International Journal of Statistics and Probability; Vol. 9, No. 2; March 2020
ISSN 1927-7032  E-ISSN 1927-7040
Published by Canadian Center of Science and Education

Bayesian Estimation of Parameters of Weibull Distribution Using Linex
Error Loss Function

Josphat. K. Kinyanjui' & Betty. C. Korir?

! Department of Mathematics, Statistics and Actuarial Science, Karatina University, P O Box 1957-10101, Karatina,
Kenya

2 Department of Mathematics and Computer Science, University of Eldoret, P O Box 1125-30100, Eldoret, Kenya

Correspondence: Josphat. K. Kinyanjui, Department of Mathematics, Statistics and Actuarial Science, Karatina
University, P O Box 1957-10101, Karatina, Kenya. E-mail: jkinyanjui@karu.ac.ke

Received: April 18,2019  Accepted: May 10, 2019  Online Published: February 29, 2020
d0i:10.5539/ijsp.vin2p38 URL: https://doi.org/10.5539/ijsp.vOn2p38

Abstract

This paper develops a Bayesian analysis of the scale parameter in the Weibull distribution with a scale parameter @
and shape parameter S (known). For the prior distribution of the parameter involved, inverted Gamma distribution has
been examined. Bayes estimates of the scale parameter, @, relative to LINEX loss function are obtained. Comparisons
in terms of risk functions of those under LINEX loss and squared error loss functions with their respective alternate
estimators, viz: Uniformly Minimum Variance Unbiased Estimator (U.M.V.U.E) and Bayes estimators relative to
squared error loss function are made. It is found that Bayes estimators relative to squared error loss function dominate
the alternative estimators in terms of risk function.

Keywords: Bayes estimates, squared error loss function, LINEX loss function, U.M.V.U.E.
1. Introduction

Sometimes, in practical situations either from past experience or from some reliable sources, one may have a guessed
estimate of the parameter which can be treated as a prior information. Thompson (1968a, b) introduced the idea of
shrinking usual estimators towards point as well as interval guess value to get the improved estimators. In some
situations, in place of point estimation or interval guess value, the prior information may be available in the form of
prior distribution. Applying Bayesian approach, prior information available in form of prior distribution may be utilized
in the estimation of parameters. In Bayesian estimation, the loss function and prior distribution play important role.

The symmetric loss function viz squared error loss function has been widely used by several authors including Berger
(1980), Box and Tiao (1973), Martz and Waller (1982), Sinha and Kale (1980). The researchers such as Aitchson and
Dunsmore (1975), Berger (1980), Fergusson (1967), Varian (1975) and Zellner and Gielsel (1968), have pointed out that
in some situations use of symmetric loss functions may be inappropriate. Actually, we may come across the situations
where a given negative error may be more serious than a given positive error or vice-versa, e.g. in dam construction,
overestimation of peak of water level is more serious than underestimation. In the same way, in estimation of reliability
function, use of symmetric loss function may be inappropriate as recognized by Canfield (1970). Here, overestimation
of reliability function or average failure time is more serious than underestimation. [Feymann (1987)]. Varian (1975)
proposed a very useful assymetric loss function known as LINEX loss function which rises exponentially on one side of
zero and almost linearly on the other side of zero.

Weibull distribution play an important role in many fields of application. It has two parameters @ and f where ‘@’ is
referred to as shape parameter and ¢ B as scale parameter. This distribution was used by a Swedish scientist Weibull in
(1951) to describe experimentally observed variation in fatigue resistance of steel, its elastic limits, e.t.c. It has also
been used to study the variation of the length of service of radio service equipment. Finally, it has also been successfully
used in reliability theory.

Theoretically, it arises as the limiting distribution as N —> 00, of the smallest of n independent random variables with
the same distribution. The use of the Weibull distribution as a model analyzing lifetime data, quality and reliability
analyses dates back the late nineteenth century. Berger and Sun (1993) gives extensive survey of its uses in the context
of lifetime data. Menderhall and Hader (1958) and Cox (1959) are among the first authors who addressed competing
risks in survival analysis. Cox (1959) gave other examples where this type of distribution arises. For other references
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concerning competing risks, see David and Moeschberger (1978), Basu and Klein (1982).

