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Abstract. We review the works done by our collaboration (Scalar collaboration) for the scalar mesons in the
lattice QCD. We present the preliminary results and the plan for simulation of the sigma meson and the kappa
meson.

1 Introduction

The nature of the low-lying nonet scalar mesons contin-
ues to be an interesting problem in hadron physics. The
existence of theI = 0 and JPC = 0++ meson, i.e., the
σ(400− 600) has been re-confirmed [3] after some twenty
years not only inππ scattering [1,2] but also in various
decay processes from heavy-quark systems e. g. , D→ πππ
andΥ(3S ) → Υππ [4–7]. Moreover, a resonance of scalar
meson withI = 1/2 is also reported to exist in the K-π
system with a massmκ of about 800 MeV [8,9,7]. This
meson is called theκ and may constitute the nonet scalar
state together with theσmeson. See Fig.1.
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Fig. 1. Scalar meson nonet. Theσ and f0(980) mesons may be
ideal mixing states of singlet state1√

3
(uū+dd̄+ ss̄) and octetstate

1√
6
(uū+dd̄−2ss̄). There is, however, experimental evidence that

theσ meson consist of onlyuū anddd̄ components. Hence, we
take theσ wave function given in the figure.

The problem is the nature of these low-lying scalar
mesons [10]: they can not be usualqq̄ mesons as described
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in the non-relativistic costituent quark model since in such
a quark model,JPC=0++ meson is realized in the3P0 state,
which implies that the mass of theσmeson must be as high
as 1.2∼ 1.6 GeV. So the low-lying scalar mesons below 1
GeV has been a source of various ideas of exotic struc-
tures, as mentioned above: they may be four quark states
like qqq̄q̄ [11,12], or ππ or Kπ molecules and so on as
the recent high-lying exotic hadrons can be. These mesons
may becollective qq̄ states described as a superposition
of manyatomic qq̄ states [13,14]. A mixing with glueball
states is also possible [15–17].

Now there have been a number of simulations of lattice
QCD for clarifying the structure of the low-lying scalar
mesons such as theσ andκ. It is noteworthy that elucidat-
ing the mechanism for these scalar mesons to have such
a low mass in terms of their structures would also give a
good clue to the possible structure of the exotic hadrons
with heavy quark.

In this paper, we report our approaches to theσmeson
and theκ meson.

2 The sigma meson in the lattice QCD
simulation

There have been several attempts at lattice study of theσ

mesons. To our knowledge, the first such calculation was
carried out by DeTar and Kogut [18], where the so-called
disconnected diagram, or the OZI forbidden type diagram
is discarded. The channel was calledvalence sigma,σv.
They measured the screening masses and observed that
σv is much heavier than theπ meson at zero temperature,
while theσv and theπ degenerate as the temperature in-
creases overTc. Kim and Ohta calculated lattice the mass
of σv with staggered fermions for the lattice spacinga =
0.054 fm and lattice size 48a =2.6 fm [19]. They obtained
mσv/mπ = 1.4∼ 1.6 by varyingmπ/mπ = 0.65∼ 0.3.
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Lee and Weingarten [15] have stressed the importance
of the importance of the mixing the scalar meson and the
glueballs and concluded thatf0(1710) is the lightest scalar
glueball dominant particle, whilef0(1390) is composed of
mainly theu andd quarkonium. Alfold and Jaffe analyzed
the possibility that theσ is an exotic statei.e., tetraquark
(qqq̄q̄) by a quenched lattice QCD discarded the discon-
nected diagram [12]. Riken-Brookhaven-Columbia (RBC)
collaboration [33] employed the domain wall fermions for
the lattice study of theσ, which respected the chiral sym-
metry, but include a quench a quench approximation with
the help of the chiral perturbation. All these calculations
are in the quench approximation,i.e., the fermion determi-
nant is dropped, which corresponds to ignoring quark pair
creation and annihilation diagrams. UKQCD observed that
theσ meson masses in the quench approximation and in
the full QCD simulation are very different [16]. They also
considered the mixing with the glueballs. They obtained a
very smallσmeson mass, even smaller than theπmass, in
the full QCD case.

