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General idea and success cases

• Idea?  

‣ Reduce to “small” instance (manually using induction) 

‣ Solve base case on a computer (using universal problem solving approaches 
such as SAT)

• Successful? 

‣ Tang/Lin, 2009: Famous impossibilities (Arrow, Sen, Muller-Satterthwaite, etc) for 
resolute social choice functions 

‣ G./Endriss, 2011: Automated theorem search (through universal reduction step) 
for ranking sets of objects 

‣ (Brandt/G./Seedig, 2014: Finding preference profiles for k-majority digraphs) 

‣ (G., 2014: Finding preference profiles of given Condorcet dimension)

• Today: 

‣ Method: more evolved technique to also treat strategyproofness for irresolute 
social choice functions 

‣ Results: e.g., efficiency and strategyproofness are incompatible for a natural set 
extension

2



Finding Strategyproof Social Choice Functions via SAT Solving Christian Geist

Results preview and related work

• Two notions of strategyproofness due to Kelly (1977) and 
Fishburn (1972) (see also Gärdenfors, 1979) 

‣ Impossibility: Pareto optimality is incompatible with Fishburn-SP 

‣ Possibility: There is a refinement of BP that is still Kelly-SP

• Closes gaps in the existing (axiomatic) literature on 
strategyproofness for irresolute social choice functions, e.g.,  

‣ Kelly (1977) 

‣ Barberá (1977) 

‣ Gärdenfors (1979) 

‣ Ching and Zhou (2002),  

‣ Brandt (2011) 

‣ Brandt and Brill (2011) 

‣ Sanver and Zwicker (2012)
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Outline

• Preliminaries 

‣ (Majoritarian) social choice functions 

‣ Strategyproofness (incl. set extensions of 
preferences) 

• Encoding into SAT 

‣ Initial encoding 

‣ Optimizations 

• Main results
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Preliminaries

• Finite sets of m alternatives, n voters

‣ Voters i with complete, anti-symmetric and transitive preference 
relations Ri over alternatives; strict part Pi (e.g., a Pi b Pi c)

‣ Preference profiles R = (R1, R2, ..., Rn)

• A social choice function (SCF) is a function that maps 
preference profiles to non-empty subsets of alternatives

‣ An SCF f is resolute if |f(R)|=1 for all preference profiles R

‣ An SCF f is neutral if it treats all alternatives equally

‣ An SCF f is majoritarian if it is neutral and f(R) only depends on 
the pairwise majority comparisons of R (majority relation RM)

• Majoritarian SCFs are also known as tournament solutions
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Tournament solution examples

• TC(RM) selects the maximal elements of the 
transitive closure of RM

• UC(RM) consists of all alternatives that are 
not covered

‣ x covers y if y RM v implies x RM v for all v∈V

• BP(RM) defined based on game theory

‣ Alternatives as actions; payoffs based on RM

‣ BP(RM) consists of all alternatives with positive  
probability in some Nash equilibrium
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TC(RM)={a,b,c,d}

UC(RM)={a,b,c}
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BP(RM)={a,b,c}
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Allan Gibbard Mark A. Satterthwaite

• A resolute SCF f is strategyproof if there is no R, R’, i∈N such that  
Rj=R’j for all j≠i and f(R’) Pi f(R)

• Theorem (Gibbard, 1973; Satterthwaite, 1975): Every strategyproof 
resolute SCF is either imposed or dictatorial.

‣ “[resoluteness] is a rather restrictive and unnatural assumption” (Gärdenfors; 
1976 - a philosopher)

‣ “The Gibbard-Satterthwaite theorem [...] uses an assumption of 
singlevaluedness which is unreasonable” (Kelly; 1977 - an economist)

‣ “If there is a weakness to the Gibbard-Satterthwaite theorem, it is the 
assumption that winners are unique” (Taylor; 2005 - a mathematician)

• Problem: Resolute SCFs are incompatible with anonymity and neutrality

• Solution: Allow for sets of winners (irresolute SCFs)

‣ Natural next question: what preferences do voters have over sets of 
alternatives
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Irresolute SCFs:  
Kelly’s extension

• How to deal with irresoluteness?

‣ Assumption: A single alternative is eventually chosen, but the 
voters do not know anything about the tie-breaking mechanism.

‣ Under this assumption, the preferences over choice sets are 
given by Kelly’s preference extension RK⊆A×A: 
X RK Y ⇔ ∀x∈X, y∈Y: (x R y)

‣ Example

- a P b P c implies that {a} PK {a,b} PK {b} PK {b,c}

- {a,c} and {b} are incomparable

- {a,b} and {a,b,c} are incomparable(!)

• An SCF f is PK-strategyproof if there is no R, R’, i∈N such 
that Rj=R’j for all j≠i and f(R’) PiK f(R)

8
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What we know about Kelly-
strategyproofness

9

Kelly-strategyproof manipulable

Pareto rule

Omninomination rule

Top cycle (TC), 1971

Uncovered set (UC), 1977

Minimal covering set (MC), 1988

Bipartisan set (BP), 1993

essentially 

everything else
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Irresolute SCFs: 
Fishburn’s extension

• How to deal with irresoluteness?

‣ Alternative assumption: There is an agent (with preferences 
unknown to the voters) who picks his most preferred alternative 
from the choice set, e.g., a chairman or one of the voters

‣ Under this assumption, the preferences over choice sets are 
given by Fishburn’s preference extension RF⊆F(U)×F(U):  
X RF Y ⇔ (∀x∈X\Y, y∈Y: x R y) ∧ (∀x∈X, y∈Y\X: x R y)

‣ X RK Y ⇒ X RF Y and hence RK⊆RF

‣ Example

- a P b P c implies that {a,b} PF {a,b,c} PF {b,c}

- {a,c} and {b} are still incomparable

• An SCF f is PF-strategyproof if there is no R, R’, i∈N such 
that Rj=R’j for all j≠i and f(R’) PiF f(R)
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What we know about Fishburn-
strategyproofness
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Fishburn-strategyproof manipulable

Pareto rule

Omninomination rule

Top cycle (TC), 1971

essentially 

everything else
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Logically equivalent but simpler: 
tournament-strategyproofness

