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Abstract
Asymptotic behavior of a recurrent neural network changes qualitatively at certain
points in the parameter space, which are known as \bifurcation points". At bifurcation points, the output of a network can change discontinuously with the change
of parameters and therefore convergence of gradient descent algorithms is not guaranteed. Furthermore, learning equations used for error gradient estimation can be
unstable. However, some kinds of bifurcations are inevitable in training a recurrent
network as an automaton or an oscillator. Some of the factors underlying successful
training of recurrent networks are investigated, such as choice of initial connections,
choice of input patterns, teacher forcing, and truncated learning equations.

1 Introduction
Recurrent neural networks are expected to have versatile capabilities for modeling and controlling dynamical systems. From the fact that multi-layer neural networks can approximate
arbitrary mappings [13], it is easy to show that recurrent neural networks can model arbitrary dynamical systems [3]. Back-propagation learning schemes for multi-layer feed-forward
networks have been successfully applied to a wide range of problems. In contrast, since gradient descent learning algorithms for recurrent networks became popular several years ago
[19, 5, 18, 25], not many cases have been reported about their successful application to large
scale problems. One reason for this is the large cost for gradient computation [26].
However, another critical issue in training recurrent networks is \bifurcation" of the
network dynamics. In general, asymptotic behavior of a nonlinear dynamical system changes
qualitatively at certain points in its parameter space [10, 24]. For example, a stable xed
point can change into an unstable xed point or even disappear with a continuous change of
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network parameters. This is a very di erent situation compared to the case of feed-forward
networks, in which the output is a continuous function of the weights if each unit has a
smooth output function such as a sigmoid.
Although it is formally possible to de ne error gradient learning schemes for recurrent
networks just as in static, feed-forward networks, it is practically very important to understand the special problems that can arise in training recurrent networks [4, 20]. In the
following sections, we will investigate what kinds of bifurcations are expected in training
recurrent networks, what problems can arise from bifurcations, and what measures we can
take to avoid those problems.

2 Bifurcations in Recurrent Networks
In this section, we consider the dynamics of continuous-time recurrent networks that are
de ned by di erential equations, for example,
_ (t) = x(t) + S (W x(t));
x
(1)
where x(t) 2 Rn is the state of the network, W is a weight matrix, and S : Rn ! Rn is a
component-wise squashing function, for example, S (x)i = 1=(1 +exp[0xi]). This model can
be converted to a standard discrete-time model
x(t + 1t) = S (W y (t))
(2)
by nite di erence approximation. Therefore, the discussion below also applies to discretetime cases, although there can be some additional stability problems from discretization with
large time steps.
2.1

A trivial example

First, we consider a very trivial example of a bifurcation of a recurrent network to see what
kind of problems can arise with bifurcations. Suppose a recurrent network consisting of a
single unit
 x_ (t) = 0x(t) + 1=(1 + exp[0(wx(t) + b)]);
(3)
with a positive recurrent connection w to itself. The output of this network converges to a
xed point solution that satis es x = 1=(1 + exp[0(wx + b)]). Figure 1 shows the change
of the xed points with the change of the bias b and self connection w = 5. The solid and
dashed curves represent the stable and unstable xed points respectively.
Suppose that the desired output is xd = 0:6 and that the bias is initially set as b = 0. At
rst trajectory converges to the upper branch of the stable xed point and then any gradient
descent algorithm decreases b so that the xed point moves toward xd = 0:6. However, when
b becomes smaller than b , the stable xed point on the upper branch vanishes and the state
jumps to another stable xed point in the lower branch. Therefore the error is increased
abruptly even with a very small change in b. The point b = b is one-dimensional case of
\saddle-node" bifurcation, which is explained below. Note that the gradient of the output
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with respect to the parameter goes to in nity at the bifurcation point. Suppose an \online" version of learning scheme is taken, in which the parameters are updated concurrently
with the network dynamics. Then the network state remains on the lower branch of the
stable xed point and b is increased to move the xed point toward xd , until another saddlenode bifurcation occurs at b = b . Therefore, the learning process falls into an in nite loop
between b and b .
Although this examples uses a very simple network and a trivial task, it is possible that
similar problems|sudden increase of the error, explosion of the error gradient, and never
converging learning process|are encountered in training large scale recurrent networks on
practical tasks. Actually in many simulations, we found that the error curves have several
steep jumps [5]. Such increase in error is often considered as a numerical artifact, for example,
that the trajectory in the parameter space is bouncing between steep cli s of the error surface,
which is frequently encountered in feedforward case [22]. However, in the case of recurrent
networks, the error increase is much larger and can happen even when the learning rate is
very small.
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Codimension-one bifurcations