Bhattacharya (1967) considered the estimation of both the shape and scale parameters using an inverted Gamma prior
probability density function. Canavos and Tsokos (1970) developed a fully Bayesian analysis of both the scale and
shape parameters assuming independent prior distributions.

2.1 LINEX Loss Function

In some estimation and prediction problems, use of symmetric loss function may be inappropriate, as has been
recognized in the literature — see, for example, Ferguson (1967), Zellner and Geisel (1968), Aitchson and Dunsmore
(1975), Varian (1975) and Berger (1980).

The authors mentioned above, except for Varian, have considered symmetric linear loss functions. Varian (1975)
proposed a very useful assymetric loss function known as LINEX loss function which rises approximately exponentially
on one side of zero and almost linearly on the other side of zero in his applied study of real estate assessment.
Underassessment results in an approximately linear loss of revenue whereas overassessment often results in appeals
with attendant, substantial litigation and other costs.

Attention is directed herein at establishing properties of estimation and prediction procedures based on LINEX loss
functions.

Let A=@d—¢ denote the scalar estimation error in using ¢ to estimate @. Varian (1975) introduced the following
convex loss function:

L(A)=be®* —cA—b, a,c#0,b>0 (2.1)

It is seen that L(0)=0. Also, for a minimum to exist at A =0, we must have ab = ¢, and thus equation (2.1) can be
reexpressed as

L(A)=ble® —aA-1]  a=0,b>0 (2.2)

There are two parameters, a and b, involved in equation (2.2) with ‘b’ serving to scale the loss function and ‘a’ serving
to determine its shape.

2.1.1 Obtaining Bayes Estimators Using Linex Loss Function

Let h(@/D) denote the posterior density function of @, where D denotes the sample and prior information,
(. %,,:-,%,,6). Let E denote the posterior expectation with respect to h(€/D) . The posterior risk is defined as the
E[L@)] and is given by

_ ad -ad )

E[L(a)]=ble* Ele**)-ald - E@))-1]... (2.3)
Theorem 2.1

The value of ¢ that minimizes (2.7) is

0, = _qllog[g(e’” )] (2.4)

provided, of course, E(e'ag) exists and is finite. This involves evaluation of moment generating function for posterior

density.
Proof
The conditions for relative minimum are

0 . 0°
~E|L =0
py; 6[ ()] and (i)

(i) implies that

(i)

207 E[L(A)]>O at the minimum value.

blae®? I;(e’e“9 )-a|=0 thatis able*’ I;(e’a‘g)—ljz 0
Since ab = 0, it implies that

e E(e’ag)—l =0

14
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Taking logs and simplifying, we get
A -1
gl
HB a 0g e(e )

(ii) implies that

o’ o[ o
00° flLa)- ae{aé E[L(A)ﬂ

a’be® Ig[e‘aé]> 0

Since 6, satisfies conditions (i) and (ii), it follows that éB is the minimum value.

3. Bayesian Estimation of Parameters in Case of Weibull Distribution

3.1 Introduction

In this section, we develop a Bayesian analysis for the Weibull distribution with respect to the usual life-testing
procedures. It is divided into two parts: in the first, we consider the Bayes estimates of the parameters of Weibull
distribution using squared error loss function while in the second part we consider the Bayes estimates of the parameters

of Weibull distribution using LINEX error loss function. These estimates obtained based on the two loss functions are
later compared in order to show the corresponding efficiencies.

3.2 Weibull Bayesian Distribution
The Weibull distribution is given by the probability density function

B g
f(x): HX e?,0<x<w, 6,>0 3.1)

0, Otherwise

The parameters @ and [ are called the scale and shape parameters respectively. Because the shape parameter is
known in some cases, we treat the scale parameter @ as the random variable. We derive a fully Bayesian solution by
assuming independent prior distribution of & . Specifically, we consider an inverted gamma,

-1

0, Otherwise

, 0<fO<o, puv>0 (3.2)

The reasons for considering the inverted gamma prior density (3.2) are that it is flexible enough to capture almost any
kind of prior experience, and it also possesses the attractive property that the posterior distribution of the parameter after
the sample has been observed is also of the inverted gamma type. A family of prior densities which gives rise to
posteriors belonging to the same family is very useful inasmuch as the mathematical tractability is maintained, and this
‘nice’ property has been termed ’closure under sampling” by Wetherill (1961). For densities which admit sufficient
statistics of fixed dimensionality, Raiffa and Schlaifer have considered a method of generating prior densities on the
parameter space that possess this desirable property. A family of such densities has been called by them a ‘natural
conjugate family’, and for Weibull density (3.1), the inverted gamma prior forms such a family.

