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Abstract— The multiprocessor partitioned scheduling of sporadic task systems is considered. The problem of obtaining
feasible partitionings under both Earliest Deadline First ( EDF)
and Fixed Priority (FP) scheduling is represented as integer linear
programs comprised of binary (zero / one) integer variables only.

I. I NTRODUCTION
Real-time systems are often modeled as collections of
recurrent tasks, each of which generates a potentially infinite sequence of jobs according to well-defined rules. One
commonly-used formal model for representing such recurrent
real-time tasks is the sporadic task model. Each sporadic task
τi in this model is characterized by three parameters — a
worst-case execution time Ci , a relative deadline Di , and a
period Ti . Such a task generates a potentially infinite sequence
of jobs, with successive jobs of τi arriving at least Ti time units
apart, each job having an execution requirement ≤ Ci and a
deadline Di time units after its arrival time.
In this paper, we consider real-time systems that can be
modeled as collections of sporadic tasks and are implemented
upon a platform comprised of several identical processors.
We assume that the processors are fully preemptive — an
executing job may be interrupted at any instant in time and
have its execution resumed later with no cost or penalty.
Partitioned and global scheduling. In partitioned scheduling
of collections of recurrent tasks, each task is assigned to a
processor and all the jobs generated by the task are required to
execute upon that processor. In global scheduling, on the other
hand, different jobs of the same task may execute on different
processors and a preempted job may resume execution on a
processor different from the one it had been executing on prior
to preemption.
Global scheduling is more general than partitioned scheduling (in the sense that every partitioned schedule is also a
global schedule while the converse is not true); however, the
current state of the art seems to favor partitioned scheduling.
There are two major reasons for this. First, the run-time cost
of inter-processor migration is unacceptably high on many
platforms. Second, it has been shown [3], [4] that current
schedulability tests for partitioned scheduling are superior to
current schedulability tests for global scheduling. Although
research and technology promises to ameliorate both these
factors and render them less critical in the future, it is likely

that partitioned scheduling will have a role to play in system
design and implementation at present.
This research. We consider the partitioned scheduling of
sporadic task systems upon multiprocessor platforms. We
study two very widely-used scheduling algorithms — the
Earliest Deadline First scheduling algorithm (EDF), [20], [11]
and Fixed Priority scheduling (FP) [20], [2] when scheduling
systems of sporadic tasks upon such preemptive platforms.
It is already known (see, e.g., [21]) that EDF- and FPpartitioning are intractable –NP-hard in the strong sense–
even for task models simpler than the sporadic task model,
since they are a generalization of the well-known bin-packing
problem [17], [16]; hence, we do not expect to be able
to obtain polynomial-time algorithms for partitioning sporadic task systems. Instead, we describe how the problem
of partitioning sporadic task systems upon multiprocessors
for EDF or FP scheduling may be formulated as an integer
linear programming (ILP) problem. Although this may at first
seem inconsequential — converting one intractable problem
to another (since ILP is also known to be NP-hard [18]) —
we believe that there is a real benefit to such conversion. This
is because the optimization community has devoted immense
effort to coming up with extremely efficient (although still
exponential-time) algorithms for solving ILP’s, and highlyoptimized libraries implementing these efficient algorithms are
widely available. (This is particularly true for ILP’s in which
each integer variable is further constrained to take in only the
values zero or one – these are called binary or zero / one
integer variables, and the corresponding ILP’s zero-one or
binary ILP’s (BILP’s); for instance, the optimization library
that comes with MATLAB1 has a very efficient solver for
BILP’s, called bintprog()). We will derive BILP representations of EDF and FP partitioning. Both BILP formulations use
polynomially many integer variables. The BILP formulation of
general EDF-partitioning requires exponentially many linear
constraints; we will describe how a sufficient (rather than
exact) EDF-partitioning algorithm can be formulated as a
BILP with only pseudo-polynomially or polynomially many
constraints. For FP-partitioning, the exact BILP formulation
requires pseudo-polynomially many constraints, while sufficient FP-partitioning can be represented using polynomially
many constraints.
1 http://www.mathworks.com/products/matlab/