• A majoritarian SCF f is said to be PE-tournament-
strategyproof if there are no T, T’ and Pμ ⊇ (T - T’)  
such that f(T’) PμE f(T)

• Lemma. A majoritarian SCF is PE-strategyproof iff it is  
PE-tournament-strategyproof

• Enables more efficient check on a computer, but still large

12

Alternatives 4 5 6 7

Choice sets 15 31 63 127

Tournaments 64 1,024 32,768 ~ 2 

Unlabeled tourn. 4 12 56 456

Majoritarian SCFs 50,625 ~ 10 ~ 10 ~ 10
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High-level system architecture
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Draft – October 18, 2013

CNF encoder

Tournament
solver

nauty

LP
solver

SAT solver

Model
decoder

Input (setting, axioms) Results

Figure 1: High-level system architecture

but only successful for proofs and counterexamples involv-
ing up to 3 alternatives before the search space is exceeded.6

An optimized formalization, which we derived together with
the author of Nitpick (at the cost of reduced readability and
flexibility), extends the performance to 4 alternatives, which
is still below the requirements for our results.

In more detail, our approach is the following: for a given
domain size n we want to check whether there exists a ma-
joritarian SCF f which satisfies a set of properties (e.g., PK-
strategyproofness and Pareto-optimality). For this specific
domain size, we then encode the requirements of the majori-
tarian SCF f as a propositional formula and let a SAT solver
decide whether this formula has a satisfying assignment. If
it has, we can translate the satisfying assignment back to
a concrete instance of a majoritarian SCF f which satisfies
the required properties. If the formula is unsatisfiable, we
know that no such function f exists.
The high-level architecture of our implementation is

shown in Figure 1. The user selects the setting and the
axioms, which are then encoded as a SAT instance. De-
pending on the problem, some preparatory tasks have to be
solved before the actual encoding:

• sets, tournaments, and preference relations are enu-
merated,

• tournament isomorphisms are determined using nauty
by McKay and Piperno [17], and

• choice sets for specific SCFs are computed (e.g.,
through matrix multiplication for UC and linear pro-
gramming for BP).

After the SAT solver has found a solution for the generated
SAT instance, this solution is decoded back into a human-
readable format.
In the following, we are going to describe in more detail

how the general setting of majoritarian SCFs as well as their
properties like strategyproofness can be encoded into CNF
(conjunctive normal form). Firstly, we describe our initial
encoding, which is expressive enough to encode all required
properties, but allows for small domain sizes of (depending
on the axioms) at most 4 to 5 alternatives only. Secondly,

6On the other hand, the strict formalization required for
Nitpick helped identifying a formally inaccurate definition
of Fishburn-strategyproofness by Gärdenfors [12] (and re-
peated by several authors).

we explain how this encoding can be optimized to increase
the overall performance by orders of magnitude such that
larger instances of up to 7 alternatives are solvable.

3.1 Initial Encoding
By design SAT solvers operate on propositional logic.

A direct and näıve propositional encoding of the problem
would, however, require a huge number of propositional vari-
ables since many higher-order concepts are involved (e.g.,
sets of alternatives, preference relations on sets and alterna-
tives, and functions from tuples of such relations to sets). In
our approach, only one type of variable is required, which
we use to encode SCFs. The variables are of the form c

T,X

with T being a tournament and X being a set of alterna-
tives. The semantics of these variables is that c

T,X

if and
only if f(T ) = X, i.e., the majoritarian SCF f selects the set
of alternatives X as the choice set for any preference profile
with majority graph T . In total, this gives us a high but

manageable number of 2
m(m�1)

2 · 2m = 2
m(m+1)

2 variables in
the initial encoding.7

The following two subsections demonstrate the initial en-
coding of both contextual as well as explicit axioms to CNF.

3.1.1 Context Axioms

Apart from the explicit axioms, which we are going to de-
scribe in the next subsection, there are further axioms that
need to be considered in order to fully model the context
of majoritarian SCFs. For this purpose, an arbitrary func-
tion that maps tournaments to non-empty sets of its vertices
will be called a choice function. Using our initial encoding
a total of three further axioms is required, which will en-
sure that functionality of the choice function and neutrality
are respected: (i) functionality, (ii) canonical isomorphism
equality, and (iii) the orbit condition.
The first axiom ensures that the relational encoding of

f by variables c
T,X

indeed models a function rather than
an arbitrary relation, i.e., for each tournament T there is
exactly one set X such that the variable c

T,X

is set to true.
In formal terms this can be written as

(8T ) ((9X)c
T,X

^ (8Y, Z)Y 6= Z ! ¬(c
T,Y

^ c
T,Z

))

⌘
^

T

0

@
 
(
_

X

)c
T,X

!
^
^

Y 6=Z

(¬c
T,Y

_ ¬c
T,Z

)

1

A ,

which then translates to the pseudo code in Algorithm 1 for
generating the CNF file.
In all algorithms, the subroutine c(T,X) takes care of the

compact enumeration of variables.
The second and third axioms together constitute neutral-

ity of the choice function f . Formally, neutrality can be
written as

⇡(f(T )) = f(⇡(T )) for all tournaments T and

permutations ⇡.

A direct encoding of this neutrality axiom, however, would
not only be tedious (quantification over all permutations),
but also does our reformulation as canonical isomorphism

7An encoding with variables c
T,x

for alternatives x rather
than sets would require less variable symbols. It, however,
leads to much more complexity in the generated clauses,
which more than o↵sets these savings.
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Basic encoding: goal and variables

• Goal: Encode full problem (of fixed size) into SAT 

‣ Find propositional formula that is satisfiable iff base case is true

• Variable symbols cT,X to represent f(T) = X

• Explicit axioms 

‣ (Tournament-)strategyproofness 

‣ Pareto optimality 

‣ …

• Context axioms 

‣ Functionality (of the choice function) 

‣ Neutrality
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Basic encoding: example axiom

• Apart from explicit axioms, 2 main contextual axioms

‣ Functionality (of the choice function)

