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Abstract 

In this paper, the Chebyshev polynomials and the collocation method are used for solving Painleve' equation. 

The accuracy of this method is shown by solving a sample example and the proposed scheme is compared 

with other methods to illustrate the efficiency of the method. 
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1 Introduction 

The Painleve' equation and their solutions arise in parts of pure and applied mathematics and theoretical 

physics such as the second Painleve' equation as model for the electric field in a semiconductor [1]. It is 

known that any rational differential equation of second order with the Painleve' property is reduced to one 

of the six Painleve' equations unless it can be integrated algebraically, or transformed into a simpler equation 

such as the linear differential equations or the differential equations of the elliptic functions. Generic 

solutions of the Painleve' equations are known to be very transcendental. For the general background of 

Painleve’ equations [2-9]. 

A lot of works have been done in order to find the numerical solution of this equation. For example, reduction 

KdV and cylindrical KdV equations to Painleve' equation [10], numerical studies of the fourth Painleve' 

equation [11], variational iteration method and homotopy perturbation method [12], the numerical solution 

of the second Painleve' equation [13], on comparison for series and numerical solutions for second Painleve' 

equation [14]. 

 In this paper, Chebyshev polynomials and the collocation methods are developed to solve the Painleve' 

equation as follows: 

𝑑2 𝑢

𝑑𝑥2 = 6𝑢2(𝑥) + 𝑥,                                                                                                                                                 (1.1) 

with the initial conditions given by: 

𝑢(0) = 0,                                                 𝑢′(0) = 1. 

To obtain the approximate solution of Eq. (1.1), by integrating two times from Eq. (1.1) with respect to 𝑥 

and using the initial conditions we obtain, 

𝑢(𝑥) = 𝐺(𝑥) + 6 ∫ ∫ 𝐹(𝑢(𝑥))𝑑𝑥𝑑𝑥,                              
𝑥

0

𝑥

0
                                                                           (1.2) 
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where 

𝐺(𝑥) = 𝑥 +
1

6
𝑥3, 

𝐹(𝑢(𝑥)) = 6𝑢2(𝑥). 

The double integrals in (1.2) can be written as [15]:  

∫ ∫ 𝐹(𝑢(𝑥))𝑑𝑥𝑑𝑥 = ∫ (𝑥 − 𝑡)𝐹(𝑢(𝑡))𝑑𝑡.
𝑥

0

                                          
𝑥

0

𝑥

0

 

So, we can write (1.2) as follows: 

𝑢(𝑥) = 𝐺(𝑥) + 6 ∫ (𝑥 − 𝑡)𝐹(𝑢(𝑡))𝑑𝑡.
𝑥

0
                                                                                                         (1.3) 

Now, we decompose the unknown function 𝑢(𝑥) by following decomposition series: 

𝑢(𝑥) = ∑ 𝑢𝑛(𝑥).

∞

𝑛=0

 

In (1.3), we assume 𝐺(𝑥) is bounded for all 𝑥 in  𝐽 = [0, 𝑇] and 

|𝑥 − 𝑡| ≤ 𝑀′,                           ∀ 0 ≤ 𝑡, 𝑥 ≤ 𝑇. 

We assume the term 𝐹(𝑢) is Lipschitz continues with 

|𝐹(𝑢) − 𝐹(𝑢∗)| ≤ 𝐿|𝑢 − 𝑢∗|, 

and 

𝛼 = 𝑇𝑀′𝐿, 

𝛾 = 1 − 𝑇2𝛼, 

𝛽 = 1 − 𝑇2(𝑀′(1 − 𝛼)). 

The paper is organized as follows: in section 2, we introduce Chebyshev polynomials. In section 3, Eq. (1.1) 

is solved by the Chebyshev polynomials and the collocation methods. In section 4, the proposed method is 

tested with an example and the results are compared with the results of other methods. Finally, the concluding 

remarks are determined in section 5. 

 

2 Chebyshev polynomials 

The well-known Chebyshev polynomials are defined on the interval [−1,1] and can be determined with 

the aid of following recurrence formulae [16,17]. 