Organization. The remainder of this paper is organized as
follows. In Section II, we briefly describe the task and machine
model used in this work. In Section III, we discuss how
partitioning problems may in general be represented as integer
linear programs. In Section IV, we delve deeper into the
ILP representation of EDF-partitioning. We describe how to
represent EDF-partitioning exactly and approximately using
zero-one ILP’s, and discuss the tradeoffs that go into choosing
the parameters for the approximation algorithms. In Section V,
we describe how FP-partitioning can also be represented as an
ILP. We conclude in Section VI by placing this work within
the larger context of multiprocessor scheduling.
II. M ODEL AND DEFINITIONS
As stated in Section I above, a sporadic task τi =
(Ci , Di , Ti ) is characterized by a worst-case execution requirement Ci , a (relative) deadline Di , and a minimum inter-arrival
separation parameter Ti , also referred to as the period of
the task. Such a sporadic task generates a potentially infinite
sequence of jobs, with successive job-arrivals separated by
at least Ti time units. Each job has a worst-case execution
requirement equal to Ci and a deadline that occurs Di time
units after its arrival time. We assume a fully preemptive
execution model: any executing job may be interrupted at
any instant in time, and its execution resumed later with no
cost or penalty. A sporadic task system is comprised of a
finite number of such sporadic tasks. It is evident from the
definition of sporadic tasks, and of sporadic task systems,
that any given system may legally generate infinitely many
different collections of jobs.
In the remainder of this paper, we will let τ denote a
system of n sporadic tasks: τ = {τ1 , τ2 , . . . τn }, with τi =
(Ci , Di , Ti ) for all i, 1 ≤ i ≤ n. Task system τ is said to be a
constrained sporadic task system if it is guaranteed that each
task τi ∈ τ has its relative deadline parameter no larger than
its period: Di ≤ Ti for all τi ∈ τ . We restrict our attention
here to constrained task systems2 .
Demand bound function (DBF). For any interval length t, the
demand bound function DBF(τi , t) of a sporadic task τi bounds
the maximum cumulative execution requirement by jobs of τi
that both arrive in, and have deadlines within, any interval of
length t. It has been shown [9] that
µ ¹
¶
º
t − Di
DBF (τi , t) = max 0, (
+ 1) Ci
(1)
Ti
Approximation schemes have been defined for computing
the value of DBF to any desired degree of accuracy (see,
e.g. [1], [12]). Equation 2 below gives such an approximation
scheme for DBF; for any fixed value of k, DBF(k) (τi , t) defines
an approximation of DBF(τi , t) that is exact for the first k steps
2 This

is primarily for pedantic reasons — although our techniques extend to
sporadic task systems that are not constrained in much the same manner that
uniprocessor EDF- and FP- scheduling results for constrained systems extend
to task systems that are not constrained, the presentation of these extensions
involves many grungy details and is likely to detract attention from the main
ideas.

of DBF(τi , t), and an upper bound for larger values of t:


DBF

(k)

(τi , t) =

DBF (τi , t)
Ci + (t − Di )Ui

if t ≤ (k − 1)Ti + Di
otherwise

(2)

The following lemma provides a quantitative bound on the
degree by which DBF(k) may deviate from DBF:
Lemma 1:
∀t≥0
¡
1¢
≤ DBF(k) (τi , t) < 1 +
DBF(τi , t) .
k
Proof Sketch: This lemma is easily validated informally by
sketching DBF(τi , t) and DBF(k) (τ, t) as functions of t for
given k (see Figure 1). DBF(τi , t) is a step function comprised
of steps of height Ci , with the first step at t = Di and
successive steps exactly Ti time units apart. The graph of
DBF (k) (τ, t) tracks the graph for DBF(τi , t) for the first k steps,
and is a straight line with slope Ci /Ti after that. It is evident
from the figure that DBF(k) (τi , t) is always ≥ DBF(τi , t), and
that the ratio DBF(k) (τi , t)/DBF(τi , t) is maximized at t just
a bit smaller than kTi + Di , where it is < (k + 1)Ci )/(kCi )
= (1 + k1 ) as claimed.
DBF(τi , t)

