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For a symmetrical quantum double square well potential, we find analytical expressions satisfied by
the quantized energies. Graphical or numerical solutions of the former relations allow us to calculate
normalization constants and construct the first eight solutions of the Schrödinger equation. With
these exact solutions, we analyze quantum tunneling across a potential barrier and compare our
results with the experimental data for ammonia.

INTRODUCTION

Most chemistry textbooks [1]-[15] in their quantum
mechanics sections discuss, to different levels of analysis,
the one-dimensional particle in a box (PIB) as a relevant
one-dimensional quantum system. A natural application
of the PIB considers delocalized π electrons in hydrocarbons or other organic compounds. In contrast with
physicists [16]-[22], who usually consider other relevant
one-dimensional potential related to scattering, chemists
rarely consider other simple but chemically relevant onedimensional potentials. In some textbooks [5]-[15] we
find a qualitative discussion of quantum tunneling and
barrier penetration but rarely a quantitative analysis .
Some advanced texts [5]-[15] may include a qualitative
discussion of barrier penetration in two minima or double
well potentials, but again no quantitative analysis. In a
chemical system, the two minima potential corresponds,
usually, to two equilibrium positions or molecular conformations. In the case of ammonia its so-called periodic
inversion is a well documented example of quantum tunneling.
The energy level splitting resulting from barrier penetration is an important quantum mechanical effect that
occurs whether the double well potential is symmetric
or not. The internal rotation in CH3 CH3 from one
staggered configuration to another through an eclipsed
positions at the top of the barrier is a good example
of a symmetric potential. In contrast, in the cases of
the asymmetric H2 O2 hindered rotor or beryllium dicyclopentadienyl we encounter asymmetric double well
potentials,. Ammonia (N H3 ), cyanamide (N H2 CN ),
P H3 , and AsH3 are chemical examples of symmetrical
double well potentials where atoms can tunnel through
the barrier. In the case of ammonia the double minima
represents the possible nitrogen positions with respect to
plane defined by the three hydrogens.
In the case of ammonia and similar molecules the vibrational level ting due to barrier penetration has been
observed through infrared (IR) spectroscopy. The ammonia double well potential can be approximated using
the Manning potential [23] where the the depth or dis-

sociation energy is estimated to be about 5 eV and the
height of the central barrier to be 0.25 eV. The quantitative analysis of the Manning [23] or similar potential
[24] is quite difficult and only numerically tractable. As
an alternative, some authors [7, 15, 18, 19, 21] consider a
one-dimensional discontinuous infinite depth double well
potential to emphasize the symmetry of the wave function and quantum tunneling, but none consider a quantitative analysis or a finite depth well..
In this paper we consider a double well finite depth
potential as an approximation of the ammonia potential. In the second section we consider the discontinuous potential and its more general analytical solutions,
as well as the continuity and smoothness conditions impose on the solutions of the Schrödinger equation by the
quantum mechanical postulates. In the third section, we
consider the boundary conditions that yield the allowed
quantized energies, and we calculate step by step the resultant transcendental equation for the case of infinite
depth and energy greater that the barrier hight, All of
the algebraic manipulations are straight forward and accessible to chemistry juniors with the typical mathematical background. In section four and five we calculate
numerically the allowed energies and construct the first
eight normalized wave function. In section six we discuss quantum tunneling. Direct comparison between our
results and experimental data from ammonia is consider
in section seven. Finally we summarize and offer some
suggestion of how to use this paper in the classroom.
GENERAL SOLUTION

By dividing into five spatial regions, we set general differential equations derived from the Schrödinger equation
(SE) and construct general solutions. The Double Square
Well Potential (DSWP) is a simplified model of potentials found in molecular chemical systems where possible
different conformations are separated by an energy barrier. Although the DSWP is a discontinuous function of
position, it gives an appropriate and tractable description of the continuous double minima potentials. The
DSWP is defined by the following piecewise function:
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In region II, |x| ≤ a/2, we need to include the constant
potential Vo ,

where VD is the depth or dissociation energy and Vo the
height of the central barrier separating two equivalent
spatial regions. Also notice that the potential is an even
function of position, i.e., V (−x) = V (x). Due to this
symmetry, the solutions of the SE are either odd or even
functions of position.
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Finally, in region III, −(L + a/2) < x < −a/2,
−

