50 Hz, according to Shannon’s signal theorem. Altogether,
the analysis of one data set with 1024 data points required 30 s,
according to Wagner and co-workers [22, 23]. We checked in the
present study that signal-to-noise ratio for all flow signal recorded
was of the order of 100.

We used nonlinear analysis of the flow signal using specialized
algorithms [16, 17]. This allowed us to characterize the level of
turbulence [30] by the following parameters:
The return maps. The return map is a graphical representation of
a dynamic process allowing visual differentiation of deterministic vs
chaotic dynamics. They are depicted in (Fig. 3) for three different
stenosis levels and show the increase in instability and in trajectory
divergence.
The correlation dimension (Dc). The correlation dimension which
is a measure of a system’s complexity and constitutes the minimum
number of independent variables involved in generating the dynamics of an irregular time series [16]. A value of Dc ⬎ 2 is the central
argument required to classify irregular temporal events as chaotic.
Lyapunov exponents. These are direct measures of the predictability of the time course of a system. In a globally linear and stable
system, all Lyapunov exponents are zero or negative, and no information is produced. If any of the Lyapunov exponents are positive,
the linear system is unstable and is sensitive under initial conditions: this is the definition of a chaotic system of [31]. In this study,
we chose to calculate the largest Lyapunov exponent. The positive
value of this characterized the turbulence level [32], i.e., the instability of the arterial flow. Further details on the principles of these
methods are given in the Appendix.

Data are expressed as means ⫾ SEM. Differences between groups
were tested by non-parametric Mann-Whitney test and correlation
between degree of stenosis and level of turbulence were evaluated by
the nonparametric Spearman test for paired data. A P value of ⱕ0.05
was considered significant.
We used the method of surrogate data to test the null hypothesis
that the data arise from a stochastic linear process and attempted to
reject it by comparing the value of a nonlinear parameter taken on by
the data with its probability distribution estimated by a Monte Carlo
resampling technique [33].

RESULTS

Surrogate data. We applied the method of surrogate data and found the values of the nonlinear parameters for the original data and the surrogates to be
significantly different.
Return maps. In the three groups, the largest Lyapunov exponents were positive, thus demonstrating
that the flow dynamics were nonlinear and chaotic
with respect to the conclusion of the surrogate data
tests. The average correlation dimension of the oscillations was estimated at 2 to 3, thus implying that more
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FIG. 3.

Temporal evolution of the flow signal, and the corresponding return maps, in three different degrees of arterial stenosis.

than two independent control variables were necessary
to account for the complexity of rat carotid artery dynamics.
Preliminary experiments: The Silastic noncollapsible
tube. For the 10 recorded flow signals, the mean of
the largest Lyapunov exponents was almost the same,
at ⬇0 bits/iteration (i.e., 0.04 ⫾ 0.01). The correlation
dimensions were ranged between 1 and 2 with a mean
of 1.5 ⫾ 0.07.

Group 1: Normal arteries (control). All the largest
Lyapunov exponents were positive. For the 10 recorded
flow signals, the mean of the largest Lyapunov exponents was 0.754 ⫾ 0.05 bits/iteration, respectively. The
correlation dimensions ranged between 2 and 3 with a
mean of 2.6 ⫾ 0.04.
Group 2: Progressive arterial stenosis. Visualizations of three carotid time flow series, corresponding to
arteries with three different degrees of stenosis, are
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FIG. 4. Largest Lyapunov exponents expressed as means ⫾ SEM
in the case of progressive stenosis artery (P ⬍ 0.005).

shown in Fig. 3. The mean values (⫾SEM) of arterial
diameter within the stenosis were for 0, 30, 60, 75, or
90% stenosis, respectively, 1 ⫾ 0.035, 0.84 ⫾ 0.029,
0.64 ⫾ 0.022, 0.50 ⫾ 0.017, or 0.32 ⫾ 0.011 mm. The
mean values (⫾SEM) of the largest Lyapunov exponents are shown in (Fig. 4) as an adjunct to graphic
analysis of the system’s state. The largest Lyapunov
exponent, downstream of the stenosis, increased
greatly after a 60% reduction in the stenosed area (P ⬍
0.005). Note that as in the normal arteries, the largest
Lyapunov exponent was positive for all the progressive
stenosis signals and the correlation dimension estimations ranged between 2 and 3 (P ⬍ 0.005).
Group 3: End-to-end anastomosis technique. The
correlation dimension was estimated at 2 to 3 and
compared to the control arteries. There was a significant increase (P ⬍ 0.005) in the largest Lyapunov
exponent values upstream and more downstream of
the anastomosis. The use of six stitches of 10.0 nylon
increased the turbulence regime upstream of the anastomosis and this effect was higher downstream (Fig. 5)
in comparison with control carotid arteries (P ⬍
0.005).