Our collaboration [21–24] performed a exploratory
work on theσ in the full lattice QCD simulation. We re-
mark that the full QCD simulation is necessary to properly
describe theσ with the possible contents, i.e., the glueball,
terra quarks and so on.

The quantum numbers of theσ meson areI = 0 and
JPC = 0++; We adopt theσmeson operator as

σ̂(x) ≡
3

∑

c=1

4
∑

α=1

ūc
α(x)uc

α(x) + d̄c
α(x)dc

α(x)
√

2
, (1)

where u andd indicate the corresponding quark spinors.
Indicesc andα stand for color and Dirac spinor indices,
respectively. Theσmeson propagator is written as

G(y, x) = < Tσ̂(y)σ̂(x)† >

=
1
Z

∫

DUDūDuDd̄Dd

3
∑

a,b=1

4
∑

α,β=1

ūb
β
(y)ub

β
(y) + d̄b

β
(y)db

β
(y)

√
2

×
(

ūa
α(x)ua

α(x) + d̄a
α(x)da

α(x)
√

2

)†

e−S G−ūWu−d̄Wd .(2)

In Eq.(2),W−1’s are u andd quark propagators,U ’s are
link variables of gluon, andS G is the gauge action. By in-
tegrating overu, ū, d andd̄ fields, theσmeson propagator
is given by

G(y, x) = − < TrW−1(x, y)W−1(y, x) >

+2 < (σ(y)− < σ(y) >)

·(σ(x)− < σ(x) >) > (3)

where
σ(x) ≡ TrW−1(x, x). (4)

“Tr” represents summation over color and Dirac spinor in-
dices. Here we assumed that theu andd quark propagators
are equivalent becauseu andd quark masses are almost

the same. From Eq.(3), we can see that theσ propagator
consists of two terms. The first term corresponds to the
connected diagram, i.e., ¯qq type meson. The second term
comes from the disconnected diagram, i.e., the correlation
of fluctuation of the operator ¯q(x)q(x). The quantum num-
ber of theσ meson (I = 0 andJP = 0+) is the same as
that of the vacuum, and the vacuum expectation value of
theσ operator,< σ(x) > does not vanish. Therefore, the
contribution of< σ(x) > should be subtracted from theσ
operator.

We employ Wilson fermions and the plaquette gauge
action. The dynamical quarks effects are expected to be
important in estimation of the disconnected diagrams of
theσ propagator. Therefore, theσ propagator should be
calculated in the full QCD simulation. For this purpose, we
generated the gauge configurations by using Hybrid Monte
Carlo (HMC) algorithm.

CP-PACS performed a very large scale simulation of
the light meson spectroscopy in full QCD calculation [25].
We use here the same values of the simulation parameters,
i.e. β = 4.8 and the using hoping parameterh = 0.1846,
0.1874, 0.1891 except lattice size; Our lattice size, 83×16,
is smaller than theirs. Note that we employ the point source
and sink, and smaller lattice size results in larger mass due
to higher state mixture. In other words, our mass values
on the small size lattice should be considered as an up-
per limit. We show in Table 1 the value ofmπ/mρ together
with that of CP-PACS. They are consistent within error
bar. We generated the gauge configurations in full QCD
by using HMC algorithm. First 1500 trajectories were up-
dated in quenched QCD, then we switch on the dynamical
fermion. Next 2000 trajectories of HMC are discarded as
the thermalization a nd theσ, π andρ propagators are cal-
culated in every ten trajectories. It is very hard to evaluate
the disconnected part of the propagator, since we must cal-
culate TrW−1(x, x) for all lattice sitesx. We used theZ2
noise method to calculate the disconnected diagrams and
the subtraction terms of the vacuum< σ >. Each of these
terms is the order of ten, and (σ− < σ >)(σ− < σ >) be-
comes less than 10−4. Therefore high accuracy is required
for the calculation. One thousand randomZ2 numbers are
generated. Our numerical results show that the values of
the second in Eq.(3) are in the same order. Therefore, in
order to obtain the signal correctly as the difference be-
tween these terms, the high precision numerical simula-
tions and careful analyses are essential. The relation be-
tween the number ofZ2 noise and the achieved accuracy
was investigated in Ref.[21]. Gauge configurations were
created by HMC in SX5 vector super computer, and most
disconnected propagator calculations byZ2 noise method
were mainly performed SR8000 parallel machine.