~2 d2 ΨIII
= E ΨIII
2m d x2

(3c)

For regions I and III, we can reduce the SE to a simpler
general equation
d2 Ψ
= − α2 Ψ
d x2
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where we have defined
r
α =
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In region II we have two cases. In the first case the SE
yields the following general equation:

2

d2 Ψ<
II
= β<
d x2

1

(4b)

L III II I
-3 -2 -1 0

1

3

Since the potential rises to the dissociation energy, VD ,
for |x| ≥ L + a/2 the SE,
~2 d2 ΨRL
−
+ VD ΨRL = E ΨRL
2m d x2
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In the second case E > Vo and we get

FIG. 1: The Double Well Square Potential diagram, where
regions L, R, I, II, III are defined
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Now we consider the three internal spatial regions.
First, we set the SE in each of the three spatial regions.

Since α, β > and β < are positive real numbers, the solutions to eqs 4a, 6a are the simple and well known sine
and cosine functions. In the case of eq 5a, the solutions
are the hyperbolic sine and cosine, i.e., sinh and cosh.
The most general solution of the SE in each region
is a linear combination of sine and cosine or sinh and
cosh functions. Consequently we have six unknown coefficients that must be determined. The main problem
in many of the one-dimensional quantum potentials is
not the solution of the differential equations but finding coefficients that satisfy the required continuity and
smoothness conditions at the regions’ boundaries. In
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other words, quantum mechanics requires that the piecewise wave function and its first derivative must be continuos. In our case, these conditions reduce to the following
equations:
ΨII (a/2) = ΨI (a/2)
d ΨII
dx

=
x=a/2

d ΨI
dx

(7a)

(7b)

As a consequence for |x| ≥ L + a/2 we are required that
DR and DL differ only by a sign, DL = ±DR depending
on the symmetry of the wave function. In region II we
are required to pick either an even or an odd function.
In region III we pick the same coefficients as in region I.
In other words, our general solution for for a/2 < x <
L + a/2 and E > Vo reduces to
ΨI (x) = A cos(αx) + B sin(αx).

ΨIII (−a/2) = ΨII (−a/2)

(7c)

For −a/2 ≤ x ≤ a/2 we have two choices, the symmetric
or even function,
ΨSII (x) = C S cos(β > x) ,

d ΨIII
dx

=
x=−a/2

d ΨII
dx

(7d)
x=−a/2

The continuity conditions at the edges of the potential
region yield transcendental relations, whose solutions define the quantized energy levels for the DSWP
ΨI (L + a/2) = ΨR (L + a/2)
d ΨI
dx

=
x=L+a/2

d ΨR
dx

=
x=−(L+a/2)

d ΨL
dx
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(8b)
x=L+a/2

ΨIII (−(L + a/2)) = ΨL (−(L + a/2))
d ΨIII
dx

(12a)

x=a/2

(8c)
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and the asymmetric or odd solution,
A
ΨA
sin(β > x).
II (x) = C

(12c)

Finally for −(L + a/2) < x < −a/2, we have
ΨA
III = ± ΨI (−x).

(12d)

where we pick the positive sign for the even solution and
the negative sign for the odd solution. Notice that by
considering the potential symmetry, we have reduced the
number of coefficients and the chosen solution clearly
shows the required symmetry.
In the case where E < Vo , we write the solution in
region I as a/2 < x < L + a/2 and get
ΨI (x) = Ā sin(αx) + B̄ cos(αx).

(13a)

x=−(L+a/2)

Finally, for E < VD , we have the following limiting conditions
lim ΨR (x) = 0

(9a)

lim ΨL (x) = 0

(9b)

x→ ∞

x→− ∞

These eight conditions determine the ten coefficients of
the general solution of the SE for the DSWP. But we
can considerably reduce the algebraic manipulations by
recalling the potential symmetry and its implication to
the solutions of the SE.
From eqs 2b, 9 we notice that the only possible solutions for |x| ≥ L + a/2 are simple exponential functions
ΨR (x) = DR exp (− κ x)

(10a)

ΨL (x) = DL exp ( κ x)

(10b)

Since the potential is an even function of position, the
solutions of the SE are either even or odd functions of
position,
Ψ(−x) = ± Ψ(x) .