‣ Neutrality

• Example: Functionality

15
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foreach Tournament T do
foreach Set X do

variable(c(T,X));
end
newClause;
foreach Set Y do

foreach Set Z 6= Y do
variable not(c(T, Y ));
variable not(c(T, Z));
newClause;

end
end

end
Algorithm 1: Functionality of the choice function

equality and orbit condition enable a substantial optimiza-
tion of the encoding as we will see in Section 3.2. In order
to precisely state these two axioms we require some further
observations:

We will use the well-known fact that isomorphisms define
an equivalence relation on the set of all tournaments. For
each equivalence class pick a representative as the canonical
tournament of this class. Not only do we then have, for any
tournament T , a unique canonical representation (denoted
by TC), but we can also pick one of the potentially many
isomorphisms from TC to T . We call this isomorphism the
canonical isomorphism of T , denoted by ⇡

T

.8 This allows us
to formulate the axiom of canonical isomorphism equality:

Definition 4. A choice function f satisfies canonical
isomorphism equality if

f(T ) = ⇡
T

(f(TC)) for all tournaments T . (1)

For the third axiom, the definition of an orbit should be
clarified. The orbits of a tournament T are the equivalence
classes of alternatives, where two alternatives a, b are con-
sidered equivalent i↵ there is an automorphism ↵ : T ! T
which maps a to b, i.e., for which ↵(a) = b. The set of orbits
of a tournament T is denoted by O

T

.

Definition 5. A choice function f satisfies the orbit
condition if

O ✓ f(TC) or O \ f(TC) = ;

for all canonical tournaments TC and their orbits O 2 O
TC .

It can be shown that, for any choice function, neutrality
is equivalent to the conjunction of the orbit condition and
canonical isomorphism equality. The proof, however, had to
be omitted because of restricted space and is available from
the authors.

3.1.2 Explicit Axioms

Many axioms can be e�ciently encoded in our proposed
encoding language. In this section we present the two main
conditions that were required to achieve the results in Sec-
tion 4. Clearly, the most important one is strategyproofness.
In formal terms, PE-tournament-strategyproofness can be

8In practice, the tool nauty will automatically select canon-
ical representations for both graphs and isomorphisms.

written as

(8T, T 0, R
µ

◆ �
T,T

0)¬
⇣
f(T 0) PE

µ

f(T )
⌘

⌘
^

T

^

T

0

^

Rµ◆�T,T 0

^

Y P

E
µ X

(¬c
T,X

_ ¬c
T,Y

) (2)

where T, T 0 are tournaments, R
µ

is a preference relation, and
X,Y are non-empty subsets of A. The algorithmic encod-
ing of strategyproofness is omitted here since an optimized
version is presented in Section 3.2.
Another property of SCFs that will play an important role

in our results is the one of being a refinement of another
SCF g. Fortunately, this can easily be encoded using our
framework (Algorithm 2).

foreach Tournament T do
choiceSet g(T );
foreach Set X ✓ choiceSet do

variable c(T,X);
end
newClause;

end
Algorithm 2: Refinement of g

Since the size of problems we could treat with this ini-
tial encoding remains limited, a selection of optimization
techniques is described in the following section. These tech-
niques enable a significant speedup of the computation and
therefore make larger problem instances feasible.

3.2 Optimized Encoding for Improved Per-
formance

In order to e�ciently encode instances of more than four
alternatives, we need to streamline our initial encoding with-
out losing its universality or weakening it. In this section,
we present the three optimization techniques we found most
e↵ective:

Obvious redundancy elimination. A straightforward
first step is to reduce the obvious redundancy within the ax-
ioms. As an example consider the axiom of strategyproof-
ness, where—in order to determine whether an outcome
Y = f(T 0) is preferred to an outcome X = f(T )—we con-
sider all preference relations R

µ

◆ �
T,T

0 . It su�ces, how-
ever, if we stop after finding the first such preference relation
with Y PE

µ

X, because then we already know that not both
Y = f(T 0) and X = f(T ) can be true.
Similarly, in many axioms, we can exclude considering

symmetric pairs of objects (e.g., for functionality of the
choice function, there is no need to consider both pairs of
sets (X,Y ) and (Y,X)).

Canonical tournaments. The main e�ciency gain can
be achieved by making use of the canonical isomorphism
equality (see Section 3.1.1) during encoding. Recall that
this condition states that for any tournament T the choice
set f(T ) can be determined from the choice set f(TC) of
the corresponding canonical tournament TC by applying the
respective canonical isomorphism ⇡

T

. Therefore, it su�ces
to formulate the axioms on a single representative of each
equivalence class of tournaments, in our case, the canonical
tournament. The magnitudes in Table 1 illustrates that this
dramatically reduces the required number of variables, the
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Figure 1: High-level system architecture

Using existing tools for higher-order formalizations di-
rectly rather than our specific approach, unfortunately, is
not an option. For instance, a formalization of strategyproof
majoritarian SCFs in higher-order logic as accepted by Nit-
pick [4] is straightforward, highly flexible, and well-readable,
but only successful for proofs and counterexamples involv-
ing up to 3 alternatives before the search space is exceeded.7

An optimized formalization, which we derived together with
the author of Nitpick (at the cost of reduced readability and
flexibility), extends the performance to 4 alternatives, which
is still below the requirements for our results.

In more detail, our approach is the following: for a given
domain size n we want to check whether there exists a ma-
joritarian SCF f which satisfies a set of properties (e.g., PF -
strategyproofness and Pareto-optimality). For this specific
domain size, we then encode the requirements of the majori-
tarian SCF f as a propositional formula and let a SAT solver
decide whether this formula has a satisfying assignment. If
it has, we can translate the satisfying assignment back to
a concrete instance of a majoritarian SCF f which satisfies
the required properties. If the formula is unsatisfiable, we
know that no such function f exists.

The high-level architecture of our implementation is de-
picted in Figure 1. The user selects the setting and the
axioms, which are then encoded as a SAT instance. De-
pending on the problem, some preparatory tasks have to be
solved before the actual encoding:

• sets, tournaments, and preference relations are enu-
merated,

• tournament isomorphisms are determined using the
tool nauty [17], and

• choice sets for specific SCFs are computed (e.g.,
through matrix multiplication for UC and linear pro-
gramming for BP).

