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THE KERNEL NYSTRÖM METHOD FOR LIGHT TRANSPORT

Reconstruct light transport matrix from small number of
acquired images

Exploits linear and nonlinear data coherence

Adaptive measurement techniques



KERNEL NYSTRÖM RELIGHTING

Effectively reconstructs light transport matrix to render
new lighting conditions.



OUTLINE

1 Introduction
Mathematical Definition
Related Work

2 The Kernel Nyström Method
Asymmetric Generalization
The Kernel Extension
Adaptive Light Transport Measurement

3 Conclusion
Results
Future Work



MATHEMATICAL DEFINITION

V

 =

 T

 ·
 L


V : outgoing radiance seen by camera, m pixels
T : m× n light transport matrix
L : vector of incident radiance from n light sources

[Ng et al. 03, Peers et al. 09]
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PREVIOUS METHODS

Three main categories:
Brute Force
Sparsity Based
Coherence Based



PREVIOUS METHOD: BRUTE-FORCE

Debevec et al., Light Stage
Massive array of lights
Capturing thousands of images

[Relighting Human Locomotion. Debevec et al., 06]



PREVIOUS METHOD: SPARSITY-BASED

Peers et al.
Project Haar wavelet noise to infer reflectance matrix
Does not handle complex occlusions

[Inferring reflectance functions from wavelet noise. Peers et al., 05]



PREVIOUS METHOD: COHERENCE-BASED

Fuchs et al.
Adaptive sampling scheme for reflectance field
Exploits coherence in either rows or columns

8 • M. Fuchs et al.
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Fig. 5. The plots illustrate the sequence in which light directions have been generated. For initialization, iteration 0 consisted of 256 uniformly distributed

samples (drawn in black), later samples grow in regions of interest. The renderings in the left column are for n = 1024 total images (after 48 iterations) rendered

in ambient light.

density, we skip all triangles where the radius of the circumcircle
would be below a threshold of 2 degrees.

8.3 Results of the Adaptive Sampling Algorithm

In order to evaluate our sampling scheme, we have conducted a set of
experiments. We have measured reflectance fields of three objects,
which we will discuss further:

(1) a bottle containing a colored liquid which, due to its cylindri-
cal shape and glossy surface material, is expected to have an
anisotropic reflectance field, that is, it should demonstrate the
benefits of adaptive sampling,

(2) a graphics card, which has complex self-shadowing and is cov-
ered by a diverse set of different materials, and

(3) a ceramic figure, which serves as a difficult example: on its
surface, we find practically every surface normal direction as
opposed to the cylindrical bottle. Moreover, its surface is shiny,
so each direction in the illuminating environment is almost
equally important.

For all these objects, we measured reflectance fields once using
fixed sampling configurations and once applying our adaptive sam-
pling scheme. In the adaptive case, we initialized the algorithm with
256 regularly distributed samples and added 16 light situations in
each of 48 iterations, yielding 1024 total images. For the bottle data
set, we added sample points until the dataset was densely sampled
and only less than 16 images could have been inserted, which hap-
pened after iteration 198. Figure 5 illustrates the insertion sequence
for the different datasets, and shows the objects rendered in ambient
light after 48 iterations. As can be seen, clusters of sampling direc-
tions occur, indicating regions of directions where the appearance
changes drastically.

8.3.1 Quantitative Evaluation. For each of the objects men-
tioned previously, we have recorded a ground truth measurement,
consisting of images in 10,000 light directions densely distributed
over the upper hemisphere on a regular grid, which is visualized as
the positions of dots in Figure 6.

In order to obtain a numerical measure for the quality of a given
reflectance field, we render an image for each of the captured ground
truth directions and sum up the squared differences between the

ACM Transactions on Graphics, Vol. 26, No. 2, Article 10, Publication date: June 2007.