(11)

where we have used over-barred coefficients to distinguish
the E < Vo case from the E > Vo case.
For −a/2 ≤ x ≤ a/2 we substitute the sine and cosine
functions in eqs 12b,12c by the corresponding hyperbolic
function. In the even case we get
ΨSII (x) = C̄ S cosh(β < x) ,

(13b)

and in the odd case we get
A
ΨA
sinh(β < x).
II (x) = C̄

(13c)

Finally for −(L + a/2) < x < −a/2, we have
ΨA
III = ± ΨI (−x).

(13d)

So far we have dealt with general results that have to be
complemented by the boundary conditions to find particular solutions.

BOUNDARY CONDITIONS

In the previous section we found the most general solutions of the SE for the DSWP, but remember that
quantum systems allow only a discrete set of energies,
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{En }. These En are consistent with the the continuity
and smoothness condition at the potential boundaries.
The most familiar boundary condition requires, as in
the case of the particle in a box, that the wave function vanishes at the edges of the “box”, and, given the
symmetry of the potential, we only have to consider one
edge,
ΨI (L + a/2) = ΨR (L + a/2)

(15a)

Now we use eq 15a in eq 15b and rearrange the
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p
1 − c2 π X

(20d)

β> x = γ

p
c2 − 1 π X

(20e)

r ≡

a
2L
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In eq 20a, γ 2 represent the height of the barrier in units
of epb defined as

The slopes of the Ψs yield a second condition
A sin(α(L + a/2)) − B cos(α(L + a/2)) =
κ
DR exp (− κ (L + a/2))
α

p

(14)

Using eq 10a, 12a we get
A cos(α(L + a/2)) + B sin(α(L + a/2)) =
DR exp (− κ (L + a/2))

κx ≡ γ

(15b)

(16)

Equation 14 is satisfied in all possible cases, and we
can recast it as
α
A 
F A, B,
.
(17)
tan (α (L + a/2)) = −
B
κ
where we define

epb ≡

h2
,
8mL2

(21)

which is determined by the the mass of the particle and
the length of the box. Also c2 represents the ratio of the
system’s energy to the height of the barrier, and finally
X is the distance in units of L.
Now we are ready to consider the even and odd solutions for E > Vo and E < Vo and to analyze the boundary
conditions expressed by eqs 7. First we consider E > Vo
or c > 1, and we find that the even solution at x = a/2
satisfies the following continuity condition:
AS cos (γ c π r) + B S sin (γ c π r)
 p

= C S cos γ c2 − 1 π r

(22a)

In the case of the smoothness condition we get
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Equation 17 is a transcendental equation that we need
to solve for the quantized energies, which are a consequence of the spatial constraint posed on the system.
The exact solutions of eq 17 can only be obtained numerically, and we can do so in many different ways. In
our approach we first rewrite eq 17 as


α
A 
(19)
α (L + a/2) = n π + arctan − F A, B,
B
κ
As we will show, once we fix the values of the mass,
the length of the box, the thickness and the height of
the barrier, and the depth of the potential, α, κ, A and
B depend on the energy, E, and only a finite number of
energies satisfy the relation expressed by equation eq 19.
Before proceeding with algebraic manipulations and
finding expressions for the coefficients A and B, we rescale
the spatial length and energy as follows:
r
r
8mL2 Vo
E
x
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π
≡ γcπX
(20a)
h2
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L

AS sin (γ c π r) − B S cos (γ c π r)
r

 p
1
S
1 − 2 sin γ c2 − 1 π r
=C
c

(22b)

We can solve for A if we first multiply eq 22a by cos(γcπr)
and eq 22b by sin(γcπr). Second we add the resulting
equations, and since sin2 + cos2 = 1 we find that As is
given by the following expression:
h
 p

AS = C S cos(γcπr) cos γ c2 − 1 π r +
r
(23a)
 p
i
1
1 − 2 sin(γcπr) sin γ c2 − 1 π r
c
Now we can multiply Eq.(22a) by sin and we substract
eq 22b multiplied by cos. So we get
h
 p

B S = C S sin(γcπr) cos γ c2 − 1 π r −
r
(23b)
 p
i
1
1 − 2 cos(γcπr) sin γ c2 − 1 π r
c
Notice that both A and B are expressed as function of
C s that can be calculated numerically using the required