57

sure and blood flow in isolated ear artery demonstrated
how vasomotion may exhibit nonlinear chaotic behavior [34]. Recently, Griffith and Edwards used the nonlinear systems theory to show the high degree of variability in perfusion conditions in response to
pharmacological interventions [35]. Similar methods
were used by Bräuer and Hahn to characterize blood
flux in human vessels measured by laser-Doppler
fluxmetry in patients with Raynaud’s phenomenon
[36]. Here we tested the use of nonlinear techniques to
quantify the level of the turbulence with diameters in
the range of microsurgical practice. We used three
analytical procedures for nonlinear dynamic systems
in the hydrodynamic time series: The first was the
return map, which describes the relation of a given
point in the time series to the next point in the series,
the points being separated by a given time delay. This
allowed a powerful graphic representation of a given
system of dynamics. However, the return map alone
does not make it possible to distinguish between chaotic and stationary dynamics. Therefore, in the second
and third procedures, we computed the correlation dimension and the largest Lyapunov exponent, to provide our system with dynamic complexity. In the three
carotid rat artery groups studied here, all the largest
Lyapunov exponents were positive and indicated a deterministic nonlinear chaotic system evolution. This
means that the flow oscillations measured in an isolated rat carotid artery perfused by a pulsatile pump
have a chaotic nature. In addition, using nonlinear flow
signal analysis, we demonstrated the relationship between the increasing turbulence level and the increase
in the reduction of the stenosed area. It should be noted
that in the three groups of arteries studied here, the
correlation dimension varied between 2 and 3. This
suggests the involvement of at least three interdependent control variables [31]. These values were lower
than those found by Wagner and Persson [22] for blood
pressure or renal blood flow in conscious dogs but were

DISCUSSION

The concept of two-dimensional chaos has proved
fruitful for the understanding of many complex phenomena. In contrast with the linear dynamics found in
preliminary experiments in a noncollapsible tube several researcher [11, 12, 14] demonstrated that much of
the complex dynamic behavior observed in a simple
collapsible tube model is due to nonlinear dynamics. In
the cardiovascular system, Parthimos and co-workers
measuring time-dependent fluctuations of blood pres-

FIG. 5. Largest Lyapunov exponents expressed as means ⫾ SEM
in the case of control versus anastomosed arteries (P ⬍ 0.005).
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similar to those found by Griffith and Edwards [21]
when analyzing time series in an isolated rabbit ear
artery 150 m in diameter. In terms of degree of freedom these results could suggest a limit of three independent variables for an ex vivo physiological dynamical system. Garfinkel et al. [37] demonstrated that the
sensitivity under initial conditions not only makes a
dynamical system unpredictable but makes them extremely susceptible to control. Incorporating chaos into
practical systems therefore yields a maximum flexibility in their performance. The increase of the largest
Lyapunov exponent downstream of a 60% reduction in
the rat carotid stenosed area observed here was in line
with the well-known hemodynamics of the poststenotic
flow in microsurgery and with the results obtained by
Hutchison using spectral analysis downstream in an in
vivo dog carotid artery [38] and was constant in the
same range of 2 to 3, indicating the involvement of at
least three control variables [31]. Although every approach has its individual pitfalls and limitations, all
our results indicate that analytical techniques derived
from the field of chaos theory can be useful in characterizing the stability and complexity of an oscillated
fluid regime in small arteries submitted to stenosis.
Since these methods allow determination of the level of
turbulence generated by a surgical procedure, they can
provide some information about the quality of anastomosis and may have important clinical uses in microsurgery. In the same way, it would be very interesting
to observe the turbulence growth in an in vivo study.
Further investigation is necessary to apply this mathematical protocol in an in vivo study and further investigation will be necessary to test the usefulness of such
mathematical analysis used in vivo to characterize the
degree of turbulence blood flow in a stenosis or an
anastomosis.

APPENDIX
Brief Summary of Mathematical Methods Used
in the Present Study

In general, the description of a deterministic system is concerned with the properties of its phase
space or state space. A phase space is a coordinate
system whose axes are defined by the independent
variables of the system under study. In our case the
system under study is the hemodynamics. Several
years ago, a statistical description for a system with
many degrees of freedom (thermodynamics) was introduced. Biological systems may have an almost
infinite number of degrees of freedom but only a few
are necessary to describe their behavior. Thus, relevant information concerning the whole system may
be extracted from the observation of a single variable
(blood flow, blood pressure, etc.). This signal contains