After the SAT solver has found a solution for the generated
SAT instance, this solution is decoded back into a human-
readable format.
In the following, we are going to describe in more detail

how the general setting of majoritarian SCFs as well as their

7On the other hand, the strict formalization required for
Nitpick helped identifying a formally inaccurate definition of
Fishburn-strategyproofness by Gärdenfors [12] (which had
later been repeated by several authors).

properties like strategyproofness can be encoded into CNF
(conjunctive normal form). Firstly, we describe our initial
encoding, which is expressive enough to encode all required
properties, but allows for small domain sizes of (depending
on the axioms) at most 4 to 5 alternatives only. Secondly,
we explain how this encoding can be optimized to increase
the overall performance by orders of magnitude such that
larger instances of up to 7 alternatives are solvable.

3.1 Initial Encoding
By design SAT solvers operate on propositional logic.

A direct and näıve propositional encoding of the problem
would, however, require a huge number of propositional vari-
ables since many higher-order concepts are involved (e.g.,
sets of alternatives, preference relations on sets and alterna-
tives, and functions from tuples of such relations to sets). In
our approach, only one type of variable is required, which we
use to encode SCFs. The variables are of the form c

T,X

with
T being a tournament and X being a set of alternatives.8

The semantics of these variables are that c
T,X

if and only
if f(T ) = X, i.e., the majoritarian SCF f selects the set of
alternatives X as the choice set for any preference profile
with majority graph T . In total, this gives us a high but

manageable number of 2
m(m�1)

2 · 2m = 2
m(m+1)

2 variables in
the initial encoding.
The following two subsections demonstrate the initial en-

coding of both contextual as well as explicit axioms to CNF.

3.1.1 Context Axioms

Apart from the explicit axioms, which we are going to de-
scribe in the next subsection, there are further axioms that
need to be considered in order to fully model the context
of majoritarian SCFs. For this purpose, an arbitrary func-
tion that maps tournaments to non-empty sets of its vertices
will be called a choice function. Using our initial encoding
three axioms are introduced, which will ensure that func-
tionality of the choice function and neutrality are respected:
(1) functionality, (2) canonical isomorphism equality, and
(3) the orbit condition.
The first axiom ensures that the relational encoding of

f by variables c
T,X

indeed models a function rather than
an arbitrary relation, i.e., for each tournament T there is
exactly one set X such that the variable c

T,X

is set to true.
In formal terms this can be written as

(8T ) ((9X) c
T,X

^ (8Y, Z) Y 6= Z ! ¬(c
T,Y

^ c
T,Z

))

⌘
^

T

0

@
 
_

X

c
T,X

!
^
^

Y 6=Z

(¬c
T,Y

_ ¬c
T,Z

)

1

A , (1)

which then translates to the pseudo code in Algorithm 1 for
generating the CNF file.
In all algorithms, the subroutine c(T,X) takes care of the

compact enumeration of variables.
The second and third axiom together constitute neutrality

of the choice function f , which, formally, can be written as

⇡(f(T )) = f(⇡(T )) for all tournaments T and

permutations ⇡.

8An encoding with variables c
T,x

for alternatives x rather
than sets would require less variable symbols. It, however,
leads to much more complexity in the generated clauses,
which more than o↵sets these savings.
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Using existing tools for higher-order formalizations di-
rectly rather than our specific approach, unfortunately, is
not an option. For instance, a formalization of strategyproof
majoritarian SCFs in higher-order logic as accepted by Nit-
pick [4] is straightforward, highly flexible, and well-readable,
but only successful for proofs and counterexamples involv-
ing up to 3 alternatives before the search space is exceeded.7

An optimized formalization, which we derived together with
the author of Nitpick (at the cost of reduced readability and
flexibility), extends the performance to 4 alternatives, which
is still below the requirements for our results.

In more detail, our approach is the following: for a given
domain size n we want to check whether there exists a ma-
joritarian SCF f which satisfies a set of properties (e.g., PF -
strategyproofness and Pareto-optimality). For this specific
domain size, we then encode the requirements of the majori-
tarian SCF f as a propositional formula and let a SAT solver
decide whether this formula has a satisfying assignment. If
it has, we can translate the satisfying assignment back to
a concrete instance of a majoritarian SCF f which satisfies
the required properties. If the formula is unsatisfiable, we
know that no such function f exists.

The high-level architecture of our implementation is de-
picted in Figure 1. The user selects the setting and the
axioms, which are then encoded as a SAT instance. De-
pending on the problem, some preparatory tasks have to be
solved before the actual encoding:

• sets, tournaments, and preference relations are enu-
merated,

• tournament isomorphisms are determined using the
tool nauty [17], and

• choice sets for specific SCFs are computed (e.g.,
through matrix multiplication for UC and linear pro-
gramming for BP).

After the SAT solver has found a solution for the generated
SAT instance, this solution is decoded back into a human-
readable format.
In the following, we are going to describe in more detail

how the general setting of majoritarian SCFs as well as their

7On the other hand, the strict formalization required for
Nitpick helped identifying a formally inaccurate definition of
Fishburn-strategyproofness by Gärdenfors [12] (which had
later been repeated by several authors).

properties like strategyproofness can be encoded into CNF
(conjunctive normal form). Firstly, we describe our initial
encoding, which is expressive enough to encode all required
properties, but allows for small domain sizes of (depending
on the axioms) at most 4 to 5 alternatives only. Secondly,
we explain how this encoding can be optimized to increase
the overall performance by orders of magnitude such that
larger instances of up to 7 alternatives are solvable.

3.1 Initial Encoding
By design SAT solvers operate on propositional logic.

A direct and näıve propositional encoding of the problem
would, however, require a huge number of propositional vari-
ables since many higher-order concepts are involved (e.g.,
sets of alternatives, preference relations on sets and alterna-
tives, and functions from tuples of such relations to sets). In
our approach, only one type of variable is required, which we
use to encode SCFs. The variables are of the form c

T,X

with
T being a tournament and X being a set of alternatives.8

The semantics of these variables are that c
T,X

if and only
if f(T ) = X, i.e., the majoritarian SCF f selects the set of
alternatives X as the choice set for any preference profile
with majority graph T . In total, this gives us a high but

manageable number of 2
m(m�1)

2 · 2m = 2
m(m+1)

2 variables in
the initial encoding.
The following two subsections demonstrate the initial en-

coding of both contextual as well as explicit axioms to CNF.