For our distribution given in (3.1), we have

1&

f[%ﬁ) L(x,0, )= ﬁfx,,aﬂ (ijﬁleglx' (3.3)

Now substituting the assumed value of /1(6’) given in (3.2) and the value of f(% ﬂ) obtained in (3.3) to (3.1), we

obtain
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n _glzn:(x,/’m)
Bru'[Txe"" (3.4)

f ()7(’ 0’ ﬂ) = iH:1n+v+1 F(V)

From (3.4), the marginal probability density function of X is

1
n —Z(xfﬂz)
o B []x e

f(l):_" f(x,0,)d0 = J:. ;1n+v+1 r(v) déo

(3.5)

i=1

()" 1)

g TIX (0 +v)

where
o=y X +u (36)
i=1

The posterior density function of @ given X = X is given by

"(%):i {05 s @)

The values obtained in (3.4) and (3.5) are substituted in (3.7) to obtain;

ay .
h[ %) _ (ﬂ*)”l”e[ 2 (3.8)
X) 9™ r(n+v)
which is the required posterior density function and ,u* is as given in (3.6).
3.3 Bayes Estimator and Bayes Risk Using Squared Error Loss Function
Theorem 3.1

If the loss function is the squared error, L(g, éM):(g_éM )2, then the Bayes estimator with respect to the prior
distribution /1(6’) of @ isgivenby:

*

)y _gle/ - _H 3.9
On E(AJ n+v-1 (39)

Proof
From (3.9);

0

6, = E(%j: j@h(%)d@ (3.10)

0=0

Now substituting the value obtained in (3.8) to (3.10), we get;

=1) «
o1 5l

M T F(n+V) Lo 9n+v+l

which upon simplification gives;
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0, = . £ 1 which is the required Bayes estimator of &.
+V-—
Theorem 3.2

If the loss function is the squared error, L(g,éM ): (a_éM )Z, then the corresponding Bayes risk is given by:

oRs (éM )= E{Var(%ﬂ “(n +v—l(l)L(l\*/)j1)(v— 2) (3:11)

var 94 fo-#( %, )] )00 -=( [ % )] 342

Proof

Now using (3.8), we get;

E(% /3] - jo‘gzh(%)de “(n +V_(f);r):+v_2) (3.13)

Substituting the values obtained in (3.8) and (3.13) into (3.12), we get;

Var(%j = (ﬂ*)z pn+v>1 (3.14)

(n+v-1F(n+v-2)’
Hence using (3.14) in (3.11), we get;
R[]

ﬂ”yVHxﬁ “T(n+v)

d
(n+v=1) (n+v—-2)u" )" *T(v) .

n Xﬂl
B"u Fn+v _1
(n+v-17(n+v- 2 ;[XJ; XJ. vz
This is simplified to give
A\ B T(n+v-2)
RO, |= | .
+R(0n) ool (315)
where
n Xﬁ71
L L I'(v—-2
=]t 610

A 2T(n+v-2)

Hence from (3.15) and (3.16), we obtain

A

(v—3) 4 i
s Rs (GM )= (n_,_v_l)lL]i(V) - (v-le—ZXn+V—1)

which is the required Bayes risk of éM relative to squared error loss function.

3.4 Risk Function of 6,, Using Linex and Squared Error Loss Function

In this section, we shall obtain the risk function of the Bayes estimator §,,, using both squared and Linex error loss
function.

Theorem 3.3
The risk function of éM obtained using squared error loss function, L(g, Oy )= (g_éM )2, is given by:
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Rs(éM){iv-ﬂz -

(n+v-1) n+v-1)°
Proof

R, (0,) =[] j( —of t(x/0,p)dx

X Xp

where f(x/8, ) is the joint distribution.
From (3.3)

Ry (6) = [ [+ (62 —2606,, + 6% ) (x/0.5)dx

X3 X2 Xn

=[[--[65t(x10.p)dx=20] [ [, T (/0. pydx+0[ [ [ f(x/0,p)dx

X3 X Xn X1 X Xn X1 X2

Substituting the value of éM obtained in (3.10) to (3.18) we get

-l (5 4 e

R AR ) X
_2e£...i(n+ﬂv_lj(0j [Tx e "™ dxeo

Using ,u* as given in (3.6) in (3.19) gives

Far (e T

"(n+v-1) j I[Eixﬂ+;q[1xﬂl (ja dx+ 07

which upon simplification of integrals gives

&(%){WT .