We show in Table 1 the value ofmσ/mρ for each hop-
ping parameter together with the correspondingmcon./mρ,
wheremcon. denotes the scalar meosn mass for which the
disconnected diagram is not included. It should be noticed
here that the massmcon. can be identified with the a0 me-
son which is the isovector isoscalar meson for which the
disconnected diagrams does not play any role.

The individual contributions of the connected and dis-
connected parts of theσ propagator are shown in Fig.2,
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Table 1. Summary of the results.

h 0.1846 0.1874 0.1891

statistics 1110 860 730
mπ/mρ(CP-PACS) 0.8291(12) 0.7715(17) 0.7026(32)
mπ/mρ(Scalar) 0.825(2) 0.757(2) 0.693(3)
mσ/mρ(Scalar) 1.6(1) 1.34(8) 1.11(6)
mconnect/mρ(Scalar) 2.40(2) 2.44(3) 2.48(4)

which tells us that the connected part only shows a rapid
damping with small error bars, while the disconnected part
overwhelming the connected part and dominates theσ prop-
agator. Thus, we see that theσ as a light meson results
from the disconnected part of theσ propagator with the
background vacuum condensate subtracted.
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Fig. 2. Propagators of the connected and disconnected diagrams
of theσ for κ = 0.1874.

The calculatedm2
π, mρ, mσ and 2mπ are presented in

Fig. 3 of ref.[24], which shows that as the chiral limit is
approached, theσ meson mass obtained from theσ prop-
agator decreases and eventually becomes smaller than the
ρ meson mass in the chiral limit.

It might be more informative to display the masses as
functions of m2

π, which could be extracted by some ef-
fective models[20]. Them2

π dependence ofmσ andmρ is
shown in Fig.3, which is equivalent to Fig.3 of ref.[24].

Important points obtained in ref. [24] are that theσ
propagator exhibits a pole behavior and its mass is found
to satisfymπ < mσ ≤ mρ.; for the sigma mass to become
small, the disconnected diagram plays an essential role.
The flavored scalar meson is not light as observed experi-
mentally;ma0 ∼ 1.9 GeV, which are much higher than the
experimental masses, 0.6 ∼ 0.8 GeV.

The UKQCD collaboration [26], used the full lattice
QCD, with a variational fit with glue and ¯qq interpolating
operators, to study theσ meson. The mass of theσ is be-
low 1 GeV.

Some lattice groups [27–29] maintained to get result
for the mass of sigma using the tetraquark type interpo-
lating operator from the quenched lattice QCD. Recently,
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Fig. 3. The m2
π dependence ofmρ and mσ in the lattice unit.

Explicitly, the respective dependence is well represented by a
linear function ofm2

π: mρa = 0.3767× (mπa)2 + 0.8099 and
mσa = 1.6818× (mπa)2 + 0.3219, respectively, witha being the
lattice spacing.

Prelovsek et al. [30] found the light state in the sigma chan-
nel using tetraquark type interpolating operator discarded
the disconnected diagrams from the quenched and the full
lattice QCD. The disconnected diagram of these results
needs to be quantified.

3 The kappa meson in the lattice QCD
simulation

At the first we performed a lattice calculation of theκ me-
son in the full QCD simulation using the dynamical ferm-
ion for theu (d) quark but the valence approximation for
the s quark on the 83 × 16 lattice with the plaquette action
and Wilson fermions[31,24]. We have presented that theκ

