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Long gravity waves or swell dominating the sea surface is known to be very useful to estimate seabed morphology in coastal areas.
The paper reviews the main phenomena related to swell waves propagation that allow seabed morphology to be sensed. The linear
dispersion is analysed and an error budget model is developed to assess the achievable depth accuracy when Synthetic Aperture
Radar (SAR) data are used. The relevant issues and potentials of swell-based bathymetry by SAR are identified and discussed. This
technique is of particular interest for characteristic regions of the Mediterranean Sea, such as in gulfs and relatively close areas,
where traditional SAR-based bathymetric techniques, relying on strong tidal currents, are of limited practical utility.

1. Introduction

Study and development of new techniques for monitoring
and control of coastal regions are a crucial aspect at the
international level [1]. Both large cargo ships and small sailing
boats are abundant in coastal areas together with a large
number of human activities like fishing, pipeline manage-
ment, marine research, cable laying, and recreation. Accurate
measurements of sea water depth and seabed morphology
are, therefore, essential for proper resource management [2].
Acquisition of bathymetric information and production of
the relevant digital elevation models (DEMs) of coastal areas
can guarantee safe navigation and allow important activities
to be conducted such as execution of warp analysis, moni-
toring of geomorphological risk, and forecasting of potential
flooding effects. In addition, accurate measurements of the
sea floor morphology can support monitoring of marine
pollution and archeological researches in underwater coastal
area.

Conventional techniques to perform hydrographic sur-
veys and to obtain bathymetric data are based on scanning
the region of interest with echo-sounders [3]. Survey vessels
are used to cover the region by planned transects and a dense
distribution of bathymetric data is thus retrieved. Different
scales of accuracy can be obtained by using different types
of echo-sounders and the adoption of inertial sensors with
integration of differential GPS allows subdecimeter accuracy
to be achieved over shallow waters [4]. Unfortunately, despite
the high level of accuracy that it can provide, conventional
hydrographic surveying is expensive and complex to realize
due to the necessity to implement dedicated in situ acquisi-
tion campaigns [5].

Several remote sensing methods, such as the use of Light
Detection and Ranging (LIDAR) technology [6, 7] or passive
optical bathymetry [8–10], have been suggested as potential
alternatives or useful support to conventional bathymetric
techniques. Indeed, remote sensing methods provide quick
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coverage of large areas at relatively low cost, thus allow-
ing local depth variations and temporal morphodynamical
development of seabed in coastal regions to be potentially
monitored [2]. However, those technologies work only with
clear water and this represents a significant limit for their
applicability [11].

Since the first spaceborne Synthetic Aperture Radar
(SAR) was sent into orbit onboard the NASA’s SEASAT satel-
lite in 1978 [12], the possibility to retrieve bathymetric data
by analyzing the information on the ocean surface provided
by SAR has been investigated [13, 14]. SAR imaging has
the potential for improved temporal resolution with respect
to traditional bathymetric surveys. Revisit time of several
days is typically achieved by spaceborne SARs thus allowing
regular monitoring even on long time scales. However, due
to the inability of SAR signals to penetrate sea water and
reach seabed [15], SAR returns a high-resolution 2D image of
sea surface. Therefore, bathymetric measurements from SAR
data rely on indirect processes, with the sea floormorphology
sensed through the effects it produces on sea surface. Since
the magnitude of these effects decreases with the local
depth, SAR-based bathymetry cannot be applied offshore and
over deep water areas. Nonetheless, bathymetric coverage of
shallow waters and coastal regions can be performed.

Thefirstmodel explaining how to detect underwatermor-
phology from sea surface features using SAR data has been
proposed by Alpers and Hennings [16]. The model focuses
on the variation of strong currents over sand banks. Due to
conservation of mass, when a current flows perpendicular to
a sand bank its speed increases over the ridge and decreases
after the ridge. These variations in current speed modify sea
surface roughness thus affecting radar backscatter over that
area [17–19]. From then on, several researches have been
conducted to estimate seabed morphology from SAR data
through this current-based bathymetric theory [5, 13, 14].

A different approach for SAR-based bathymetric data
retrieval has been recently applied to high-resolution SAR
data [20]. It relies on the variations in wave propagation
direction and wavelength that occur when swell waves pass
from deep to shallow water [21]. When swell waves propagate
on sea surface, refraction and shoaling phenomena can be
tracked in SAR images from offshore to the shoreline [22].
By using a proper modelling to relate these changes in swell
wave characteristics to the sea water depth [21], bathymetric
data can be retrieved [23].

The present paper focuses on SAR-based bathymetry
exploiting swell wave propagation. This is a promising tech-
nique for characteristic regions of the Mediterranean Sea,
such as in gulfs and relatively close areas, where currents
are extremely weak and cannot be used to infer bathymetry.
Based on the consideration that the linear dispersion rela-
tion is generally adopted for swell-based bathymetry, the
paper develops an error budget model for this dispersion
relation. Moreover, the paper discusses viability and poten-
tial performance for the case in which SAR imaging is
used to provide the linear dispersion relation with suitable
input data. According to authors’ knowledge of existing
literature, limited discussions on those topics are available
[20, 23, 24].