[Adaptive sampling of reflectance fields. Fuchs et al., 07]
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INSPIRATION: THE SYMMETRIC NYSTRÖM METHOD

Reconstructs low-rank symmetric matrix from sparsely
sampled columns; accurate when rank(T) ≤ k

T =
[

A CT

C B

]
≈
[

A CT

C CA−1CT

]

A(k×k) CT
(k×n)

C(n×k) B(n×n) ≈ CA−1CT

(k + n)× (k + n)

[Williams and Seegor 00]



ASYMMETRIC LIGHT TRANSPORT MATRIX

A(k×k) CT
(k×n)

C(n×k) B(n×n) ≈ CA−1CT

(k + n)× (k + n)

⇒
A(r×c) R(r×n)

C(m×c) B(m×n) = ?

(r + m)× (c + n)

Asymmetric light transport matrices with image pixels as
columns and light sources as rows



THE ASYMMETRIC NYSTRÖM METHOD

If rank(T) = rank(A), we can expect the following
relationships:[

C B
]

= P
[

A R
]

and
[

R
B

]
=
[

A
C

]
Q

implying C = PA, R = AQ, and B = PR = CQ. Thus,

B = PAQ = PAA+AQ = CA+R

A+ denotes the Moore-Penrose pseudoinverse of A with
property AA+A = A and is found by applying SVD to A.



THE ASYMMETRIC NYSTRÖM METHOD

T =
[

A R
C B

]
≈
[

A R
C CA+R

]

A(r×c) R(r×n)

C(m×c) B(m×n) ≈ CA+R

(r + m)× (c + n)

Works under assumption: rank(T) = rank(A)



THE “KERNEL TRICK”

Standard approach for enhancing performance of
machine learning algorithms based on nonlinear
transformations of input.

Map vectors in the data space to a higher dimension
feature space.

[Cristianini and Shawe-Taylor 00]



THE KERNEL METHOD

f (T) ≈ K =
[

f (A) f (R)
f (C) f (C)(f (A))+f (R)

]

T ≈ f−1(K)

See paper for more details on how f is a kernel method.



THE LIGHT TRANSPORT KERNEL

Use the nonlinear power function

f (x) = xγ

One parameter, optimal function easy to find
Produces enhanced reconstructions



ESTIMATING THE LIGHT TRANSPORT KERNEL

We use golden section search to find optimal
γ ∈log [0.001,1000] that minimizes

g(γ) =
||f (A)||∗
||f (A)||2

∫ 1

0

1
f ′(x)

p(x) dx ,

||X||∗ =
∑

i

δi , ||X||2 = max
i
{δi}

where the δi’s are singular values of X and p is the
distribution density of values in A (assumed to be identical
to that in T).

Optimization takes only few seconds.

[Press et al. 92].
See paper for more details.



ACQUISITION EQUIPMENT SETUP

Figure 4: Device setup for capturing sparse columns and rows of
the light transport matrix. (a) Illustration. (b) Photograph.

the f (T) and the capturing is finished. Otherwise, we capture a
new batch of rows and columns and repeat the above steps with the
extended sample set.

A device setup is designed for acquiring a batch of row and column
samples from the scene. As shown in Figure 4, we focus on the light
transport from point light sources on a 2D plane to image pixels
captured from a fixed view point. In our setup, a column of the light
transport matrix is directly obtained from the image of the scene
under the a virtual point light source, while a row of the matrix
is measured via a dual setup by exploiting the reciprocity of light
transport [Hawkins et al. 2005; Sen et al. 2005]. To obtain a batch of
rows and columns, we first capture the columns and then acquire the
rows of the light transport matrix. A stratified sampling scheme is
applied for sampling rows of the matrix based on sparsely sampled
column values.