(n+v-1) n+v-1y
Theorem 3.4
The risk function of éM using Linex error loss function is given by:

R e—a(e—p I(n+v-1)/(n+v-1) ad(v-1-a
RL@M)= [( (v-D-au

—+
1-afl/(n+v-1)) (n+v-1)
Proof
Using Linex error loss function as given in (2.4), we get

o7

E[L(a)]=be [ [ [e* f (x/@)dx~ab][ [--- [, 6% f (x/6)dx+b(ad-1)

X1 %o Xn XX o Xy

Substituting the value of éM obtained in (3.10) to (3.18) we get
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o (A ) _aGJ. fea” /(n+v—l)( j Hxﬂ 16(%)‘;X'ﬁ dx

—ab j | [—](g]l‘[xf“ emgxf dx+b(ag-1)

n+v-1

and using z asgiven in (3.6), we get

-ad pn a| $xf+p|i(nv-1) 0 2 xf
RL(éM ): be enﬁ J.e (El #j/( l)l_IXiﬂ71 e[gj; dl
o - (3.23)
, o1l
v 1j I Zx +u Hx 7 dx+b(ag-1)
which when the integrals are solved, the final value is obtained as
. e—a(ﬁ—yl(mv—l)/(nw—l) adv-1)-a
R (0 )=b _yaov=hau
(1-a@/(n+v-1)) (n+v-1)
Theorem 3.5
The Bayes risk of éM using Linex error loss function is given by:
B RL(éM ):
apl(ntv-1)  (v+2)/2 4vi2 324
P2 o) T, e P o) e G2

where K,(z) is an integral representation of the modified Bessel function of the third kind of order v.

Proof

The prior risk function of éM (denoted by R(/l, éM )) with respect to the prior distribution (@) of @ is defined as the
prior expectation of the risk function. That is

R(2.64 )= E[R. (6, )= [R. (6 Ji(0)0
where

Ry (éM ): E[L(évvl 9)]

The prior risk function is also called the Bayesian risk or simply the Bayes risk. Thus

.R.(6,)=ER (6, )= [r.(6. o0 (3.25)
0=0
Substituting the values of 4(6) and R ( ) given in (3.2) and (3.21) respectively to (3.25) we get
" [(n+v-1) 0 _# -
. © au I(n+v-1) —ad v © Va 6
SR (0, )= ¢ “e' o A e

b 1
o0 [1—a9/(n +V—1)] o (V) so(N+v-1)0 F(V) (3.26)

1
+ab(v—1) J~ Ou'e? d0—b
(n+v-1 7, (v)

9V+1 (v
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which further gives;

u
. )_ bea,u*/(mv—l) luv ei[aﬁg]
M

R {6 [ do-b (3.27)
? L( (v) 9-[0 [L-ao/(n+v-D] 6"

The integral value is solved as follows:

dé
I N a9/(n+v e fo 0"

[a3+§] w» e—(amg) |:1_ ag :|—n de

ad

Using the binomial expansion to expand [1— J , We have;

ag " nad n(n+1)a6?
1- =1+ +
n+v-1 n+v-1 2(n+v-1)3

To simplify our integration, we can consider the first three terms and assume that the rest are negligible. Since

ad
n+v-1

<0:

Y e—(a9+gJ a0 -n © e—(a%%} naé n(n +1)a292
e el =

+
o 0 n+v-1 o (n+v-1) 2(n+v-1)>2
(3.30)
< ef[ag+§j na ¢t e{aw%] n(n+Da® 7 e{a[ﬂ%]
- ———d6 + [———do+ 7 | ——5—de
oo O (n+v-1 /7, @ 2(n+v-0)° ., 6