Now, let us investigate what kind of bifurcations are likely to occur in training recurrent
networks using the theory of bifurcations. Consider a general di erential equation system
x_ (t) = F (x(t); );
x(0) = x ;
(4)
where x(t) 2 Rn and  2 Rk are the state and the parameter of the system and F () is a
vector eld which is continuous with respect to x and . The basic theorem of di erential
equations assures that this equation has a unique solution x(t) and that the solution curve
changes continuous with the change of the initial state x and the parameter . What
characterizes the dynamical system is its \invariant" trajectories, such as xed points and
closed orbits. If we gradually change the parameter  of the vector eld, we may expect that
such points and orbits move continuously. However, that is not always true. Such invariant
sets can emerge, collide, disappear, or change stability at certain points in the parameter
space, which are called \bifurcation points". The following are examples of the most typical
bifurcations.
saddle-node bifurcation A saddle point and a node (an attractor or a repellor) emerge
in a pair, or coalesce and disappear (Figure 2 (a)).
Hopf bifurcation An equilibrium changes it stability and a new limit cycle appears around
it (Figure 2 (b) and (c)).
homoclinic bifurcation A limit cycle collides with a saddle point and disappears (Figure 2 (d)).
In general, bifurcations occur when the vector eld F satis es some constraints. The above
cases can be seen on a k-1 dimensional surface in k dimensional parameter space and therefore
called \codimension-one" bifurcations. Note that there are many other types of codimensionone bifurcations. For complete theory of bifurcations and their codimensions, see textbooks
such as [10, 24].
0
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If we randomly pick one point in the parameter space, it is very unlikely that it is a
bifurcation point. However, it we change the parameters continuously by learning, there is a
non-negligible chance that we encounter codimension-one bifurcations. The parameter space
of a recurrent network is divided into many regions with di erent qualitative structure of the
state space, for example, the regions in which the state space has only one attractor point, one
limit cycle, two attractor points, one attractor point and one limit cycle, and so on. Those
qualitatively di erent regions are bordered by bifurcation points. Therefore, some types of
bifurcations are inevitable steps in constructing a network with an interesting dynamical
behavior. However, when the network goes through a bifurcation, either purposefully or by
a mishap, gradient descent algorithms can have problems as shown below.
2.3

Bifurcations in learning multiple attractors

2.4

Bifurcations in learning oscillation patterns

One of the popular tasks for recurrent networks is to construct an automaton from given
input-output sequences. If a network is to have non-transient memory, it must be implemented as isolated attractors in the state space, such as xed points [12] and limit cycles
[6].
In many cases, the connection weights are initialized with small random values. Then,
the state space has only one xed point, which is a global attractor. In order to increase
the number of attractors, the most typical bifurcations is saddle-node bifurcation, in which a
pair of a saddle and an attractor point are generated (Figure 2 (a)). However, as we saw in
the above example, the output of the network can change discontinuously with saddle-node
bifurcation and it can make the use of gradient descent algorithms inappropriate.
Learning an automaton involves basically two kinds of tasks. One is to construct an
appropriate state transition mechanism and another is to assign required outputs to each
state. However, until the network has a required state transition mechanisms, only the
average value of the target outputs tend to be learned.
Another popular theme of learning in recurrent networks is oscillation. The most typical
bifurcation that makes a limit cycle from a xed point is Hopf bifurcation. There are two
sub-types of Hopf bifurcation depending on the higher order terms of the vector eld. In a
supercritical Hopf bifurcation (Figure 2 (b)), an attractor point changes into an unstable xed
points and a stable limit cycle appears around it. In this case, a damped oscillator changes
into an autonomous oscillator. However, in subcritical Hopf bifurcation (Figure 2 (c)), the
xed point point becomes unstable but there is no stable limit cycle in the neighborhood.
Another possible bifurcation in training a limit cycle is homoclinic bifurcation (Figure 2
(d)). Suppose we have successfully got a small limit cycle. The next task is to grow the limit
cycle into a desired size and shape. However, if there is a saddle point in the neighborhood,
the limit cycle may collide with it and disappear.
In both cases, the network state jumps to some other attractor in the state space, as in
the case of saddle-node bifurcation. After such a jump to a new attractor, the behavior of
the network becomes so di erent from the previous stage that the network may have to start
the learning again.
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2.5