3.1.1 Context Axioms

Apart from the explicit axioms, which we are going to de-
scribe in the next subsection, there are further axioms that
need to be considered in order to fully model the context
of majoritarian SCFs. For this purpose, an arbitrary func-
tion that maps tournaments to non-empty sets of its vertices
will be called a choice function. Using our initial encoding
three axioms are introduced, which will ensure that func-
tionality of the choice function and neutrality are respected:
(1) functionality, (2) canonical isomorphism equality, and
(3) the orbit condition.
The first axiom ensures that the relational encoding of

f by variables c
T,X

indeed models a function rather than
an arbitrary relation, i.e., for each tournament T there is
exactly one set X such that the variable c

T,X

is set to true.
In formal terms this can be written as

(8T ) ((9X) c
T,X

^ (8Y, Z) Y 6= Z ! ¬(c
T,Y

^ c
T,Z

))

⌘
^

T

0

@
 
_

X

c
T,X

!
^
^

Y 6=Z

(¬c
T,Y

_ ¬c
T,Z

)

1

A , (1)

which then translates to the pseudo code in Algorithm 1 for
generating the CNF file.
In all algorithms, the subroutine c(T,X) takes care of the

compact enumeration of variables.
The second and third axiom together constitute neutrality

of the choice function f , which, formally, can be written as

⇡(f(T )) = f(⇡(T )) for all tournaments T and

permutations ⇡.

8An encoding with variables c
T,x

for alternatives x rather
than sets would require less variable symbols. It, however,
leads to much more complexity in the generated clauses,
which more than o↵sets these savings.
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Figure 1: High-level system architecture

Using existing tools for higher-order formalizations di-
rectly rather than our specific approach, unfortunately, is
not an option. For instance, a formalization of strategyproof
majoritarian SCFs in higher-order logic as accepted by Nit-
pick [4] is straightforward, highly flexible, and well-readable,
but only successful for proofs and counterexamples involv-
ing up to 3 alternatives before the search space is exceeded.7

An optimized formalization, which we derived together with
the author of Nitpick (at the cost of reduced readability and
flexibility), extends the performance to 4 alternatives, which
is still below the requirements for our results.

In more detail, our approach is the following: for a given
domain size n we want to check whether there exists a ma-
joritarian SCF f which satisfies a set of properties (e.g., PF -
strategyproofness and Pareto-optimality). For this specific
domain size, we then encode the requirements of the majori-
tarian SCF f as a propositional formula and let a SAT solver
decide whether this formula has a satisfying assignment. If
it has, we can translate the satisfying assignment back to
a concrete instance of a majoritarian SCF f which satisfies
the required properties. If the formula is unsatisfiable, we
know that no such function f exists.

The high-level architecture of our implementation is de-
picted in Figure 1. The user selects the setting and the
axioms, which are then encoded as a SAT instance. De-
pending on the problem, some preparatory tasks have to be
solved before the actual encoding:

• sets, tournaments, and preference relations are enu-
merated,

• tournament isomorphisms are determined using the
tool nauty [17], and

• choice sets for specific SCFs are computed (e.g.,
through matrix multiplication for UC and linear pro-
gramming for BP).

After the SAT solver has found a solution for the generated
SAT instance, this solution is decoded back into a human-
readable format.
In the following, we are going to describe in more detail

how the general setting of majoritarian SCFs as well as their

7On the other hand, the strict formalization required for
Nitpick helped identifying a formally inaccurate definition of
Fishburn-strategyproofness by Gärdenfors [12] (which had
later been repeated by several authors).

properties like strategyproofness can be encoded into CNF
(conjunctive normal form). Firstly, we describe our initial
encoding, which is expressive enough to encode all required
properties, but allows for small domain sizes of (depending
on the axioms) at most 4 to 5 alternatives only. Secondly,
we explain how this encoding can be optimized to increase
the overall performance by orders of magnitude such that
larger instances of up to 7 alternatives are solvable.
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By design SAT solvers operate on propositional logic.

A direct and näıve propositional encoding of the problem
would, however, require a huge number of propositional vari-
ables since many higher-order concepts are involved (e.g.,
sets of alternatives, preference relations on sets and alterna-
tives, and functions from tuples of such relations to sets). In
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T,X
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T being a tournament and X being a set of alternatives.8

The semantics of these variables are that c
T,X

if and only
if f(T ) = X, i.e., the majoritarian SCF f selects the set of
alternatives X as the choice set for any preference profile
with majority graph T . In total, this gives us a high but

manageable number of 2
m(m�1)

2 · 2m = 2
m(m+1)

2 variables in
the initial encoding.
The following two subsections demonstrate the initial en-

coding of both contextual as well as explicit axioms to CNF.

3.1.1 Context Axioms

Apart from the explicit axioms, which we are going to de-
scribe in the next subsection, there are further axioms that
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of majoritarian SCFs. For this purpose, an arbitrary func-
tion that maps tournaments to non-empty sets of its vertices
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(1) functionality, (2) canonical isomorphism equality, and
(3) the orbit condition.
The first axiom ensures that the relational encoding of

f by variables c
T,X

indeed models a function rather than
an arbitrary relation, i.e., for each tournament T there is
exactly one set X such that the variable c

T,X

is set to true.
In formal terms this can be written as
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which then translates to the pseudo code in Algorithm 1 for
generating the CNF file.
In all algorithms, the subroutine c(T,X) takes care of the

compact enumeration of variables.
The second and third axiom together constitute neutrality

of the choice function f , which, formally, can be written as

⇡(f(T )) = f(⇡(T )) for all tournaments T and

permutations ⇡.