𝑇𝑛+1(𝑥) = 2𝑥𝑇𝑛(𝑥) − 𝑇𝑛−1(𝑥),                         𝑛 = 1,2, ⋯ 

 Where, 𝑇𝑛(𝑥), are Chebyshev polynomials of the first kind of degree 𝑛 which are orthogonal with respect 

to the weight function 𝑤(𝑥) =
1

√1−𝑥2
 on the interval [−1,1], and satisfy the following recursive formula: 

𝑇0(𝑥) = 1,                                𝑇1(𝑥) = 𝑥,        

The analytic form of the Chebyshev polynomials of degree 𝑛 is given by [17]: 

𝑇𝑛(𝑥) =
𝑛

2
∑(−1)𝑟

[
𝑛
2

]

𝑟=0

(𝑛 − 𝑟 − 1)!

𝑟! (𝑛 − 2𝑟)!
2𝑥𝑛−2𝑟 . 

In order to apply the Chebyshev polynomials in the interval [0,1]. 

Hence, the zeros of 𝑇𝑛(𝑥), are 

𝑥𝑘 = cos (
2𝑘 + 1

2𝑛
) 𝜋,                  𝑘 = 1,2, ⋯ , 𝑛 

also, we have 

∫
𝑇𝑖(𝑥)𝑇𝑗(𝑥)𝑑𝑥

√1 − 𝑥2

1

−1

= {

𝜋                              𝑖 = 𝑗 = 0,
𝜋

2
                             𝑖 = 𝑗 > 0,

0                                        𝑖 ≠ 𝑗.
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[𝑎, 𝑏] → [−1,1] 

𝑡 =
𝑏 + 𝑎

2
+

𝑏 − 𝑎

2
𝑡. 

 

3 Description of the method 

In this section we are going to solve the Eq. (1.1) by using the Chebyshev polynomials method. 

To obtain the approximation solution of Eq.( 1.1), according to the Chebyshev polynomials method of the 

first kind 𝑇𝑛(𝑥) we can write: 

𝑢(𝑥) = 𝑤(𝑥) ∑ 𝑐𝑖𝑇𝑖
𝑁
𝑖=0 (𝑥) = 𝐶𝑇𝑇(𝑥).                                                                                                           (3.4) 

𝑢(𝑥) ≈ 𝑢𝑛(𝑥), 

where 𝐶 and 𝑇(𝑥)are given by 

𝑇(𝑥) = [𝑇0(𝑥), 𝑇0(𝑥), ⋯ , 𝑇𝑁(𝑥)]𝑇 .                                                                                                                  (3.5) 

𝐶𝑇 = [𝑐0, 𝑐1, … , 𝑐𝑁  ].                                                                                                                                         (3.6)    

Where 𝑇𝑛(𝑥), are Chebyshev polynomials of the first kind of degree 𝑛 which are orthogonal with respect to 

weight function 𝑤(𝑥) =
1

√1−𝑥2
  on the interval [−1,1], we can write Eq. (1.3) as follows: 

𝑤(𝑥) ∑ 𝑐𝑖𝑇𝑖
𝑁
𝑖=0 (𝑥) = 𝐺(𝑥) + 6 ∫ (𝑥 − 𝑡)(𝑤(𝑡)

𝑥

0
∑ 𝑏𝑖𝑇𝑖

𝑁
𝑖=0 (𝑡))𝑑𝑡 + 𝑅𝑛(𝑥),                                             (3.7) 

So, we have 

𝑤(𝑥) ∑ 𝑐𝑖𝑇𝑖
𝑁
𝑖=0 (𝑥) − 𝐺(𝑥) − 6 ∫ (𝑥 − 𝑡)(𝑤(𝑡)

𝑥

0
∑ 𝑏𝑖𝑇𝑖

𝑁
𝑖=0 (𝑡))𝑑𝑡 = 𝑅𝑛(𝑥).                                             (3.8) 

𝑅𝑛(𝑥) = 0.              