The paper is organized as follows. Section 2 describes
the main phenomena related to swell waves propagation that
allow seabedmorphology to be detected in coastal areas from
SAR images and capability of SAR to image them. Section 3
investigates applicability of the linear dispersion relation and
provides some guidelines for its proper exploitation on SAR
images for bathymetric applications. Section 4 describes the
performed error budget analysis for depth retrieval sensitivity
to swell parameters when linear dispersion relation is applied
with specific reference to SAR-based bathymetry. Section 5
reports a discussion on the main outcomes derived through
the paper.

2. Bathymetric Features on Sea Surface and
SAR Imagery

Sea surface is usually a combination of many wave compo-
nents having significant variability in height, frequency, and
wavenumber as well as in direction of propagation. Three
main kinds of waves can be identified: capillary waves, swell
waves, and wind waves. Swell waves are long-period waves
with long individual crests which travel far from their region
of origin and which tend to be uniform in height, period, and
direction of propagation [25–27]. Gravity is their controlling
force and causes their propagation once the sea surface is
displaced from its rest position.When swell waves travel from
deep to shallowwater they start feeling the influence of seabed
morphology [25].

2.1. Bathymetric Sea Surface Features. Effects of seabed mor-
phology on swell waves can be essentially related to two
main phenomena which modify swell waves propagation
on sea surface. When swell waves approach shallow water
areas, their speed and wavelength decrease thus causing an
increment in their height due to conservation of energy. This
phenomenon is called shoaling. Moreover, if the traveling
swell crests are not aligned with contour lines of sea bottom
morphology, different portions along the crest exhibit a
different magnitude of the shoaling phenomenon. Variation
of depth along a wave crest causes different portions of the
crest to travel at different speeds, with those parts in shallower
water being more decelerated than those in deeper water.
The overall result is a change of the swell travel direction
to realign their crests and become parallel to the shoreline.
This process is called refraction and it takes place until the
swell crests become parallel to the shoreline or the wave
breaks [20, 28]. This implies that rays, that is, the virtual
lines perpendicular to the wave crests that contain a constant
energy flux, converge on local shoals and shallow water
areas. Phenomena of swell wave shoaling and refraction due
to underwater morphology start appearing in intermediate
water depth because surface waves begin to feel the bottom
when sea water depth, ℎ, is shorter than about half of the swell
wavelength, 𝐿 [20]:

ℎ <
1

2
𝐿. (1)
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This means that bathymetry through swell wave modu-
lation can be performed only for water depth values lower
than half the swell wavelength, that is, the limit water depth
value. This limit cannot be univocally defined since swell
wavelength depends on the considered case.

2.2. SAR Imaging of Bathymetric Sea Surface Features.
Microwave signals emitted by SAR are able to penetrate into
sea water just a few centimetres [15] and, therefore, they are
unable to reach the seabed [13]. This means that the echoed
signals received from sea can be considered as sea surface
echoes measuring the surface roughness encountered by the
transmitted microwave signals. Specifically, the backscatter
patters in SAR images of sea surface are due to the presence
of wind-generated short waves, called Bragg waves [13, 25,
29]. These are waves that satisfy the Bragg condition thus
generating constructive interference in the direction of the
SAR sensor. In the case of total lack of wind, sea surface is
smooth and it reflects the SAR signal aside [25] generating
no echo to the sensor antenna.

When swell waves fully characterize sea surface at the
moment of SAR image acquisition, they can be imaged as
amplitude modulations of the radar echoes because they
modulate the sea surface roughness distribution [13, 25].This
mechanism is related to the following three mechanisms:
hydrodynamic modulation, tilt modulation, and velocity
bunching modulation [22]. On the contrary, when other
kinds of waves, for example, wind sea [24], significantly affect
sea surface parameters, a proper visualization of swell waves
may be prevented.

In general, the imaging mechanism of sea surface by
SAR is not linear. As a consequence, a SAR image cannot
be interpreted as a picture of the surface. Complex models
are necessary to retrieve sea spectrum information (e.g., see
[30, 31]). However specific conditions exist in which linear
imaging can be assumed [31]. This is the case of not extreme
wind speed and sea state, absence of currents, and swell
patterns characterized by wavelengths that are sufficiently
far from the cut-off conditions [20]. Experimental results
demonstrate that when these conditions are satisfied, the
swell wavelengths imaged by SAR represent an unbiased
estimate of the true swell wavelengths [24].

Particular attention should be given to surface currents
since they can cause variations in swell phase velocity
and wavelength which generate the same effects as seabed
morphology in shallow water [21, 22, 24, 25]. This means
that SAR images are useful to investigate seabed morphology
only if acquired under weak current velocity. Quantitatively,
current velocity larger than 0.05m/s should be avoided [24].
Moreover, values of the incidence angle of SAR images should
be as short as possible thus increasing the backscattering from
sea surface and reducing undesirable smearing effects [13].

To properly identify bathymetric sea surface features,
SAR images with swell waves propagating along the flight
direction should be avoided since the velocity bunching phe-
nomenon may cause the minimum discernible wavelength
to be longer than that of swell waves propagating along
the ground-range direction [13, 22, 25]. Equation (2) shows

an empiric expression [20] which links the minimum
detectable value of wavelength for swell waves travelling
along the azimuth direction, 𝐿Min|Azim, to the slant range, 𝑅,
platform velocity, 𝑉, and significant wave height,𝐻𝑠:

𝐿Min|Azim =
𝑅

𝑉
√𝐻𝑠. (2)

On the contrary, SAR capability to detect swell waves
traveling along the ground-range direction strictly depends
on the ground-range resolution of the radar system. In detail,
ground-range resolutions lower than five times the swell
wavelength allow accurate and reliable measurements of the
swell wavelength to be performed.