8An encoding with variables c
T,x

for alternatives x rather
than sets would require less variable symbols. It, however,
leads to much more complexity in the generated clauses,
which more than o↵sets these savings.
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Figure 2: Tournament on which a PK-strategyproof
refinement of BP is possible. {a1, a2, a3} represents a
component and of all its elements dominate a4 and
are dominated by a5. While BP would choose the
whole set A, the refined solution selects {a1, a2, a3, a4}
only.

Lemma 1. A majoritarian SCF f is Pareto-optimal i↵ it
is a refinement of UC.

Proof. It is well-known (and was actually already ob-
served by Fishburn [10]) that UC is Pareto-optimal, from
which it trivially follows that all its refinements are Pareto-
optimal, too.

For the direction from left to right, let f be a Pareto-
optimal majoritarian SCF and T an arbitrary tournament.
It su�ces to show that f(T ) can never contain a covered
alternative (since then f(T ) ✓ UC (T ) contains uncovered
alternatives only). So let b be a covered alternative (say, it
is covered by alternative a). We are going to construct a
preference profile R which has T as its majority graph and
in which b is Pareto-dominated by a. Together with the
Pareto-optimality of f this implies that b /2 f(T ). We use a
variant of the famous McGarvey-construction, but for triples
rather than pairs of alternatives. Note that for each voter
we need to ensure that he strictly prefers a to b in order to
obtain the desired Pareto-dominance of a over b. Starting
with an empty profile, for each alternative x /2 {a, b} we
add two voters R

x1 , Rx2 to the profile. These two voters are
defined depending on how x is ranked relative to a and b
in order to establish the edges between a, x and b, x. Note
that since x T a implies x T b (because of a C b), edge (a, b)
cannot be contained in a 3-cycle with x and, thus, always
forms a transitive triple with x.

• Case 1: x T a (implies x T b)
R

x1 : x, a, b, v1, . . . , vm�3

R
x2 : v

m�3, . . . , v1, x, a, b

• Case 2a: a T x and x T b
R

x1 : a, x, b, v1, . . . , vm�3

R
x2 : v

m�3, . . . , v1, a, x, b

• Case 2b: a T x and b T x
R

x1 : a, b, x, v1, . . . , vm�3

R
x2 : v

m�3, . . . , v1, a, b, x

Here v1, . . . , vm�3 denotes an arbitrary enumeration of the
m � 3 alternatives in X \ {a, b, x}. The comma separated
lists above are a shorthand notation in the sense that R

i

:
v1, v2, v3 stands for the preference relation v1 R

i

v2 R
i

v3.
In all cases, the two voters cancel each other for all pair-

wise comparisons other than (a, b), (x, a) and (x, b). For each
of the remaining edges (y, z) 2 T (with {y, z} \ {a, b} = ;)

we further add two voters (now even closer to the construc-
tion by McGarvey)

R(y,z)1 : y, z, a, b, v1, . . . , vm�4 and

R(y,z)2 : v
m�4, . . . , v1, a, b, y, z,

which together establish edge (y, z), reinforce (a, b) and can-
cel otherwise. This completes the construction of a prefer-
ence profile R which has T as its majority graph and in
which b is Pareto-dominated by a.

To establish the full result (which does not admit a proof
by counterexample, like for Theorem 2) we—similarly to
previous approaches—make use of an inductive argument.

Lemma 2. If there exists a majoritarian SCF f for m+
1 alternatives that is PE-strategyproof and is a refinement
of UC, then there also exists a majoritarian SCF f 0 for just
m alternatives that satisfies these two properties.

Proof. Let f ✓ UC be a majoritarian SCF for m+ 1 �
2 alternatives that is PE-strategyproof. Then we define f

e

to be the restriction of f to m alternatives based on tour-
naments in which alternative e is a Condorcet loser, i.e., an
alternative that is dominated by all other alternatives. In
formal terms, define

f
e

(T ) := f(T+e),

where T+e is the tournament obtained from T by adding
an alternative e as a Condorcet loser (i.e., adding it be-
low all previous m alternatives). This restriction of f is a
well-defined choice function since alternative e cannot be
contained in f(T+e) ✓ UC (T+e) = UC (T ), where the
last equation follows from the fact that UC is composition-
consistent, or, alternatively, by observing that the covering
relation is una↵ected by deleting Condorcet losers.
We now need to show that for some alternative e the re-

striction f
e

is a majoritarian SCF that is PE-strategyproof
and a refinement of UC . Since this will hold for any e 2 X,
we just pick one e arbitrarily.

Majoritarian: The fact that f
e

is a majoritarian SCF
carries over trivially from f .

PE-strategyproofness: Assume for a contradiction that
f
e

is not PE-strategyproof. Then there exist tournaments T
and T 0 on m alternatives such that f

e

(T 0) PE
µ

f
e

(T ) with
R

µ

◆ �
T,T

0 . But since f
e

(T ) = f(T+e) and f
e

(T 0) =
f(T 0+e), we get

f(T 0+e) = f
e

(T 0) PE
µ

f
e

(T ) = f(T+e),

which contradicts PE-strategyproofness of f (as the two
tournaments T 0+e and T+e form a manipulation instance).

Refinement of UC : Let T be an arbitrary tournament
on m alternatives and consider the following chain of set
inclusions, which proves that f

e

✓ UC :

f
e

(T ) = f(T+e) ✓ UC (T+e) = UC (T ).

Note that the proofs of the two properties above do only
rely on the definition of f

e

and stand independently of each
other. Furthermore, this induction step can be shown for
refinements of arbitrary SCFs g which satisfy that when
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Figure 2: Tournament on which a PK-strategyproof
refinement of BP is possible. {a1, a2, a3} represents a
component and of all its elements dominate a4 and
are dominated by a5. While BP would choose the
whole set A, the refined solution selects {a1, a2, a3, a4}
only.

Lemma 1. A majoritarian SCF f is Pareto-optimal i↵ it
is a refinement of UC.

Proof. It is well-known (and was actually already ob-
served by Fishburn [10]) that UC is Pareto-optimal, from
which it trivially follows that all its refinements are Pareto-
optimal, too.