III. PARTITIONING AND ILP’ S
In a integer linear program (ILP), one is given a set of N
variables, some or all of which are restricted to take on integer
values only, and a collection of “constraints” that are expressed
as linear inequalities over these variables. The set of all points
in N -dimensional space over which all the constraints hold is
called the feasible region for the integer linear program3 .
In the following sections we consider a constrained-deadline
task system τ comprised of n tasks that is to be partitioned
among m unit-speed processors. We will let τ (j) denote the
subset of τ that is assigned to the j’th processor by the partitioning algorithm, 1 ≤ j ≤ m. Thus, τ (1), τ (2), . . . , τ (m)
represents a partitioning of τ into m mutually disjoint subsets
and comprises the desired output of the partitioning algorithm.
To convert partitioning to a BILP we define (n × m)
binary integer variables Xij , with the following intended
interpretation4
½
1 if τi ∈ τ (j)
Xij ←
(3)
0 otherwise
That is, Xij = 1 if and only if the i’th task is assigned the
j’th processor. This intended interpretation is enforced by n
constraints of the following form, one for each i ∈ {1, . . . , n},
encapsulating the requirement that each task must be assigned
to some processor:
m
X
Xij = 1
(4)
j=1
3 One is also typically given an “objective function,” also expressed as
a linear inequality of the variables, and the goal is to find the extremal
(maximum/ minimum) value of the objective function over the feasible region.
However, for our purposes here it suffices to construct the constraints and
determine whether the feasible region is empty or not.
4 Recall that by definition, binary integer variables may take on values zero
or one only.
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Fig. 1. Illustrating the proof of Lemma 1. The step plot represents
t ≤ di + Ti , and is denoted by the straight line for larger t.

Di + 3Ti

DBF (τi , t).

The constraints expressed in Equation 4 must be true for
partitioning under any scheduling algorithm; in the following two sections, we describe the additional constraints that
must be satisfied for the specific scheduling algorithms EDF
(Section IV) and FP (Section V).
IV. PARTITIONED - EDF SCHEDULABILITY
In EDF scheduling [20], jobs are assigned priorities according to their absolute deadlines – the earlier the deadline of a
job, the greater its priority. Under partitioned-EDF scheduling,
all the tasks assigned to the j’th processor (i.e., all tasks
in τ (j)) must be uniprocessor EDF-schedulable, for each j,
1 ≤ j ≤ m. Exact schedulability tests for uniprocessor EDFscheduling are known [9]; these tests essentially require that
the following linear constraint be satisfied
X
DBF (τi , to ) ≤ to
(5)
τi ∈τ (j)

for each to ∈ T S(j), where T S(j) (sometimes called the
“testing set”) is a set of numbers defined as follows:
[ ©
ª
T S(j) =
t|t ≡ Di + (k − 1)Ti ∧ t ≤ P (j) . (6)
τi ∈τ (j)

Di + 4Ti

The plot for

DBF (k) (τi , t),

time

Di + 5Ti

for k = 2, is identical to the step plot for

Here, P (j) denotes the least common multiple of the period
def
parameters of all the tasks in τ (j): P = lcmτi ∈τ (j) {Ti }.
Observe that Equation 5 is indeed a linear constraint,
since for given to , DBF(τi , P
to ) evaluates to a constant. Hence
n
Equation 5 is of the form i=1 Ai Xij ≤ to where each Ai
is a constant, and the Xij ’s binary integer variables as stated
above.
Note that τ (j) is not known when the ILP is being formulated — indeed, the goal of the ILP is to determine the
τ (j)’s. Let P denote the least common multiple of the period
def
parameters of all the tasks in τ — P = lcmni=1 {Ti } — and
observe that T S(j) ⊆ T S, where
def

TS =

n
[
©

t|t ≡ Di + (k − 1)Ti ∧ t ≤ P

ª

.

(7)

i=1

Equation 5 is rewritten in a form that makes no reference to
the unknown set τ (j) of tasks, as follows
n
X

DBF(τi , to ) Xij

≤ to

(8)

i=1

Observe that Equations 5 and 8 are identical under the intended
interpretation of the Xij variables, since Xij equals one for
all τi ∈ τ (j) and zero for all τi 6∈ τ (j).

Since one such constraint must be written for each to ∈
T S for each processor j, there are (m × |T S|) such linear
constraints.
Reducing the number of constraints - I
In general, |T S| may be exponential in the representation
of the task system; however, it has P
been shown in [9] that
def
if the total utilization U (τ (j)) =
τi ∈τ (j) (Ci /Ti ) of all
the tasks assigned to the j’th processor is bounded from
above by a constant c strictly less than one, then a T S can
efficiently be identified with cardinality pseudo-polynomial
in the representation of the task system. By choosing an
appropriate value of c (the factors that influence this choice is
discussed below) and then adding m linear constraints —one
for each j, 1 ≤ j ≤ m— of the form
n
X
i=1