For swell travelling along a generic direction, the
minimum detectable length ranges from the one along
the ground-range dimension, 𝐿Min|Range, to that along the
azimuth direction, 𝐿Min|Azim. To a first order, being 𝜙 the
angle between the direction of propagation of the swell waves
and the platform flight direction, the value of the minimum
detectable wavelength, 𝐿Min, can be estimated as

𝐿Min =
𝐿Min|Range

2
(1 − cos (2𝜙))

+
𝐿Min|Azim

2
(1 − cos (2𝜙 + 𝜋)) .

(3)

Equation (3) matches the results presented in [32].
Figure 1 depicts the simulated trend of the minimum

detectable swell wavelength obtained by using typical values
for ALOS (Advanced Land Observing Satellite) PALSAR
working in stripmapmode, that is, 6.25m ground-range pixel
spacing, 𝐿Min|Range five times larger than the resolution, that
is, 31.25m, 7.59 km/s for the satellite velocity, and 848 km
for the slant range (corresponding to about 38∘ incidence
angle), and by considering 1m for the significant wave
height. As expected, the performed simulation shows that the
value of the minimum detectable wavelength varies in the
range [31.25; 111.73]m, shorter for swell waves propagating
along the ground-range direction and longer for swell waves
propagating along the azimuth one.

Figure 2 shows a subset of an ALOS stripmap image,
6.25m × 6.25m pixels spacing, covering the west coast of
the Ischia Island in the Gulf of Naples, Italy. The sea surface
is characterized by a swell field travelling along the ground-
range direction with swell wavelength in the range [70m;
160m].This is an example of the conditions inwhich shoaling
and refraction can be tracked and linear SAR imaging can be
assumed. Hence, bathymetry can be inferred if a relation is
introduced to model swell parameters as a function of water
depth. This relation is typically called dispersion relation as
discussed in the next section.

3. Linear Dispersion Relation for
SAR-Based Bathymetry

The dispersion relation models the hydrodynamic phe-
nomenon of swell waves modulation due to water depth
variations by considering the governing physical processes,



4 The Scientific World Journal

0 20 40 60 80 100 120 140 160 180
0

20

40

60

80

100

120

𝜙 (deg)

L
m

in
(m

)

Figure 1: Simulated trend of the minimum value for detectable
swell wavelength obtained from (3) by using typical values for ALOS
PALSAR working in stripmap mode (6.25m ground-range pixel
spacing); that is, 𝐿Min|Range = 31.25m,𝑉 = 7.59 km/s, 𝑅 = 663 km, and
for𝐻𝑠 = 1m.
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Figure 2: Subset of the ALOS PALSAR stripmap image, 6.25m ×
6.25m pixel spacing, acquired on February 13, 2007, at 20:28 UTC,
covering the west coast of the Ischia Island in the Gulf of Naples,
Italy (background image © Google Earth); swell waves propagate
along the ground-range direction and phenomena of shoaling and
refraction are well visible approaching the coastline.

particularly the restoring force. Several mathematical expres-
sions, characterized by different levels of details, exist to
describe the relation between swell wave parameters and
water depth [21, 26, 32–35]. Extensive studies have been
performed on the applicability of those expressions for SAR-
based bathymetric data retrieval. Results have shown that
nonlinear theories require values of additional swell wave
parameters to be known, for example, swell wave height and
period, which cannot be directly calculated by using SAR
[32, 33] or, at most, they can be retrieved with high level
of uncertainty. Such uncertainties can be so large that the
resulting uncertainty in the water depth is larger than the one
obtained by using the linear dispersion relation, that is, by
neglecting the effects of nonlinear processes. Therefore, the
finite depth linear version of the dispersion relation for swell
waves has been universally recognized as themost suitable for
SAR-based bathymetric data retrieval [20, 23, 24, 36].

3.1. Linear Dispersion Relation. The linear dispersion relation
is based on the Airy wave theory, that is, the linear wave
theory. When the assumption of small amplitude waves is
made, the mechanism of swell waves propagation on the
surface of a homogeneous fluid layer can be represented by
a linear theory. This allows a sinusoidal wave profile [25, 37]
to be assumed without losing generality. Indeed, the whole
reasoning can be applied also to more complex wave profiles
since they can be modelled as the superposition of sinusoidal
waves with different wavelengths.

The standard expression of the linear dispersion relation
in intermediate water depth, that is, for water depth in
the range [(1/20)𝐿; (1/2)𝐿], relates the swell wave angular
frequency 𝜔, that is, the frequency at which the swell waves
oscillate as measured by an observer fixed in themedium, the
gravity acceleration 𝑔, water depth ℎ, and swell wavenumber
𝑘 [25–27, 37, 38]:

𝜔
2
= 𝑔𝑘 tanh (𝑘ℎ) . (4)

By considering the relationship between swell wavenum-
ber and swell wavelength, that is, 𝑘 = 2𝜋/𝐿, and the one
between swell frequency and swell period, that is, 𝜔 = 2𝜋/𝑇,
a more useful form of the linear dispersion relation for SAR-
based bathymetry data retrieval in intermediate water depth
can be obtained:

ℎ =
𝐿

2𝜋
tanh−1 (2𝜋𝐿

𝑇2𝑔
) . (5)