For the direction from left to right, let f be a Pareto-
optimal majoritarian SCF and T an arbitrary tournament.
It su�ces to show that f(T ) can never contain a covered
alternative (since then f(T ) ✓ UC (T ) contains uncovered
alternatives only). So let b be a covered alternative (say, it
is covered by alternative a). We are going to construct a
preference profile R which has T as its majority graph and
in which b is Pareto-dominated by a. Together with the
Pareto-optimality of f this implies that b /2 f(T ). We use a
variant of the famous McGarvey-construction, but for triples
rather than pairs of alternatives. Note that for each voter
we need to ensure that he strictly prefers a to b in order to
obtain the desired Pareto-dominance of a over b. Starting
with an empty profile, for each alternative x /2 {a, b} we
add two voters R

x1 , Rx2 to the profile. These two voters are
defined depending on how x is ranked relative to a and b
in order to establish the edges between a, x and b, x. Note
that since x T a implies x T b (because of a C b), edge (a, b)
cannot be contained in a 3-cycle with x and, thus, always
forms a transitive triple with x.

• Case 1: x T a (implies x T b)
R

x1 : x, a, b, v1, . . . , vm�3

R
x2 : v

m�3, . . . , v1, x, a, b

• Case 2a: a T x and x T b
R

x1 : a, x, b, v1, . . . , vm�3

R
x2 : v

m�3, . . . , v1, a, x, b

• Case 2b: a T x and b T x
R

x1 : a, b, x, v1, . . . , vm�3

R
x2 : v

m�3, . . . , v1, a, b, x

Here v1, . . . , vm�3 denotes an arbitrary enumeration of the
m � 3 alternatives in X \ {a, b, x}. The comma separated
lists above are a shorthand notation in the sense that R

i

:
v1, v2, v3 stands for the preference relation v1 R

i

v2 R
i

v3.
In all cases, the two voters cancel each other for all pair-

wise comparisons other than (a, b), (x, a) and (x, b). For each
of the remaining edges (y, z) 2 T (with {y, z} \ {a, b} = ;)
we further add two voters (now even closer to the construc-
tion by McGarvey)

R(y,z)1 : y, z, a, b, v1, . . . , vm�4 and

R(y,z)2 : v
m�4, . . . , v1, a, b, y, z,

which together establish edge (y, z), reinforce (a, b) and can-
cel otherwise. This completes the construction of a prefer-
ence profile R which has T as its majority graph and in
which b is Pareto-dominated by a.

To establish the full result (which does not admit a proof
by counterexample, like for Theorem 2) we—similarly to
previous approaches—make use of an inductive argument.

Lemma 2. If there exists a majoritarian SCF f for m+
1 alternatives that is PE-strategyproof and is a refinement
of UC, then there also exists a majoritarian SCF f 0 for just
m alternatives that satisfies these two properties.

Proof. Let f ✓ UC be a majoritarian SCF for m+ 1 �
2 alternatives that is PE-strategyproof. Then we define f

e

to be the restriction of f to m alternatives based on tour-
naments in which alternative e is a Condorcet loser, i.e., an
alternative that is dominated by all other alternatives. In
formal terms, define

f
e

(T ) := f(T+e),

where T+e is the tournament obtained from T by adding
an alternative e as a Condorcet loser (i.e., adding it be-
low all previous m alternatives). This restriction of f is a
well-defined choice function since alternative e cannot be
contained in f(T+e) ✓ UC (T+e) = UC (T ), where the
last equation follows from the fact that UC is composition-
consistent, or, alternatively, by observing that the covering
relation is una↵ected by deleting Condorcet losers.
We now need to show that for some alternative e the re-

striction f
e

is a majoritarian SCF that is PE-strategyproof
and a refinement of UC . Since this will hold for any e 2 X,
we just pick one e arbitrarily.

Majoritarian: The fact that f
e

is a majoritarian SCF
carries over trivially from f .

PE-strategyproofness: Assume for a contradiction that
f
e

is not PE-strategyproof. Then there exist tournaments T
and T 0 on m alternatives such that f

e

(T 0) PE
µ

f
e

(T ) with
R

µ

◆ �
T,T

0 . But since f
e

(T ) = f(T+e) and f
e

(T 0) =
f(T 0+e), we get

f(T 0+e) = f
e

(T 0) PE
µ

f
e

(T ) = f(T+e),

which contradicts PE-strategyproofness of f (as the two
tournaments T 0+e and T+e form a manipulation instance).

Refinement of UC : Let T be an arbitrary tournament
on m alternatives and consider the following chain of set
inclusions, which proves that f

e

✓ UC :

f
e

(T ) = f(T+e) ✓ UC (T+e) = UC (T ).

Note that the proofs of the two properties above do only
rely on the definition of f

e

and stand independently of each
other. Furthermore, this induction step can be shown for
refinements of arbitrary SCFs g which satisfy that when
all Condorcet losers are removed from a tournament T , the
choice set g(T ) does not shrink.
We can now finally state and prove this paper’s main re-

sult regarding PF -strategyproofness.

Theorem 3. For any number of alternatives m � 5 there
is no majoritarian SCF f that satisfies PF -strategyproofness
and Pareto-optimality.
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Main result: Pareto-optimility and Fishburn-
strategyproofness are incompatible

• A SCF is Pareto-optimal if its choice sets never contain a 
Pareto dominated alternative

• Theorem. For m ≥ 5 there is no majoritarian SCF f that 
satisfies Fishburn-strategyproofness and Pareto-optimality

‣ Lemma. Pareto-optimality ⇔ refinement of UC

‣ Lemma. Base case m = 5: automatic verification

- Fishburn-strategyproofness

- Refinement of UC

‣ Lemma. ∃ strategyproof maj. SCF f⊆UC for m+1 alternatives ⇒  

∃ strategyproof maj. SCF f’⊆UC for m alternatives
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Positive result: Kelly-SP

• Theorem. There exists a refinement of BP which is still 
Kelly-strategyproof

‣ BP is not the smallest majoritarian SCF satisfying Kelly-
strategyproofness

‣ The only strategyproof refinement on 5 alternatives

‣ Not all desirable properties of BP carry over

• Defined like BP with the exception of:
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Figure 2: Tournament on which a PK-strategyproof
refinement of BP is possible. {a1, a2, a3} represents a
component and of all its elements dominate a4 and
are dominated by a5. While BP would choose the
whole set A, the refined solution selects {a1, a2, a3, a4}
only.