The above integrals are evaluated by using an integral representation of K,(z), the modified Bessel function of the
third kind of order v. (Erd’ely, et. al, formula 23 p82), and subsequent use of the same formula in conjunction with the
fact that K ,(z)=K,(z). Accordingly,

® —Ez t+a—z
K,(az)= 22“ 2 [ ‘ Jt’“ dt
t=0

where Re(z) >0, Re(azz)> 0, z is the variable and v is the order of the Bessel’s function.
The function

K,(2)= ZST(V)[_V(Z) L,(z2)]

is a solution of Bessel differential equation

z° 2Vy2+zd/ (22 +v? =0

2m+v

X
L= Z 222" mir(m+v —1)
Now, in our case;
—[a0+”] - —a[8+:0]
0_[0 : 9v+l :6_[0 : 9v+l d@

and by comparing with the relation
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we see that;

t=0, %Z =a which impliesthat z = 2a.

(a* )2 —# \which implies that a* = | . Therefore;
a a
e—[aﬁ#%)

2 N 2
T de{(a*)v]'(v(a Z)=WKV(2 aﬂ)

?‘—38

Similarly,
o —(a@+§} 2
60 e 0" a6 = (ula)* 7 KH(Z ay)
and
. ef[a9+§j 2
9.[0 6V—1 o= (ﬂ/ a)(v—2)/2 Kv,z (2 alu)

Thus substituting (3.31), (3.32) and (3.33) in (3.30), we obtain

ag+£

e -
,[ : [1 i } de:ﬂ%K (2@) 2na (v-1)/2 KV—l(Z\/a)

- +
e 0 n+v-1 (n+v-1)(ula)
2n(n +1)a?
2(n+v-1)?*(ula

)(v—Z)/Z KV—Z (2 aﬂ)
Substituting (3.34) in (3.27), we get

B RL(éM ):

be aul(n+v-1) U (v+2)/2
r(v)

which is the required Bayes risk of 4, using Linex error loss function.

2 o Tl ]

n+v-1 (n+v-1)

3.5 Risk Function and Bayes Risk of Uniformly Minimum Variance Unbiased Estimator of &

(3.31)

(3.32)

(3.33)

(3.34)

In this section, we shall obtain the Uniformly Minimum Variance Unbiased Estimator of @ . This estimator will be used

to obtain the risk function and Bayes risk of the estimator using both squared and Linex error loss function.
Theorem 3.6

Let X, X,,---,X, be a random sample of size n from the Weibull distribution. Let & =t(x,,x,,--,x,) be an

n

Y
estimator of ¢. Then ;_ Zf is a unique U.M.V. Unbiased Estimator of 4.
n

Proof

The likelihood function of X, X,,---, X, is given by:
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Hx0.5)= ” f(xilglﬂ):(ﬂ)nnxﬁl ?ZX/’

i=1 0 i=1

Let t(x, X, X, )= zn:xf . Hence (3.35) becomes
i=1

L(x,0,8)=g (t,H)h(xl,xz, -,X,) where

03] o s T

By factorization theorem, t(x,,x,,--,x,)=>_x/is a sufficient statistics for .

i=1

To show that t(x,,X,, -, X, )= ZX{’ is a complete statistics, we need to also show that
i=1

E[h(T)]=0 impliesthat h(T) =0, for all values of T, where h(T) is a function of T.

E[h(T)]= fh(t)Pr (T =t)dt where T = x/

i=1

To obtaln the p.d.f.of T

n 1 1 14
T=>x".Let yv=x” itimplies that 5 and — ==y’
; y P X=y dy 3

Therefore;

y
a(y) = f(X)f which reduces to g(y) = %e 0

Since Y,;,Y,, -+, Y, areindependentand identically distributed as Y, then the distribution of T is;

-t
h(T)=0—1ne9, O<t<oo

2 -t
E[h(l')] =0, then Zh(t)g—lne ¢ =0, which on reducing becomes
t=0

{h(0)+ h(De? +h(@)e? +---+h(me? +..l:o

Therefore;

h(0)=0, h() =0, h(2)=0,---, h(n) =0, thatis, h(t)=0 for all values of t=012,--

n
Therefore T =) x/ isa complete statistics.
i=1

Now;

But;
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1

E(x” )= Jxﬁ(@n xer" dx = 0

Thus, (3.36) reduces to

E(T)=Zn:¢9=n0 and therefore E(T /n)=0

i=1

B
Thus, d=h(T) T ;X‘ is the required unique U.M.V. Unbiased Estimator of & .

n n

Theorem 3.7

2

The risk function of @ using squared error loss function is given by Rg (é):i, where g is the unique U.M.V.
n

Unbiased Estimator of @.