The phase speed of swell waves indicates the speed at
which a wave crest moves and is given by

𝑐 =
𝜔

𝑘
. (6)

The phase speed is a function of depth, swell period,
and wavelength. This is the main reason explaining why
bathymetry can be performed in intermediate water. Differ-
ently, mathematical expressions of the linear dispersion rela-
tion both in deep water and shallow water are demonstrated
to be not useful to estimate bathymetry [34, 35]. Indeed, the
linear dispersion relation in deep water (ℎ > (1/2)𝐿) is

𝜔 = √𝑔𝑘 (7)

and the phase speed of swell waves [26] is

𝑐 = √
𝑔

𝑘
=
𝑔𝑇

2𝜋
. (8)

Equation (8) shows that the phase speed in deep water
is only dependent on the swell period thus causing longer,
lower-frequency waves to propagate faster than the shorter,
higher-frequencywaves and leading to dispersion of the wave
components, which does not depend on the wavelength.

Similarly, the shallow water (ℎ < (1/20)𝐿) dispersion
relation is

𝜔 = 𝑘√𝑔ℎ (9)
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and the phase speed of swell waves is

𝑐 = √𝑔ℎ (10)

thus depending only on water depth. This means that all
waves travel at the same speed independently of their wave-
length or, equivalently, that there is no relation between
wavelength and depth.

3.2. Applicability of the Linear Dispersion Relation. This sec-
tion analyzes the theoretical behavior of the linear dispersion
relation in intermediate water depth. Therefore, for each
considered swell wavelength only the values of water depth
less than half that wavelength will be considered. In addition,
only the wavelength satisfying the relation |2𝜋𝐿/𝑇2𝑔| < 1 has
to be taken into account due to the tanh−1 function (see (4)).
Thismeans that, for each swell wavelength, a lower limit value
for the swell period 𝑇MIN = √2𝜋𝐿/𝑔 has to be considered.

Figures 3 and 4 show the relation between water depth,
swell wavelength, and swell period in coastal areas for typical
ranges of swell wavelength 𝐿 ∈ [20; 300]m, and swell
period 𝑇 ∈ [4; 33] s. Figure 3 shows that, for constant swell
wavelength, the water depth decreases when the swell period
increases. On the contrary, if swell period is constant, swell
wavelength decreases when water depth decreases too; the
longer the swell wavelength is, the steeper the slope of this
trend is. The absolute value of the slope increases at short
swell wavelength thus leading to large uncertainty in water
depth estimation based on swell period. Indeed, a small
error in the swell period is amplified by the linear dispersion
relation for short values of the swell wavelength thus leading
to a large error in the estimated water depth.

Figure 4 shows that the longest acceptable value for the
measured swell wavelength, that is, the largest acceptable
value for the estimated water depth, depends on the con-
sidered value of swell period. The shorter the swell period
is, the shorter the maximum acceptable swell wavelength is.
In particular, for large swell periods this value is outside
the range of valid swell wavelength. Absolute value of the
slope increases for long swell wavelength thus leading to large
uncertainty in water depth estimation especially for little
swell period. Indeed, even a small error in swell wavelength
leads to a large error in the estimated water depth.

According to the performed analysis a further remark can
be made. When the swell period is sufficiently large and the
local depth is quite limited, variations in the swell period are
expected to generate very limited variations in the estimated
water depth; that is, the sensitivity of water to swell period is
very low.

This property turns to be very useful for SAR-based
bathymetry since it allows a first-guess approach to be used
to estimate swell period (see Section 3.3).

3.3. Guidelines for the Exploitation of the Linear Dispersion
Relation on SAR Images for Bathymetric Applications. When
swell waves fully characterize sea surface and linear imaging
can be assumed, SAR images of coastal areas can be used
to indirectly infer seabed morphology from shoaling and
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Figure 3: Sea water depth as function of swell period for different
values of swell wavelength, 𝐿, in the range [20; 300]m, according to
the linear dispersion relation starting from intermediate water depth
up to shoreline.
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Figure 4: Sea water depth as function of swell period for different
values of swell period, 𝑇, in the range [4; 34] s, according to the
linear dispersion relation starting from intermediate water depth up
to shoreline.

refraction phenomena [39]. The maximum detectable sea
water depth can be estimated by considering the specific
range of swell wavelength present on the SAR image. Imaged
swell wavelengths can be calculated from SAR images by
using spectral analysis [20, 22–25, 35, 36, 39]. The two-
dimensional spectrum of a small region of the SAR image
has to be retrieved in order to convert it into the directional
wave spectrum of the local wave field. The peak in the two-
dimensional spectrum indicates the dominant wavelength
and the dominant wave direction of all the waves visible
in the subimage [20]. Concerning the period, it cannot be
measured by the aforementioned spectrum analysis. Other
sources, for example, buoys or weather services, could be
used. Alternatively, a first-guess approach [20, 40] can be
implemented by estimating the swell period with a first guess
for water depth from an available low-resolution topography
dataset. Thanks to the linear dispersion relation and to
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the measured swell wavelength from SAR image, the value of
the swell period can be estimated. Following the properties
of the linear dispersion relation, the swell period calculated
offshore, if sufficiently long, can be used for the whole swell
ray up to the shoreline, generating very low errors in the
estimation of water depth. Moreover, it would be advisable to
retrieve the swell period in correspondence of a sea surface
area as close as possible to the beginning of the intermediate
water depth domain so as to reduce errors in the retrieved
water depth. Once values of swell wavelength and period have
been estimated, (5) can be applied to retrieve the water depth
corresponding to the considered subimage [20]. To analyze
a larger portion of the SAR image, the spectral analysis has
to be conducted by scanning the area of interest with small
windows. A raster approach can be used by considering
scanning windows at a predetermined distance [36].The Fast
Fourier Transform (FFT) is applied for each location of the
window; a two-dimensional image spectrum is retrieved and
converted into the directional wave spectrum of the wave
field. This process is performed until the corner points of
the scanning window reach the shoreline. Finally, it is worth
noting that the capability to infer seabed morphology is
strictly related to the values of swell wavelength. Hence, it
is expected that only sea bottom features characterized by a
scale length that is at least of the same order of magnitude
as the local peak wavelength of the swell waves can be
characterized [39].