We consider the collocation points 

𝑥𝑗 = − cos (
2𝑗−1

2𝑗+3
) 𝜋,                   𝑗 = 0,1, ⋯ , 𝑁                                                                                               (3.9) 

Therefore, we can write, 

𝑤(𝑥𝑗) ∑ 𝑐𝑖𝑇𝑖

𝑁

𝑖=0

(𝑥𝑗) = 𝐺(𝑥𝑗) + 6 ∫ (𝑥𝑗 − 𝑡)(𝑤(𝑡)
𝑥𝑗

0

∑ 𝑏𝑖𝑇𝑖

𝑁

𝑖=0

(𝑡))𝑑𝑡,     

        𝑖, 𝑗 = 0,1, ⋯ , 𝑁                                                                                                                                             (3.10) 

𝑤(𝑥𝑗) ∑ 𝑐𝑖𝑇𝑖

𝑁

𝑖=0

(𝑥𝑗) = 𝐺(𝑥𝑗) + 6 ∑ 𝑏𝑖

𝑁

𝑖=0

∫ (𝑥𝑗 − 𝑡)(𝑤(𝑡)
𝑥𝑗

0

𝑇𝑖(𝑡))𝑑𝑡,

𝑖, 𝑗 = 0,1, ⋯ , 𝑁                                                                             

                                                                                                                                                                  (3.11) 

Eq. (3.11) can be written in the following operator form 

𝐴𝑐 = 𝐺 + 𝐵𝑏,                                                                                                                                                   (3.12) 

where 

𝐴 = 𝑤(𝑥𝑗)𝑇𝑖(𝑥𝑗), 

𝐺 = 𝐺(𝑥𝑗), 

𝐵 = 6 ∫ (𝑥𝑗 − 𝑡)𝑤(𝑡)
𝑥𝑗

0
𝑇𝑖(𝑡)𝑑𝑡.          𝑖, 𝑗 = 0,1, ⋯ , 𝑁                                                                                 (3.13) 

After solving linear system (3.13), we get 𝑐𝑖 then we have the approximate solution of Eq. (1.1) as follows: 

𝑢(𝑥) ≈ 𝑢𝑛(𝑥) = 𝑤(𝑥) ∑ 𝑐𝑖𝑇𝑖

𝑁

𝑖=0

(𝑥), 

𝐹(𝑢(𝑥)) = 𝑢2(𝑥) = 𝑤(𝑥) ∑ 𝑏𝑖𝑇𝑖

𝑁

𝑖=0

(𝑥). 
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4 Numerical example 

In this section, a Painleve' equation is solved by applying the presented method. We compare our results 

with the results of other methods. 

 

Example 4.1. Consider the Painleve' equation. The numerical results for solving this equations by 

Chebyshev polynomials and collocation method is presented in Table 1, also we presented some other 

method results for solving this equation. 

  

Table 1: Numerical results for Example 4.1. 

 Present method  

with 

𝑁 = 6 

method in 

[18]𝐻𝐴𝑀 

With 

𝑁 = 4 

method in 

[18]𝑀𝐻𝑃𝑀 

With 

𝑁 = 2 

Method in 

[18]𝐻𝑃𝑀 

With 

𝑁 = 4 

 

Method in 

[18]𝐴𝐷𝑀 

With 

𝑁 = 9 

 

Method in 

[18]𝑀𝐴𝐷𝑀 

With 

𝑁 = 6 

 

Method in [16] 

𝑉𝐼𝑀 

With 

𝑁 = 4 

 

0.1 0.1097190000 0.1002164834986 0.1002167477  0.1002167477 0.100215832 0.1002601271 0.1002167477 

0.2 0.2416430000 0.2021354316 0.2021394527 0.2021394527 0.2021177613 0.2021288956 0.2021394527 

0.3 0.3725930000 0.3086307127 0.3086307492 0.3086307492 0.3086306243 0.3086306987 0.3086307490 

0.4 0.4814830000 0.4239862745  0.4239862612 0.423986896 0.4239851458 0.4239860367 0.4239862788 

0.5  0.5554420000 0.5543384471 0.5543401896 0.5543401181 0.5543356243 0.5543370146 0.5543399110 

0.7   0.66419100000 0.8992237234 0.8992199875 0.8992493820 0.8992174326 0.8992199875 0.899229944 

0.9  1.2976000000 1.4822596307 1.4826178496 1.4824443771 1.4812013434 1.4814889672 1.4817789515 

1.0 2.3111300000 1.9621478174   1.9718875613 338 1.9624521863 1.9371446837 1.9416721356 1.959410425 

 

5 Conclusion 

In this study, the Chebyshev polynomials and collocation method have been presented to solve Painleve’ 

equation. The method have been successfully employed to obtain the approximate solution of the Painleve' 

equation. Illustrative example was given to demonstrate the validity and applicability of proposed method 

by comparing with other methods. 
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