meson has a mass as large as about 1.8 GeV and can not be
identified with theκ meson seen in experiments. The lat-
tice volume in the previous investigations was admittedly
small to have definite conclusions at all, and the lattice cut-
off was not appropriately chosen to accommodate the large
massesmκa >1, wherea is the lattice spacing. We have per-
formed the quenched simulations on theκmeson[32] so as
to clarify the structure of the scalar meson rather than to
reproduce the experimental value of the mass; a quenched-
level simulation should give a rather clear perspective on
whether the system can fit with the simple quark model
picture or not. For comparison, we also perform a simula-
tion on the axial vector meson (K1) with I = 1/2 JP=1+,
which is found to well describe the physical system even in
the quenched level: theK1 comes from the mixing between
I = 1/2 JPC=1++ and 1+−. In fact, the axial vector meson
K1A andK1B are mixtures of theK1(1270) andK1(1400).
Hence, our simulation for the axial vector meson is an ideal
case. Moreover, we also present the result on the valence
σ meson for getting into the intuition on the sturucture
of the scalar mesons. We have used the Wilson fermion
with the plaquette gauge action, on a relatively large lat-
tice, i.e., 203 × 24. The values of the hopping parameter
for the u/d quark arehu/d = 0.1589, 0.1583 and 0.1574,
while hs = 0.1566 and 0.1557 for thes quark. Using these
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Table 2. Summary of results for ¯qq type mesons.

Scalar[32]

hu/d mπ mρ mπ/mρ
0.1589 0.2064(62) 0.442(13) 0.467(21)
0.1583 0.2691(36) 0.461(06) 0.584(10)
0.1574 0.3401(29) 0.496(05) 0.686(05)
0.1566 0.3935(28) 0.527(04) 0.746(03)
0.1557 0.4478(28) 0.563(03) 0.796(03)
CP-PACS[35]

hu/d mπ mρ mπ/mρ
0.1589 0.20827(33) 0.42391(132) 0.491(2)
0.1583 0.26411(28) 0.44514(96) 0.593(1)
0.1574 0.33114(26) 0.47862(71) 0.692(1)
0.1566 0.38255(25) 0.50900(60) 0.752(1)

Scalar[32]

hu/d mσv ma1

0.1589 1.12(74) 0.862(76)
0.1583 0.84(23) 0. 895(48)
0.1574 0.886(98) 0.913(32)
0.1566 0.857(52) 0.932(24)
0.1557 0.893(35) 0.959(20)

hopping parameters except forhs = 0.1557,CP-PACS col-
laboration performed a quenched QCD calculation of the
light meson spectrum with a larger lattice (323 × 56) [35],
which we refer to for comparison. The gauge configura-
tions are generated by the heat bath algorithm atβ = 5.9.
After 20000 thermalization iterations, we start to calculate
the meson propagators. On every 2000 configurations, 80
configurations are used for the ensemble average.

We emply the point-like source and sink for theκ+ me-
son

κ̂(x) ≡
3

∑

c=1

4
∑

α=1

s̄c
α(x)uc

α(x) , (5)

whereu(x) and s(x) are the Dirac operators for theu/d
ands quarks, and the indicesc andα denote the color and
Dirac-spinor indices, respectively. The point source and
sink in Eq.(5) lead a positive spectral functionρ(m2) in
the correlation function〈κ̂(t)κ̂(0)〉 =

∫

dmρ(m2)exp(−mt).
The result obtained here is thus an upper bound ofκ mass,
because our result should include excited states.

First, we check finite lattice volume effects by compar-
ing our results for theπ andρ masses as well as the mass
ratiomπ/mρ with those of the CP-PACS group. The results
are summarized in Table 2. Our result for theρmeson mass
is only slightly (< 5 %) larger than the CP-PACS’s result.
The resulting larger value is reasonable because the smaller
lattice size gives rise to a mixture of higher mass states. We
rather emphasize that the deviation between our results and
the larger lattice result (CP-PACS) is so small in spite of
the large difference in the lattice size.

In Fig. 4, we displaym2
π, mρ, mσv andma1 in the lattice

unit as a function of the inverse hopping parameter 1/hu/d

for theu/d quark. We see that the chiral limit (m2
π = 0) is

obtained athu/d = 0.1598(1)≡ hcrit (1/hcrit=6.2581). We
find the lattice spacinga = 0.1038(33) [fm] in the chiral
limit from the valuemρa = 0.406(13) at this point with the
physicalρ meson mass being used formρ. We remark that
these values are consistent with the CP-PACS’s result,hcrit

= 0.1598315(68) anda = 0.1020(8) [fm], within the error
bars. Again, our smaller-lattice simulation well reproduces
the results in the larger lattice.
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Fig. 4. m2
π, mρ, mσv andma1 in the lattice unit as a function of the

inversehu/d. The chiral limit is obtained athcrit = 0.1598(1).