4. Error Budget Analysis of Linear
Dispersion Relation and Application to
SAR-Based Bathymetry

An error budget model is presented in this section to
investigate the potential performance of the linear dispersion
relation. For any given model of water depth estimation, ℎ =
ℎ(𝑆1, 𝑆2, . . . , 𝑆𝑛), the basic propagation formula for variance
of water depth, 𝜎2ℎ, in terms of all the related error sources
(𝑆1, 𝑆2, . . . , 𝑆𝑛) is given by

𝜎
2

ℎ = ∑

𝑖

(
𝜕ℎ

𝜕𝑆𝑖

)

2

𝜎
2

𝑆𝑖
+

𝑖 ̸=𝑗

∑

𝑖,𝑗



𝜕ℎ

𝜕𝑆𝑖

𝜕ℎ

𝜕𝑆𝑗



𝜎𝑆𝑖 ,𝑆𝑗
,

𝑖 = 1, . . . , 𝑛; 𝑗 = 1, . . . , 𝑛.

(11)

With reference to the linear dispersion relation (5), the
statistical correlation between error sources, that is, the
second summation in (11), is neglected. The variance of the
estimated water depth is obtained by adding 𝜎2ℎ|𝐿 , that is, the
square of the water depth uncertainty due to the one in the
swell wavelength, 𝜎𝐿, to 𝜎

2
ℎ|𝑇
, that is, the square of the water

depth uncertainty due to the one in the swell period, 𝜎𝑇:

𝜎
2

ℎ = (
𝜕ℎ

𝜕𝐿
)

2

𝜎
2

𝐿 + (
𝜕ℎ

𝜕𝑇
)

2

𝜎
2

𝑇 = 𝜎
2

ℎ|𝐿
+ 𝜎
2

ℎ|𝑇
. (12)

The analytic formula for the sensitivities, that is, the
partial derivatives 𝜕ℎ/𝜕𝐿 and 𝜕ℎ/𝜕𝑇, can be derived by
differentiation of the linear dispersion relation (5):

𝜕ℎ

𝜕𝐿
=
1

2𝜋
tanh−1 (2𝜋𝐿

𝑇2𝑔
) +
𝐿

𝑇2𝑔

1

1 − (2𝜋𝐿/𝑇2𝑔)
2
, (13)

𝜕ℎ

𝜕𝑇
= −𝐿

1

1 − (2𝜋𝐿/𝑇2𝑔)
2

2𝐿

𝑇3𝑔
. (14)

Equations (13) and (14) show that 𝜎ℎ|𝐿 and 𝜎ℎ|𝑇 depend
on wavelength and period of the swell wave field propagating
in the considered portion of sea surface. In particular, the
larger the swell period is, the lower the sensitivities are. On
the contrary, if a short value of swell period is assumed, large
sensitivities occur thus leading to a large 𝜎2ℎ also with limited
𝜎𝐿 and 𝜎𝑇.

In order to avoid large errors in the estimation of water
depth, an upper limit for sensitivities is introduced. Ranges
of acceptable values should, therefore, be defined for swell
wavelength and swell period, respectively, so that only values
of 𝐿 and 𝑇 which give



𝜕ℎ

𝜕𝐿


≤



𝜕ℎ

𝜕𝐿

limit
, (15)



𝜕ℎ

𝜕𝑇


≤



𝜕ℎ

𝜕𝑇

limit
(16)

will be used for bathymetric data retrieval. Limit values for
sensitivities must be selected depending on the accuracy
desired for the bathymetric survey.

In the present paper, the cut-off value of 7.76 has been
considered reasonable for both |𝜕ℎ/𝜕𝐿|limit and |𝜕ℎ/𝜕𝑇|limit.
It is equivalent to the value of |𝜕ℎ/𝜕𝑇| obtained from (14) by
considering 𝐿 = 200m and ℎ = 30m. Figure 5 shows that
for each value of swell wavelength, two lower limit values
of swell period are obtained: one related to |𝜕ℎ/𝜕𝐿|limit and
the other one related to |𝜕ℎ/𝜕𝑇|limit. Since (15) and (16) must
be satisfied at the same time, only values (𝐿, 𝑇) in the area
above both the two curves can be used. In the considered case,
the admissible area is the same as considering only condition
(16). The minimum acceptable swell period rises as the swell
wavelength increases. The more the two curves are close to
each other, the more the values of |𝜕ℎ/𝜕𝐿| on the boundary of
the admissible area are close to |𝜕ℎ/𝜕𝐿|limit.