Xij

Ci
≤c,
Ti

(9)

we need verify Equation 8 at at most pseudo-polynomially
many points to for each j, and hence need write at most
pseudo-polynomially many constraints of the form given in
Equation 8.
What determines the choice of c? As has been shown in [9],
mandating such a restriction — that U (τ (j)) ≤ c — is
essentially equivalent to decreasing the computing capacity of
the processors from 1 to the chosen constant c. Hence while
any value of c < 1 will provide a pseudo-polynomial time
bound, the tradeoff involved in choosing a value for c is as
follows: the smaller the value of c, the smaller the value of
|T S|, but the larger the fraction of the computing capacity
of the processors that remains unused by the partitioning
algorithm and hence the more likely that our algorithm will
fail to partition a task system that is partitionable.
Reducing the number of constraints - II
Equation 8 being true for all j, 1 ≤ j ≤ m, and all to ∈ T S
corresponds to an exact partitioning algorithm. If we were to
use DBF(k) instead of DBF in Equation 8:
X
(k)
to ≥
DBF (τi , to ) Xij
(10)
τi ∈τ

the partitioning algorithm is no longer exact: there may be
partitionable task systems corresponding to which these constraints are no longer satisfiable (this is because, as Lemma 1
states, DBF(k) over-estimates the computational demand of
each task). However, constructing a partitioning algorithm
based on Equation 10 instead of on Equation 8 offers the
advantage that the size of the testing set for which Equation 10
must be evaluated is known to be |τ (j)| × k = O(nk), which
means that, for a given choice of k there are O(nm) such
linear constraints. Furthermore, we may use Lemma 1 to
quantify the degree of inaccuracy of the partitioning algorithm.
In this manner, we can write an ILP representation of EDFpartitioning with the number of linear constraints polynomial
in the representation of the task system.

To summarize the discussion above, we can transform EDFpartitioning to an binary integer linear program on the n ×
m binary integer variables Xij with n linear constraints of
the form Equation 3 (denoting that each task gets assigned
to some processor), and some additional constraints generated
according to one of the following three options:
1) Exponentially many linear constraints of the form Equation 8. The resulting ILP corresponds to an exact partitioning algorithm – the ILP has a feasible solution if and
only if the task system is partitionable on m processors.
2) Choose a real-valued constant c < 1, and generate
a) m constraints of the form Equation 9, and
b) psuedo-polynomially many linear constraints of the
form Equation 8. The resulting ILP corresponds to a
sufficient partitioning algorithm – if the task system is
partitionable on m processors by using no more than a
fraction c of the computing capacity of each processor,
then the ILP has a solution.
3) Choose an integer-valued constant of k > 1, and generate polynomially many linear constraints of the form
Equation 10. The resulting ILP corresponds to a sufficient
partitioning algorithm – if the task system is partitionable
on m processors by using no more than a fraction
k/(k + 1) of the computing capacity of each processor,
then the ILP has a solution.
We can thus represent the partitioning problem exactly, or
approximately to any desired degree of accuracy by generating
the appropriate set of linear constraints. In this manner, we get
a BILP that can be solved very efficiently (albeit still in worstcase exponential time) using highly optimized solvers (such
as the bintprog() solver that is a part of the MATLAB
optimization toolbox).
V. PARTITIONED - FP SCHEDULABILITY
In FP scheduling, each task is assigned a distinct priority
and all the jobs generated by a task inherit the priority of
the task that generates it. During run-time, each processor is
allocated to the highest-priority job (if any) that needs to use
the processor. We will assume without loss of generality that
the tasks are indexed in decreasing priority order — task τ1 is
assigned the greatest priority, and τi has greater priority than
τi+1 for all i, 1 ≤ i < n.
Recall that we are restricting our attention in this paper
to constrained-deadline sporadic task systems only. For such
systems, it is known [19] that the response time of a job
τi ∈ τ (j) — i.e., assigned to the j’th processor — is
maximized when the job arrives concurrently with a job of
each greater-priority task in τ (j), and each such greaterpriority task generates subsequent jobs as soon as allowed (i.e.,
with successive job arrivals separated by exactly the period
parameter of the task). A sequence of job arrivals of a task
systems in which each task has a job arrive at the same instant
and subsequent jobs as soon as allowed is sometimes called
the synchronous arrival sequence (SAS) of the task system.