Instability of learning equations

In this section, we investigate the stability of typical learning equations for error gradient
calculation. Most of the learning algorithms for recurrent networks are based on the \variation equation" of the network dynamics. If this equation becomes unstable, which is the
case at bifurcation points, the estimate of gradient becomes very large. This causes a large
jump in the parameter space if the gradient descent algorithm is used with a xed learning
rate.
Let us represent a network dynamics as
x_ (t) = F (x(t)):
(5)
We want to estimate how the solution x(t) changes when we add a small perturbation (t)
to the network as
x
~_ (t) = F (~x(t)) + (t):
The variation p(t) = x~ (t) 0 x(t) can be estimated by the linear equation
p_ (t) = A(t)p(t) + (t);
(6)
where A(t) = @F@xx x x t is a Jacobian matrix. In order to estimate the e ect of a small
change in a parameter, for example, a weight w, we use the perturbation (t) = @F@wx . In
\on-line" or \real-time" versions of learning algorithms, the variation equation (6) for each
of the parameters are integrated along with the network dynamics (5) [25, 5].
Another version of the learning scheme uses the solution of an \adjoint system" of the
variation equation (6)
q_ (t) = 0AT (t)q (t) 0  (t);
(7)
where (t) is actual error in the output units and q(t) represents equivalent errors in all the
units including hidden units. Note that the stability of the adjoint system (7) is the same
as (6) if it is solved backward in time, as in \back-propagation through time" algorithms
[23, 19, 18].
The variation equation (6) is stable at a stable xed point. However, when the xed point
has a bifurcation, the eigenvalue of Jacobian matrix A has a zero real part and therefore the
asymptotic stability of the learning equation (6) is not guaranteed.
If the network (5) has a non stationary solution x(t), for example, a limit cycle, then the
corresponding variation equation (6) is not asymptotically stable [11, 21]. We can show that
pa (t) = ax_ (t) for any a 2 R is a solution of the homogeneous equation p_ (t) = A(t)p(t) as
below.
d
@F
p_ a (t) = a F (x(t)) = a x_ = aA(t)x_ = A(t)pa(t):
dt
@x
This means that (6) can have a solution with arbitrarily large amplitude, depending on the
initial state and the input (t).
In feedforward networks, the error gradient is bounded by
(

)

=

( )

(
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)

(output error) 2 f(gain of output function) 2 (maximum weight)g(number of layers):
In recurrent networks, the estimate of error gradient can grow exponentially in time when
the learning equation becomes unstable. If a gradient descent algorithm with a xed learning
rate is used, a very large error gradient causes a long jump in the parameter space. It can
even lead to a numerical over ow. Even if those are not the case, gradient descent does not
work eciently when the size of gradient varies so much in di erent directions.