Figure 5 also shows that setting the upper limit for
sensitivities is the same as considering a range of potentially
inferable values of water depth. As expected, values of water
depth rapidly increase approaching the |𝜕ℎ/𝜕𝑇|limit curve but,
in the considered case, values within 30m are obtained in
almost the whole admissible area of the (𝐿, 𝑇) plane. The
above-reported considerations are of general validity; that
is, they depend only on the properties of the dispersion
relation and so they hold independently of the technique
used to calculate wavelength and period. On the contrary,
uncertainties in the error sources, that is, in swell wavelength,
𝜎𝐿, and in swell period, 𝜎𝑇, depend on the adopted technique.

With specific reference to SAR imaging, the value of 𝜎𝐿
basically depends on the spatial resolution of the inspected
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Figure 5: Swell wavelengths and periods which provide |𝜕ℎ/𝜕𝐿| =
|𝜕ℎ/𝜕𝐿|limit (dotted line) and |𝜕ℎ/𝜕𝑇| = |𝜕ℎ/𝜕𝑇|limit (continuous
line) together with the water depths calculated from the linear
dispersion relation in the considered admissible area of the (𝐿, 𝑇)
plane.

SAR image. On the other hand, the value of 𝜎𝑇 depends on
the accuracy of the sources that provide the swell period or,
in case a first guess approach is used, on the accuracy of the
assumed offshore water depth. Ranges of possible values for
𝜎𝐿 and 𝜎𝑇 have been considered to evaluate the performance
of the linear dispersion relation for bathymetric data retrieval.
Typical values of high spatial resolution (spotlight SAR
image) andmedium spatial resolution (stripmap SAR image)
have been adopted as minimum and maximum values for
𝜎𝐿, respectively. Therefore, values of 𝜎𝐿 ∈ [2; 10]m have
been considered in this work [41, 42]. On the other hand, the
minimum and maximum values for 𝜎𝑇 have been retrieved
from (12) by assuming 𝜎ℎ|𝑇 = 1m and 𝜎ℎ|𝑇 = 10m, respectively,
with |𝜕ℎ/𝜕𝑇| = |𝜕ℎ/𝜕𝑇|limit = 7.76m/s. Therefore, values of
𝜎𝑇 ∈ [0.129; 1.29] s have been considered.

Figure 6 shows the resulting values of 𝜎ℎ|𝐿 for (𝐿, 𝑇) in
the considered admissible ranges by assuming the minimum
and the maximum values of uncertainty in swell wavelength,
respectively. A large zone in the (𝐿, 𝑇) plane is characterized
by low values of 𝜎ℎ|𝐿 up to about 0.5m for 𝜎𝐿 = 2m and to
about 2.3m for 𝜎𝐿 = 10m. Values of 𝜎ℎ|𝐿 rise in a small region
close to the boundary. For long swell wavelength, 𝜎ℎ|𝐿 rises up
to 0.7m for 𝜎𝐿 = 2m and to about 3.5m for 𝜎𝐿 = 10m. For low
𝐿 and𝑇, instead, 𝜎ℎ|𝐿 can reach values up to 1.8m for 𝜎𝐿 = 2m
and to 9m for 𝜎𝐿 = 10m since values of |𝜕ℎ/𝜕𝐿| are close to
|𝜕ℎ/𝜕𝐿|limit in that region.

Similarly, Figure 7 shows the calculated values of 𝜎ℎ|𝑇
for (𝐿, 𝑇) in the considered admissible ranges by assuming
the minimum and the maximum values of uncertainty in
swell period. As expected, the values of 𝜎ℎ|𝑇 are quite low
for large swell period. A large zone in the (𝐿, 𝑇) plane is
characterized by short values of 𝜎ℎ|𝐿 up to about 0.4m for 𝜎𝑇
= 0.129 s and up to about 4m for 𝜎𝑇 = 1.29 s. They rapidly
increase approaching the boundary and achieve values up to
1m for 𝜎𝑇 = 0.129 s and up to 10m for 𝜎𝑇 = 1.29 s. The values
of 𝜎ℎ|𝑇 increase more steeply than 𝜎ℎ|𝐿 in the area next to
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and 𝜎𝑇 = 1.29 s.

the boundary. This is because |𝜕ℎ/𝜕𝑇| quickly rises in that
region up to the limit value |𝜕ℎ/𝜕𝑇|limit.

Finally, the overall uncertainty in water depth has been
calculated (12). Figure 8 shows the obtained values of 𝜎ℎ in
the two limit cases for both 𝜎𝑇 and 𝜎𝐿. When the minimum
values are considered, that is, 𝜎𝑇 = 0.129 s and 𝜎𝐿 = 2m,
the uncertainty in water depth is estimated to be not larger
than about 0.6m for almost all the acceptable (𝐿, 𝑇) values.
It increases in the region next to the boundary and, for short
values of swell wavelength and period, it reaches values up to
2m. On the other hand, for maximum input uncertainties,
that is, 𝜎𝑇 = 1.29 s and 𝜎𝐿 = 10m, 𝜎ℎ gets up to about 4.6m for
a large area in the (𝐿, 𝑇) plane and rises steeply up to about
13m next to the boundary.