Proof
The risk function of é is obtained by using the squared error loss function.

R, (0)=E€[L6.6)=E(6- 6 =Var(9) (3.37)
Substituting the value of é obtained in Theorem 3.6 in (3.37), we get
> ¥ n
R (é):Var(é):Var % = nlear[Z xiﬂj (3.38)
i=1

Since X, X,,---, X, are independent and identically distributed as X, (3.38) becomes

A n 1
Rs (9): 2 Var(x?)==var(x*) (3.39)
n n
Now we need to obtain Var(xﬂ )
By definition, Var(x”)= E(XZﬁ)_[E(Xﬂ)]Z = E(x*)-6? (3.40)
Now;
Y;; n s
E(XZﬂ): JX”(E] x?1ed dx = 26% and hence Var(x”)= 6° (3.41)
The value obtained in (3.41) is substituted in (3.39) to get
A\ H?
RS (0): ? [}
which is the required risk function of the unique U.M.V. Unbiased Estimator of 4.
Theorem 3.8
2
The Bayes risk of é using squared error loss function is given by ;R; (0): m where é is the unique

U.M.V. Unbiased Estimator of 4.
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Proof
The prior risk function of g (denoted by R(4,0) ) with respect to the prior distribution A(6) of is defined as the prior
expectation of the risk function. That is

R(4.6) = E[R; (6)]= [ Ry (H)2(0) do (3.42)
The prior risk function is also called the Bayesian risk or simply the Bayes risk
Thus;
sRs(0) = [Rs(0)A(6)d0 (3.43)
6=0

The values of A(6) and R (é) given in (3.2) and in Theorem 3.7 respectively are used in (3.43) to obtain

v+l
A 1
v+1 0 vl —u
o

Ry (0) = jR(H)Z(H)dG j d (ﬂr(v) do- j{%] e’ do

which after simplification becomes

v+l 2
A r'iv-2
e Rs(0) = = : ( 2 ) = ~ as required.
nul'(v) u niv-1)(v-2)
Theorem 3.9
R A e’ n
The risk function of @ using Linex error loss function is given by RL(H):b — 1|, where @ s the

unique U.M.V. Unbiased Estimator of 4.
Proof
Using Linex error loss function as given in (2.4), we get

R (6)=b ae[z)nj Xj:[ ]me()z dx
: (3.44)

YA R ) )
ne" j szl HX| e d§+b(a6’ 1)

% Xn i=1 i=:

Using integration by parts to integrate the integral

[ IHXﬂ Lo 2l ﬂdx e obain |- IHX“e Xy Jdl {ﬂ(nneag)}n (3.45)

X X =l X X, 1=l
Similarly, using integration by parts to integrate the integral

J. J.Z:Xﬂl_lxﬁ1 7':1 dx, we getI J.ZxﬂHXﬂl 7.2:1“)({’ X:ngnﬂ (3.46)

n
X% 0=t X X, 1=l IB

Hence (3.45) and (3.46) are used in (3.44) to obtain;
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RL(é)zbe-aﬁ(ﬁJn{ no }—abﬁn{”gm}m(ae—l)
6) | f(n—ad) ng" | B"

which reduces to

Theorem 3.10

The Bayes risk of 0 using Linex error loss function is given by

BRL(é):W{Z[ZJK (2 ay)+2a\f Vl(zr) (n+1)a V2(2 ay)}—b, where é is the unique

')

U.M.V. Unbiased Estimator of &.
Proof

The prior risk function is also called the Bayesian risk or simply the Bayes risk. Thus

R (0)-E[R. (] [R ()00 (3.47)

Substituting the values of A(¢) and RL(é) given in (3.2) and Theorem (3.9) respectively to (3.47) we get

—H

. @ -af vil, g —(a€+ 16) -n

R(O)=b ]| g|wlo) el 4y b j - [1—6‘6} do—b  (3.48)
6=0 [l_ aeln)] ,UF(V) 1—‘(V) 6=0 0 n