Device Setup and Calibration As shown in Figure 4(b), our
setup consists of a Optoma HD73 DLP projector, three laser emit-
ters that can generate red, blue and green laser beams, two Canon
20D cameras and a flat vegetable parchment paper (i.e., diffuser)
placed between the projector and the scene. The reflection and re-
fraction of the paper are assumed to be diffuse and spatially uni-
form. When the projector shoots a light beam (5× 5 pixels in our
implementation) onto a point of the diffuser, partial light is refracted
from the other side of the paper and illuminates the scene as a point
light source. With this setup, we model the light transport from
the point light sources that correspond to all projector pixels (i.e.,
all possible shifts of 5× 5 pixels) to image pixels captured by the
prime camera, which is represented by a very large transport matrix
with nearly a million of columns and rows.

Before capturing, we calibrate the color and intensity of each point
light source. In our implementation, we first calibrate the point light
sources sampled on 40× 40 regular grids by capturing the images
of the diffuser plane lit with each of the 1600 point light sources
from the scene side. We take images of the diffuser plane from the
dual camera simultaneously to build the correspondence between
the point light source positions and pixels of the dual camera image,
in which the images captured by the dual camera are downsampled
to 1024×768 to match the projector’s resolution. We then calibrate
the other point light sources within the regular grid by interpolating
the calibration results of the neighbor point light sources on the
grid.

Column Sampling After calibration, we place the scene objects
under the diffuser plane and start to capture the columns of the light

Figure 5: Sampling columns and rows of the light transport ma-
trix. (a) Photograph of the scene in column sampling. (b)(c) Two
column sampling images. (d) Photograph of the scene in row sam-
pling. (e)(f) Two row sampling images. The corresponding pixels
are marked in (c).

transport matrix with the projector and the prime camera. Without
any knowledge on the light transport in the scene, we acquire a set
of columns from the prime camera with r point light sources uni-
formly distributed on the diffuser plane. For each sampled point
light source l j , eight images of different exposures are taken from
the prime camera and then down-sampled and fused into HDR im-
ages as in [Debevec and Malik 1997]. The result is a set of column
vectors T., j of the matrix T.

Row Sampling A dual setup that includes the three laser emitters
and the dual camera is used for row sampling. The laser emitters are
placed close to the prime camera, their orientations being controlled
by a computer; the scene is lit by the laser beams. The reflectance
of the scene is then projected onto the diffuser, refracted uniformly
on the other side of the diffuser, and recorded by the dual camera
neighboring the projector.

We utilize the sampled column values to guide the row sampling.
Similar to [Hašan et al. 2007], we pack the r sparse elements in
each row to a vector r̂i = (Ti, j1 ,Ti, j2 , . . . ,Ti, jr ), where j1, . . . , jr are
indices of the sampled columns. We then employ k-means to cluster
the {r̂i} into r clusters. For each cluster, the vector closest to the
cluster center vector is selected as the sampling pixel.

For each row (i.e., pixel location) to be sampled, we adjust the di-
rection of three laser beams so that they focus on the same surface
point whose projection on the prime camera falls in the sampled
pixel position. Since the prime camera and the laser emitters are
relatively far away from the scene, the angle difference between the
camera’s pixel ray and the laser beams is small and ignored in cap-
turing. A HDR image of the diffuse plane is then acquired from
the dual camera. With the correspondence between the dual cam-
era pixels and the point light source positions, we can easily obtain
the sampled row values from the downsampled HDR images. We
repeat this process until all sampled rows are measured. Finally, we
scale the sampled columns so that the matrix element values cap-
tured by both rows and columns become the same. Figure 5 shows
the sampled column and row images.

5 Results and Discussions

We implemented our kernel Nyström method on a PC with Intel
CoreTM2 Duo 3.2GHz CPU and 4GB of memory. In our implemen-
tation, we capture a batch of 10 rows and 10 columns in each adap-
tive capture step and experimentally set the threshold as ε = 0.05.
A typical acquisition session (including image acquisition, HDR
reconstruction, and kernel estimation) takes about 135 minutes for
capturing 150 rows and 150 columns from the scene. The image



LIGHT TRANSPORT MEASUREMENT
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RESULTS



FUTURE WORK



Thank you!

Any questions?
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