information about the complete system, since all degrees of freedom are interwined. If the system is
described by an ordinary differential flow the entire
phase history is given by a smooth curve in phase
space. Each point on this curve represents a particular state of the system at a particular time. For
closed systems, no such curve can cross itself. If a
phase history of a given system returns to its initial
condition in phase space, then the system is periodic
and it will cycle through this closed curve for all
time.
In this study graphic representations and parameters of nonlinear dynamics were used in the following
order.
Phase space representation or return map. Deterministic dynamical systems can be expressed for example by ordinary differential equations,
x⬘共t兲 ⫽ f共 x共t兲兲
or in discrete time
t ⫽ n⌬t
by maps of the form,
x n⫹1 ⫽ f共 x n 兲.
The return map of a dynamics system is a mathematical construction in which a different coordinate
axis is assigned to each of the temporal variables
needed to specify the system’s instantaneous state.
According to Taken’s embedding theorem [7], the reconstructed dynamics in the form of a return map are
geometrically similar to the original for both
continuous-time and discrete-time systems. This mathematical construction is generated solely by the value
of a single known temporal variable (for example, the
transit time flow signal) and is useful for representing
in our experimental research, the entire behavior of
the dynamic flow system. The return map coordinates
are determined by time-delayed values separated by a
fixed time (), the time delay.
Time delay: . The most important phase space reconstruction technique is the method of delays. Vectors
V i in a new space, the embedding space, are formed
from time delayed values of the scalar measurements:
V 0 ⫽ 兵 x共0兲, x共  兲, x共2  兲, x共3  兲, . . . , x关共m ⫺ 1兲  兴其
V 1 ⫽ 兵 x共1兲, x共  ⫹ 1兲, x共2  ⫹ 1兲, x共3  ⫹ 1兲, . . . ,
x关共m ⫺ 1兲  ⫹ 1兴其
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V 2 ⫽ 兵 x共2兲, x共  ⫹ 2兲, x共2  ⫹ 2兲, x共3  ⫹ 2兲, . . . ,
x关共m ⫺ 1兲  ⫹ 2兴其
:
V i ⫽ 兵 x共i兲, x共  ⫹ 2兲, x共2  ⫹ i兲, x共3  ⫹ i兲, . . . ,
x关共m ⫺ 1兲  ⫹ i兴其
The number m of elements is called the embedding
dimension and the time  is generally referred to as the
delay. m is the smallest dimension that contains the
attractor. Famous embedding theorems by Takens [30]
state that the time-delay embedding provides a one-toone image of the original set { x}, commonly referred to
as an attractor.
Then it is possible to distinguish nonlinear dynamic
systems from random processes by analyzing the phase
space behavior of their trajectories. Totally random
processes can completely fill up the return map, unlike
periodic or chaotic processes. Examples of return maps
are illustrated below.
White noise in a 2D-return map after plotting y
versus x:

In periodic or chaotic processes, the trajectories are
restricted to a bounded region in the return map, the
attractor.
Lorenz attractor which is illustrated below in a 2Dreturn map after plotting y versus x:

Lorenz attractor in a 3D-return map after construction
of delay vectors V i :

The best value of the time delay  was determined by
the first zero of the signal’s autocorrelation function, to
ensure the independence of each vector component. In
our study for each flow signal the return map was
embedded with the time-delayed values measured.
Therefore the next step was the same for all flow signals in the three groups of arteries studied. It consisted
of estimating the correlation dimension with the
Grassberger-Procaccia algorithm, and then of computing the largest Lyapunov exponent with the fixed-time
evolution program by Wolf et al. [17].
The correlation dimension (Dc). This is a measure
of a system’s complexity and constitutes the minimum
number of independent variables involved in generating the dynamics of an irregular time series [16]. Usually, strange attractors have noninteger dimensions,
and algorithms and methods exist to determine these
dimensions. The Grassberger-Procaccia algorithm was
applied here to estimate the correlation dimension of
the time series, and 1024 points of the original time
series were used according to Wagner and co-workers
[22, 23]. A value of Dc ⬎ 2 is the central argument
required to classify irregular temporal events as chaotic.
Lyapunov exponents. These are direct measures of
the predictability of the time course of a system. This
is defined as the coefficient of the average exponential growth per unit time between the initial and
final states of the system. In a globally linear and
stable system, all Lyapunov exponents are zero or
negative, and no information is produced. If any of
the Lyapunov exponents is positive, the linear system is unstable and is sensitive under initial conditions: this is the definition of a chaotic system of [31].
An m-dimensional system has m Lyapunov exponents. In this study, we chose to calculate the largest
Lyapunov exponent. The positive value of this characterized the turbulence level [32], i.e., the instability of the arterial flow. The fixed-time evolution program by Wolf et al. [17] was used to compute this
nonlinear parameter.
The reader who would like further information on
these methods can refer to the books of Kantz and
Schreiber [9] and Kaplan and Glass [19].
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