Lemma 1. A majoritarian SCF f is Pareto-optimal i↵ it
is a refinement of UC.

Proof. It is well-known (and was actually already ob-
served by Fishburn [10]) that UC is Pareto-optimal, from
which it trivially follows that all its refinements are Pareto-
optimal, too.

For the direction from left to right, let f be a Pareto-
optimal majoritarian SCF and T an arbitrary tournament.
It su�ces to show that f(T ) can never contain a covered
alternative (since then f(T ) ✓ UC (T ) contains uncovered
alternatives only). So let b be a covered alternative (say, it
is covered by alternative a). We are going to construct a
preference profile R which has T as its majority graph and
in which b is Pareto-dominated by a. Together with the
Pareto-optimality of f this implies that b /2 f(T ). We use a
variant of the famous McGarvey-construction, but for triples
rather than pairs of alternatives. Note that for each voter
we need to ensure that he strictly prefers a to b in order to
obtain the desired Pareto-dominance of a over b. Starting
with an empty profile, for each alternative x /2 {a, b} we
add two voters R

x1 , Rx2 to the profile. These two voters are
defined depending on how x is ranked relative to a and b
in order to establish the edges between a, x and b, x. Note
that since x T a implies x T b (because of a C b), edge (a, b)
cannot be contained in a 3-cycle with x and, thus, always
forms a transitive triple with x.

• Case 1: x T a (implies x T b)
R

x1 : x, a, b, v1, . . . , vm�3

R
x2 : v

m�3, . . . , v1, x, a, b

• Case 2a: a T x and x T b
R

x1 : a, x, b, v1, . . . , vm�3

R
x2 : v

m�3, . . . , v1, a, x, b

• Case 2b: a T x and b T x
R

x1 : a, b, x, v1, . . . , vm�3

R
x2 : v

m�3, . . . , v1, a, b, x

Here v1, . . . , vm�3 denotes an arbitrary enumeration of the
m � 3 alternatives in X \ {a, b, x}. The comma separated
lists above are a shorthand notation in the sense that R

i

:
v1, v2, v3 stands for the preference relation v1 R

i

v2 R
i

v3.
In all cases, the two voters cancel each other for all pair-

wise comparisons other than (a, b), (x, a) and (x, b). For each
of the remaining edges (y, z) 2 T (with {y, z} \ {a, b} = ;)
we further add two voters (now even closer to the construc-

tion by McGarvey)

R(y,z)1 : y, z, a, b, v1, . . . , vm�4 and

R(y,z)2 : v
m�4, . . . , v1, a, b, y, z,

which together establish edge (y, z), reinforce (a, b) and can-
cel otherwise. This completes the construction of a prefer-
ence profile R which has T as its majority graph and in
which b is Pareto-dominated by a.

To establish the full result (which does not admit a proof
by counterexample, like for Theorem 2) we—similarly to
previous approaches—make use of an inductive argument.

Lemma 2. If there exists a majoritarian SCF f for m+
1 alternatives that is PE-strategyproof and is a refinement
of UC, then there also exists a majoritarian SCF f 0 for just
m alternatives that satisfies these two properties.

Proof. Let f ✓ UC be a majoritarian SCF for m+ 1 �
2 alternatives that is PE-strategyproof. Then we define f

e

to be the restriction of f to m alternatives based on tour-
naments in which alternative e is a Condorcet loser, i.e., an
alternative that is dominated by all other alternatives. In
formal terms, define

f
e

(T ) := f(T+e),

where T+e is the tournament obtained from T by adding
an alternative e as a Condorcet loser (i.e., adding it be-
low all previous m alternatives). This restriction of f is a
well-defined choice function since alternative e cannot be
contained in f(T+e) ✓ UC (T+e) = UC (T ), where the
last equation follows from the fact that UC is composition-
consistent, or, alternatively, by observing that the covering
relation is una↵ected by deleting Condorcet losers.
We now need to show that for some alternative e the re-

striction f
e

is a majoritarian SCF that is PE-strategyproof
and a refinement of UC . Since this will hold for any e 2 X,
we just pick one e arbitrarily.

Majoritarian: The fact that f
e

is a majoritarian SCF
carries over trivially from f .

PE-strategyproofness: Assume for a contradiction that
f
e

is not PE-strategyproof. Then there exist tournaments T
and T 0 on m alternatives such that f

e

(T 0) PE
µ

f
e

(T ) with
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T,T

0 . But since f
e

(T ) = f(T+e) and f
e

(T 0) =
f(T 0+e), we get

f(T 0+e) = f
e

(T 0) PE
µ

f
e

(T ) = f(T+e),

which contradicts PE-strategyproofness of f (as the two
tournaments T 0+e and T+e form a manipulation instance).

Refinement of UC : Let T be an arbitrary tournament
on m alternatives and consider the following chain of set
inclusions, which proves that f

e

✓ UC :

f
e

(T ) = f(T+e) ✓ UC (T+e) = UC (T ).

Note that the proofs of the two properties above do only
rely on the definition of f

e

and stand independently of each
other. Furthermore, this induction step can be shown for
refinements of arbitrary SCFs g which satisfy that when
all Condorcet losers are removed from a tournament T , the
choice set g(T ) does not shrink.
We can now finally state and prove this paper’s main re-

sult regarding PF -strategyproofness.
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Proof extraction is possible
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We successfully transferred SAT-based theorem proving 
to irresolute majoritarian social choice functions

• (Brief) introduction to  

‣ Irresolute SCFs 

‣ Majoritarian SCF (tournaments rather than preference profiles) 

‣ Kelly-/Fishburn-strategyproofness

• Encoding  

‣ Contextual and explicit axioms (c(T,X)) 

‣ Optimization techniques for improved performance

• Initial new results 

‣ Incompatibility of Pareto-optimality and Fishburn-strategyproofness 

‣ Kelly-strategyproof refinement of BP

• (Semi-automatic) proof extraction

• Universality and ease of adaptation most likely to enable further results
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