3 Conditions underlying successful training
In spite of the possible problems considered in the previous section, there are successful
cases in which recurrent networks have been trained to have fairly complex dynamics. In
this section, we investigate factors or techniques that are used in those successful cases.
3.1

Preprogramming of the state space

3.2

Choice of input sequences

When we have an a priori knowledge about the required qualitative structure of the state
space, for example, the number of attractors, it is possible to preprogram it by the initial
connection weights. For example, if we want to train a network to have multiple limit cycle
attractors, it is helpful to set the initial connection weights to have multiple attractor points
using autocorrelation matrix [6]. In such a case, problems with saddle-node bifurcations are
avoided and changing xed points into limit cycles is not dicult if \teacher forcing" is used,
as described later.
Actually in many cases, recurrent networks are trained as an adaptive nonlinear lters
[1, 17, 15]. In these cases, the main issue of learning is to t the transient response of the
network to the desired curves and the network should have a single attractor point. This can
be realized without any bifurcations from weak random initial connections. Convergence of
gradient descent learning is theoretically guaranteed in this case [16].

In the previous section, we considered the bifurcations of autonomous networks. However,
when a network is trained as an automaton, time-dependent inputs play an important role.
If the external inputs can successfully control the state of the network and modulate the
bifurcation boundary, it is possible to train a network to have multiple attractor points
without apparently having the problems from \saddle-node" bifurcations.
It has been reported that recurrent networks could be successfully trained to predict
or to discriminate fairly long and complex sequences generated by formal grammars [8, 9].
However in these cases, the choice of training patterns are critical for successful training. At
rst, only a small part of the training set [9] or sequences with limited length [8] were used
for training. As the network become capable of processing them, more examples or longer
sequences are incrementally used for training. This suggests that a recurrent network with
external inputs can create new attractors, but only a limited number at any one time.
6

3.3

Teacher forcing

3.4

Truncated learning equations

In training autonomous behaviors of recurrent networks, such as limit cycles, it has been
reported that a technique called \teacher forcing" is required [20, 5, 25]. In teacher forcing,
the actual outputs xi (t) of the output units are replaced by the desired output xdi(t) when
they appear in the right-hand side of the equations (1) or (2). If the actual outputs xi(t)
becomes very close to xdi(t) by learning, we can expect that the autonomous system will
have a similar trajectory when teacher forcing is cut o .
In training an associative memory network using gradient descent, teacher forcing was
required to avoid trajectories from di erent initial states to converge to the same single
attractor [20]. It also avoids the problems from saddle-node bifurcations. Teacher forcing is
also necessary in training a network as an oscillatory for several reasons.
1. Synchronization with the teacher: Suppose the network has nearly learned the
desired waveform and is running autonomously. Unless the frequency of the network
oscillation is exactly equal to that of the teacher signal and the initial phase is exactly
matched, the phases of the network output and the teacher signal are not kept equal.
This makes an apparent large error and destroys the nearly desired structure of the
network.
2. Hopf bifurcations: A xed point of an autonomous system becomes a limit cycle
when it is teacher forced. Therefore, a desired oscillation pattern can be achieved by
just changing the shape of the limit cycle, without having Hopf bifurcations.
3. Stability of learning equations: As mentioned in section 2.5, the variation equation
of an autonomous limit-cycle is not asymptotically stable. This can be avoided by
making the system into a forced system.
One simple way to avoid the instability of the learning equations is to use non-recurrent
learning equations. Actually, learning rules in which recurrent connections are neglected in
error gradient calculation have been successfully applied to sequence generation [5, 14] and
sequence prediction tasks [2, 7].
In the algorithm called \truncated back-propagation through time" [26], the adjoint
equation (7) is calculated only for some limited steps backward in time. Although this
algorithm was developed mainly to reduce the amount of computation, it also avoids the
problem of instability of the learning equations.

4 Conclusions
Gradient descent learning in recurrent networks is not as reliable as in feed-forward networks.
In order to achieve successful learning, many factors other than gradient calculation need
to be considered. Insights from the theories of dynamical systems and bifurcations are very
important for this purpose.
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Figure 1: The bifurcation diagram of a self-recurrent network (w = 5).
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(a) saddle-node bifurcation

(b) supercritical Hopf bifurcation

(c) subcritical Hopf bifurcation

(d) homoclinic bifurcation

Figure 2: Codimension-one bifurcations.
11