5. Discussion

The linear dispersion relation has been considered for swell-
based bathymetry. Its viability and potential performance for
water depth retrieval from SAR images of sea surface have
been investigated. This is, in general, not trivial since it is
related to several issues.
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Figure 8: Uncertainty in the estimated water depth in the considered admissible (𝐿, 𝑇) area for the minimum and maximum values for both
𝜎𝑇 and 𝜎𝐿.

With specific reference to sea surface state, the considered
approach is able to infer sea water depth when swell waves
fully characterize the sea surface at the moment of the SAR
acquisition, that is, when no other significant features are
present and linear SAR imaging can be assumed. Those
areas can be individuated by a visual inspection of the SAR
image since swell waves are imaged by SAR as long, regular,
and bright-and-dark alternating stripes (see Figure 2) [39].
Disturbing phenomena, if present, will not significantly affect
swell parameters or, alternatively, they must be filtered out by
proper preprocessing steps [43].

Under those conditions, the performed analysis has
revealed that the values of sea water depth that can be
potentially retrieved by using the linear dispersion relation
depend on the detected values of swell wavelength, 𝐿, and
period, 𝑇, as well as on the maximum admissible value of
uncertainty. In turn, also the uncertainty in the retrieved
sea water depth, 𝜎ℎ, depends on the detected values of swell
wavelength and period as well as on their uncertainties. The
use of a maximum limit value for sensitivities of water depth
to swell parameters has been suggested depending on the
desired level of accuracy in sea water depth estimation. In
this way, an area of acceptable values in the (𝐿, 𝑇) plane can
be defined. Figure 5 reports the admissible (𝐿, 𝑇) values with
typical ranges for swell wavelength (𝐿 ∈ [20; 300]m) and
swell period (𝑇 ∈ [4; 33] s) of coastal areas by adopting
a cut-off value of 7.76 for both |𝜕ℎ/𝜕𝐿|limit and |𝜕ℎ/𝜕𝑇|limit.
Under the above assumptions, linear dispersion relation is
theoretically able to retrieve values of water depth up to
about 40m. The error budget analysis has been performed
by using two values, 1m and 10m, for the uncertainty in swell
wavelength, 𝜎𝐿, typical of high and low spatial resolution of
SAR, respectively, and by using two values, 0.129 s and 1.29 s,
for the uncertainty in swell period, 𝜎𝑇. Linear imaging of sea
surface and short values of incidence angle of SAR images
are assumed. The results show that the uncertainty in the
estimated water depth due to that in swell wavelength, 𝜎ℎ|𝐿 ,
and the one due to that in swell period, 𝜎ℎ|𝑇 , are limited in
a large zone in the (𝐿, 𝑇) plane. Figures 6 and 7 show that
their values increase in a small region close to the boundary
of the admissible area of the (𝐿, 𝑇) plane. Tables 1 and 2 report

Table 1: Uncertainty in the estimated water depth due to that in
swell wavelength, 𝜎ℎ|𝐿 , for different (𝐿, 𝑇) and 𝜎𝐿 values.

𝜎𝐿 = 2 [m] 𝜎𝐿 = 10 [m]
𝐿 [m] 𝑇 [s] 𝜎ℎ|𝐿

[m] 𝐿 [m] 𝑇 [s] 𝜎ℎ|𝐿
[m]

20 33 0.007 20 33 0.03
22.2 4 1.8 22.2 4 9.0
150 13 0.5 150 13 2.3
300 16.6 0.7 300 16.6 3.5
300 33 0.1 300 33 0.5

Table 2: Values of uncertainty in the estimated water depth due to
that in swell period, 𝜎ℎ|𝑇 , for different (𝐿, 𝑇) and 𝜎𝑇 values.

𝜎𝑇 = 0.129 [s] 𝜎𝑇 = 1.29 [s]
𝐿 [m] 𝑇 [s] 𝜎ℎ|𝑇

[m] 𝐿 [m] 𝑇 [s] 𝜎ℎ|𝑇
[m]

20 33 0.0003 20 33 0.003
22.2 4 0.97 22.2 4 9.7
150 13 0.4 150 13 4
300 16.6 1.0 300 16.6 10
300 33 0.067 300 33 0.67

the resulting values of 𝜎ℎ|𝐿 and 𝜎ℎ|𝑇 , respectively, for some
(𝐿, 𝑇) values by assuming the minimum and the maximum
values of uncertainty in swell parameters.

The performed analysis has shown that the values of the
overall uncertainty in water depth, 𝜎ℎ, are lower than 0.6m
for almost all the acceptable (𝐿, 𝑇) region in the case of the
minimum considered values of both 𝜎𝐿 and 𝜎𝑇. Similarly,
in the case of the maximum considered values of both 𝜎𝐿
and 𝜎𝑇, values of 𝜎ℎ are within 4.6m for almost all the
acceptable (𝐿, 𝑇) region. Table 3 reports the resulting values
of 𝜎ℎ for some (𝐿, 𝑇) pairs by assuming theminimum and the
maximum values of uncertainty in swell parameters. Figure 8
and Table 3 show that they increase in the region next to the
boundary and, when short values of swell period are used,
𝜎ℎ reaches its maximum, that is, a value between 2.05m and
13.2m (in the case, resp., of the minimum and the maximum
considered values for both 𝜎𝐿 and 𝜎𝑇).
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Table 3: Values of uncertainty in the estimated water depth, 𝜎ℎ, for
different (𝐿, 𝑇) and (𝜎𝐿, 𝜎𝑇) values.