In Table 2, masses of valenceσ (a0) for each hop-
ping parameter are shown.mσv/mρ varies from 2.5 (hu/d =

0.1589) to 1.6 (hu/d = 0.1557) which is consistent with our
previous results [24]. In other words, without disconnected
part of the propagator the mass of ”σ” becomes heavy. We
also presenta1 mass in Table 2.

Now the propagators of theK, K∗, κ and K1 mesons
are calculated with the same configurations using thes-
quark hopping parameter,hs = 0.1566 and 0.1557. Forhs

= 0.1557, the effective mass plots ofK∗, κ andK1 mesons
are shown in Figs. 5–7. The masses of theK, K∗, κ andK1
which are extracted from the effective mass plots are sum-
marized in Tables 3 and 4. We find that the effective masses
of the K and K∗ mesons have only small errors and are
taken to be reliable, while those of theκ andK1 suffer from
large errors, especially at larger time. To avoid possible
large errors coming from the data at larget, we fit the effec-
tive masses of theκ andK1 only in the time range 5≤ t ≤
7, 8 where the effective masses are almost constant with
small errors. Since the effective mass ofK∗ is reliable, we
show theκ andK1 masses in terms of the ratio tomK∗ : table
5 gives the mass ratiosmK/mK∗ , mκ/mK∗ andmK1/mK∗ at
the chiral limit together withmφ/mK∗ for hs = 0.1566 and
0.1577. For example,mκ/mK∗ = 0.89(29)/0.4649(69)=
1.92(61) aths = 0.1566 in Table 5. These calculated mass
ratios are shown in Fig. 8. One can see that the all mass
ratios are almost independent of the values ofhs. However
error bar for the ratiosmκ/mK∗ andmK1/mK∗ is large, those
behavior as a function ofhs is reasonable.

Now we have searched the physical value of thes
quark hopping parameterhs in the following two ways,
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Fig. 5. Effective mass plots ofK∗ for s quark hopping parameter
hs = 0.1557.
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Fig. 6. Effective mass plots ofκ for s quark hopping parameterhs

= 0.1557.

Table 3. The summary results forK, K∗, κ andK1 mesons at
hs = 0.1566.

hu/d h1)
crit 0.1589 0.1583 0.1574

mK 0.2829(23) 0.3138(33) 0.3368(30) 0.3677(29)
mK∗ 0.4649(69) 0.4821(57) 0.4941(49) 0.5117(42)
mκ 0.89(29) 0.88(23) 0.81(12) 0.814(81)
mK1 0.919(43) 0.922(36) 0.915(32) 0.922(27)

CP-PACS [35]

mK − 0.30769(28) 0.32833(26) −
mK∗ − 0.46724(84) 0.47749(74) −

1) hcrit = 0.1598(1).

both of which are found to give similar results: 1) By trac-
ing a regression line formφ/mK∗ (Fig. 8), we havehs =

0.1563(3) (or 1/hs = 6.396(13)) formφ/mK∗=1019 [MeV]
/892.0[ MeV] = 1.143 (input), taken from the PDG [3].
This hopping parameter gives the mass ratios (mκ/ mK∗ ,
mK1/mK∗ ) = (1.89(55), 1.962(78)). 2) We have also deter-
mined the hopping parameter so as to reproduce the mass
ratio mK/mK∗ = 495.6[MeV]/892[MeV] = 0.5556, with
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Fig. 7. Effective mass plots ofK1 for s quark hopping parameter
hs = 0.1557.

Table 4. The summary results forK, K∗, κ andK1 mesons at
hs = 0.1557.

hu/d h1)
crit 0.1589 0.1583 0.1574

mK 0.3188(25) 0.3474(31) 0.3684(29) 0.3971(28)
mK∗ 0.4835(61) 0.5006(52) 0.5126(44) 0.5299(37)
mκ 0.89(21) 0.88(16) 0.828(96) 0.833(72)
mK1 0.931(36) 0.935(30) 0.928(26) 0.935(23)

1) hcrit = 0.1598(1).