Let us now focus on a particular task τi ∈ τ (j) Let AS(i, j)
denote all the time-instants in [0, Di ) at which tasks that have
been assigned to processor j have jobs arrive during the SAS:
AS(i, j) contains Di , as well as all t < Di of the form t ≡
(` × Tk ), for ` = 0, 1, 2, . . . and τk ∈ τ (j). It is known [19]
that τi meets its deadline if and only if there is a to ∈ AS(i, j)
such that
X
§ to ¨
Ck .
(11)
t 0 ≤ Ci +
Tk
V
τk | k<i

τk ∈τ (j)

As in the EDF case (Section IV) we do not know τ (j) when
we are setting up the ILP; hence, we must write m equations
as follows, one for each j, 1 ≤ j ≤ m, to represent the
information conveyed by Equation 11:
t0 ≤ Xij Ci +

i−1
X
§ to ¨
Xkj Ck
Tk

(12)

k=1

Since to , Tk , and Ck are all known, Equation 12 is a linear
constraint in the Xij variables. Also, it is known that the cardinality of AS(i, j) is pseudo-polynomial in the representation
of the task system5 . We thus see that τi meets its deadlines
under FP-scheduling for a given priority assignment if and
only if at least one of pseudo-polynomially many inequalities
is satisfied. There is a standard technique in binary integer
programming (see Section in the appendix) for expressing the
requirement that at least one of a collection of inequalities be
satisfied; by using this technique, we can thus express the FPschedulability of τi as a binary integer program. By repeating
this procedure for all the n tasks, we express FP-schedulability
as a binary integer program on a polynomial number of
variables and pseudo-polynomially many constraints.
Reducing the number of constraints
Since AS(i, j) may contain pseudo-polynomially many
points, our BILP has pseudo-polynomially many constraints.
Techniques are known [13], [14] for trading off some accuracy
to reduce the number of points in AS(i, j) to a polynomial
number; by applying these techniques, we can obtain a BILP
representation of a sufficient FP-partitioning algorithm that has
only polynomially many constraints.
VI. C ONTEXT AND C ONCLUSIONS
As real-time embedded systems increasingly come to be
implemented upon multiprocessor platforms, it is important
that algorithms for efficiently scheduling such systems be
obtained. In this work, we have considered the partitioned
scheduling of sporadic task systems. Recent research [5], [6],
[4], [15], [7], [8] has addressed this topic; however, all this
research has been directed at obtaining approximate solutions
to the partitioning problem. This work is instead directed
at obtaining exact algorithms for partitioning, regardless of
computational complexity. Unlike in the case of simpler task
models (such as the implicit-deadline or “Liu and Layland”
5 Bini and Buttazzo [10] have devised a technique to identify at most 2i−1
points in AS(i, j) at which Condition 11 must be validated.

task model), in which the design of such an exact algorithm
is a straightforward extension of bin-packing, obtaining exact
representations of partitioning for constrained-deadline sporadic task systems turned out to not be quite as straightforward.
We have obtained a zero-one ILP representations for both
EDF and FP partitioning. Such zero-one ILP’s can be solved
very efficiently in practice using widely-available libraries
(such as MATLAB’s bintprog() function). We have shown
how the size (the number of constraints) of the ILP can be
tuned depending on the degree of accuracy desired, i.e., the
fraction of the computing capacity of the processing platform
one is willing to “waste.”
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A PPENDIX
E XPRESSING DISJUNCTS AS BINARY INTEGER PROGRAMS
In this section, we illustrate by an example the technique
for expressing the requirement that at least one of a given set
of inequalities be true, within the syntactic limitations of a
binary integer program.
Suppose that we require that at least one of the four
inequalities
A1 X
A2 X
A3 X
A4 X

≤
≤
≤
≤

b1
b2
b3
b4

be satisfied. Let Z denote a very large positive constant.
Introduce the two binary integer variables Y1 and Y2 (in
general, the number of such variables that must be introduced
is logarithmic in the number of inequalities). Replace the
above 4 inequalities by the following:
A1 X
A2 X
A3 X
A4 X

≤
≤
≤
≤

b1 + ((1 − Y1 ) + (1 − Y2 ))Z
b2 + (Y1 + (1 − Y2 ))Z
b3 + ((1 − Y1 ) + Y2 )Z
b4 + (Y1 + Y2 )Z

For any assignment of values to the newly-introduced binary
variables Y1 and Y2 , it is evident that all but one of these
equalities is trivially satisfied (since the RHS is ≥ Z),
while the remaining inequality is exactly equivalent to the
corresponding inequality in the original problem (i.e., prior to
this transformation). Hence, all four of the latter inequalities
is satisfiable if and only if at last one of the original four
inequalities is satisfiable; we have thus converted the problem
of satisfying at least one of the given set of four inequalities
to a “conventional” problem of satisfying a set of all four
inequalities.