𝜎𝐿 = 2 [m] and 𝜎𝑇 = 0.129 [s] 𝜎𝐿 = 10 [m] and 𝜎𝑇 = 1.29 [s]
𝐿 [m] 𝑇 [s] 𝜎ℎ [m] 𝐿 [m] 𝑇 [s] 𝜎ℎ [m]
20 33 0.008 20 33 0.037
22.2 4 2.05 22.2 4 13.2
150 13 0.6 150 13 4.6
300 16.6 1.22 300 16.6 10.6
300 33 0.133 300 33 0.889

Finally, it is important to point out that the swell-based
technique is able to generate contour-like charts to describe
the bottom morphology. It has been conceived to detect
bathymetric features that can be properly represented by a
series of contour lines spaced by a quantity at least of the
same order of magnitude as the swell peak wavelength in
that area. As a consequence, sharp water depth variations are
filtered out by themethod and cannot be detected. Hence, the
bathymetric detection capability of swell-based bathymetry
is strictly dominated by the morphological characteristics of
seabed, no matter if it is sandy or rocky. It is worth noting
that the detection of underwater features can be enhanced by
a careful selection of the SAR images to process. Specifically,
particular attention should be paid to the visual inspection
of SAR images with a swell waves field propagating along the
flight direction of the SAR sensor. Indeed, due to the velocity
bunching phenomenon, azimuth propagating waves can be
smeared and therefore of limited utility, if not characterized
by a wavelength significantly longer than the cut-off length
of (2). The availability of ancillary information, for example,
related to wind speed or presence of surface currents, even if
not strictly necessary, can represent a valuable aid in assessing
the applicability of the linear SAR imaging model.

6. Conclusions

The present paper has reviewed the main phenomena related
to swell waves propagation that allow underwater bathymet-
ric features to be detected in coastal areas from SAR images.
The properties and features of the generally adopted expres-
sion of the dispersion relation for SAR-based bathymetric
data retrieval, that is, the finite depth linear version of the
dispersion relation for swell waves, have been discussed. Its
viability and potential performance when applied to SAR-
based bathymetry have been analyzed. An error budget
model has been developed to assess capabilities and limits of
this approach.

Typical ranges of swell wavelength ([20; 300]m) and swell
period ([4; 33] s) in coastal areas have been considered. The
performed analysis has shown that values of water depth
up to 40m can be retrieved in these conditions by using
the linear dispersion relation. Two typical values of high
and low spatial resolution of SAR, respectively, have been
adopted for the uncertainty in swell wavelength. Moreover,
two values have been used for the uncertainty in swell
period. The performed study has shown that the values of

uncertainty in the estimated water depth are lower than 0.6m
(4.6m) for almost all the acceptable values of wavelength and
period, in the case of the minimum (maximum) values of
uncertainties on swell parameters thatwere considered.These
results suggest that SAR-based bathymetry can be a potential
alternative or a useful support to conventional bathymetric
techniques. Planned future activities will deal with applying
this approach to real data sets and SAR images, including
both X-band and L-band SAR data from COSMO-SkyMed
and ALOS missions.
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Méhauté and D. M. Hanes, Eds., vol. 9, pp. 1–18, Ocean
Engineering Science, New York, NY, USA, 1990.

[34] I. A. Svendsen and J. B. Hansen, “Deformation up to breaking
of periodic waves on a beach,” in Proceedings of the 15th Interna-
tional Coastal Engineering Conference, pp. 477–496, Hamburg,
Germany, 1976.

[35] T. K. Holland, “Application of the linear dispersion relation with
respect to depth inversion and remotely sensed imagery,” IEEE
Transactions on Geoscience and Remote Sensing, vol. 39, no. 9,
pp. 2060–2072, 2001.

[36] M. K. Mishra, D. Ganguly, and P. Chauhan, “Estimation of
coastal bathymetry using RISAT-1 C-band microwave SAR
data,” IEEE Geoscience and Remote Sensing Letters, vol. 11, no.
3, pp. 671–675, 2014.

[37] I. S. Robinson, “Satellite oceanography. An introduction for
oceanographers and remote sensing scientists,” International
Journal of Climatology, vol. 5, pp. 688–689, 1985.

[38] I. G.Main,Vibrations andWaves in Physics, Cambridge Univer-
sity Press, Cambridge, UK, 2nd edition, 1988.

[39] V. Boccia, A. Renga,M. D’Errico et al., “Application of SAR data
from Cosmo-SkyMed and ALOS for coastal area bathymetry
in the Gulf of Naples,” in Proceedings of the 22nd AIDAA
Conference, Naples, Italy, September 2013.

[40] A. Renga, V. Boccia, M. D’Errico et al., “Analysis of SAR
monitoring capabilities in coastal areas,” in Proceedings of the
IET International Conference on Radar Systems, pp. 1–6, IET,
Glasgow, UK, October 2012.

[41] Italian Space Agency, COSMO-SkyMed System Description &
User Guide, 2007.

[42] Japanese Aerospace Exploration Agency, ALOS Data Users
Handbook, Revision C, 2008.

[43] V. Boccia, A. Renga, G. Rufino et al., “L-band SAR image
processing for the determination of coastal bathymetry based
on swell analysis,” in Proceedings of the Geoscience and Remote
Sensing Symposium (IGARSS ’14), pp. 5144–5147, Québec,
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