The integral is solved as in (3.27) which then gives the final value of the integral as;

(v-2)/2

BRL(9)=b”(V+Z)/2a[2{2JKV(2ﬁ)+2a\f“(zr) (”+1)a Vz(z\/@)}_

r'(v)
4. Computation of Relative Efficiency and Comparison in Terms of Risk Functions

4.1 Introduction

In this section, we make comparisons of the obtained estimators in terms of risk functions of those under Linex loss and
squared error loss function. Once Bayes estimators under Linex loss function and squared error loss function have been
obtained, comparisons in terms of their risk functions have been made, their relative efficiencies are computed. Thus
some conclusions based on computations and graphs regarding relative efficiencies for some effective intervals will
help us to know what estimators performs better than alternative estimators in terms of effective interval relative to
Linex loss function than those relative to squared error loss function.

4.2 Computation of Relative Efficiencies and Comparison in Terms of Risk Function of Weibull Bayesian Distribution

In this section, we will yse some of the results obtained section three. We have obtained that the risk functions, denoted
by RSZHM h RL(HM ) RSL<03 and RL(é), where the subscript L denotes risk relative to Linex error loss function and S
denotes risk relative to squared error loss function. These risk functions are given in Theorems 3.3, 3.4, 3.7, and 3.9
respectively.

Let us define relative efficiencies of the estimatoréM with respect to é under the Linex and squared error loss
function as follows:
s~ _R0) s 5\ R:(0)
RE 0, .0)="" A d RE(|6,, ,0)=""3 n
00808 ) o e 08 )
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These relative efficiencies (RE) are functions ofa, 4, @, n, and v. For some sets of valuesofa, &, @, n,andv, the
graphs of the relative efficiencies, plotted against @ are shown in Figs. 4.1 and 4.2.

Plot of Relative Efficiencies for different

values of "a"
0.15
wv
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o 01
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()]
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e— = 0.1 a=03 a=0.5

Figure 4.1. Plot of RE_(6,, ,0) for different values of “a” givenn=4, ¢ =3 andv=0.5
L\*M

From the above figure, we observe that for an increase in the magnitude of “a”, ttytytyty

Plot of Relative Efficiencies for various values of
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Figure 4.2. Plot of RES(6A'M ,é) for different values of “Theta” givenn=4, #=3 andv=0.5
From the above figure, for an increase in the values of @, there is a decrease in the magnitude of RE.

Thus some conclusions based on graphs regarding effective interval reveals that for the Weibull distribution, éM
performs better than alternative estimators in terms of effective interval relative to squared error loss function than those
relative to Linex error loss function.

5. Summary and Concluding Remarks

Asymmetric LINEX loss functions have been employed in the analysis of several central statistical estimation and
prediction problems. Optimal estimators and predictors relative to LINEX loss and their associated risk functions have
been derived. The analytical ease with which results can be obtained using asymmetric LINEX loss functions makes
them attractive for use in applied problems and in assessing the effects of departures from assumed symmetric loss
functions. For example, Pandey and Rai (1992), in the normal — mean problem, found that Bayes estimators relative to
LINEX loss functions dominate the alternative estimators in terms of risk function and Bayes risk. They also found out
that if &2 is unknown, the Bayes estimators are still preferable over alternative estimators. In the Weibull distribution,
it was straight forward to derive an estimator that is optimal relative to LINEX loss function and to obtain its risk
function and Bayes risk. Also, certain well known estimators, for example, the U.M.V. Unbiased Estimator of &, that
are admissible relative to squared error loss function were shown to be also admissible relative to LINEX loss function.
As a referee Zellner (1973) has stated, “...the point that questions of admissibility may depend quite sensitively on
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features of the loss function, such as symmetry, is not generally appreciated...” and implies that a lot more thought
should be given to the choice of a loss function, rather than to blindly trust in squared error loss function”, see Zellner
(1973) for an analysis of the effects of errors in specifying loss functions on solutions to control problems. While the
LINEX class of loss functions is convenient and useful, it is recognized that other asymmetric loss functions, for
example, asymmetric linear and quadratic loss functions, are available and may be useful. Further study of the
properties of alternative estimators relative to these and other types of asymmetric loss functions would be useful and is
left for future research.
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