Table 5. The summary results for the mass ratios,mK/mK∗ ,
mκ/mK∗ and mK1/mK∗ together withmφ/mK∗ at chiral limit for
u/d quarks.

hs 0.1566 0.1557 0.1568(3) 0.1576(2)
1/hs 6.3857 6.4226 6.396(13) 6.3452(80)

mφ/mK∗ 1.135(10) 1.164(10) 1.1431) −
mK/mK∗ 0.6086(79) 0.6593(63) 0.623(11) 0.55561)

mκ/mK∗ 1.92(61) 1.84(43) 1.89(55) 2.00(80)
mK1/mK∗ 1.977(86) 1.926(69) 1.962(78) 2.03(10)

1) inputs for calculation of physical value ofhs. See the text.

mK = 495.6 [MeV] being the average value of the Kaon
masses given in the PDG [3]. The resulting value is found
to behs = 0.1576(2) (or 1/hs = 6.3452(80)), which in turn
gives the mass ratiomκ/mK∗ = 2.00(80) andmK1/mK∗ =

2.03(10). The values of mass ratios which are obtained
from two ways 1) and 2) are also presented in Table 5. One
can see that both the ways give almost identical results for
the masses ofκ andK1 which are about twice ofK∗ mass.

Prelovseket al. [33] have presented a rough estimate
of the mass of theκ as 1.6 GeV obtained using the aver-
age quark mass of theu and s quarks from the dynami-
cal simulations with the degenerateN f = 2 quarks on a
163× 32 lattice. The UKQCD Collaboration have quite re-
cently studied theκ using the dynamicalN f=2 sea quarks
and a valence strange quark on a 163×32 lattice [34]; they
estimated theκ mass as about 1.1 GeV, much smaller than
those in [24,31,33] but still away from the experimental
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Table 6. The results forκ meson.

mκ GeV
Scalar[31,24] ∼ 1.7
Scalar[32] ∼ 1.6
Prelovsek et al. [33] 1.6 (0.2)
UKQCD [34] 1.1∼ 1.2
Mathur et al. [27] 1.41(0.12)

value∼800 MeV. Mathur et al. [27] presented the results
of the κ channel using the type of tetraquark operator dis-
carded the disconnected diagrams from the quench approx-
imation. This result is consistent with experimental mass
of theK∗0 (1430). Recently, Prelovsek et al. [30] found the
light state in theκ channel using tetraquark type interpolat-
ing operator discarded the disconnected diagrams from the
quenched and the full lattice QCD.

4 Current status of our simulation for the
scalar mesons

We present a new simulation on large lattice (163 × 32 )
than our previous simulation in full QCD. We will adopt
several interpolating operators (qq̄, qq̄qq̄, qqq̄q̄, gluon etc.)
for the scalar mesons by applying covariant derivatives on
Jacobi smeared sources and sinks [36]. We employ the all
to all propagator to improve the statistical accuracy. We
use gauge configuration from CP-PACS collaboration [37].
These configurations were generated with renormalization-
group improved action and the Wilson-clover quark action.
Our simulations are the preliminary stages. As test simula-
tions, Fig. 9 and Fig. 10 shows the propagator of theκ me-
son using the smeared sources and sinks in the time direc-
tion. We use here the simulation parameters,i.e. β = 1.95
and the usingu/d quark hoping parameterhu/d = 0.1390,
s quark hopping parameterhs = 0.1386,Csw = 0.15300.
20 configurations are used. It is necessary to improve the
statistical precision of the estimation of theκ propagator.

We also plan to improved theσ propagator using the all to
all propagator with the dilution techniques [38].
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Fig. 9. Theκ propagaters calculated with same type operaters of
source and sink.
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Fig. 10. Theκ propagaters calculated with different type operaters
of source and sink.

5 Summary

Theσ and other low-lying scalar mesons are still a source
of debates. All full QCD lattice simulation suggests the
existence of a low-lying sigma as a pole in QCD; the phys-
ical content is obscure: the disconnected diagram gives the
dominate contribution. A quenched lattice calculation sug-
gests that theκ meson can not a normalqq̄ state. We will
present the new results of theσ and theκmeson in the near
future.

The calculation was done on SX-5, SX-8, SX-9 at
RCNP, Osaka university and on SR-8000 at KEK.
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