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THE ENVELOPE OF LINES MEETING A FIXED LINE AND
TANGENT TO TWO SPHERES

GABOR
MEGYESI AND FRANK SOTTILE
We study the set of lines that meet a xed line and are tangent to two spheres
and lassify the on gurations onsisting of a single line and three spheres for whi h there
are in nitely many lines tangent to the three spheres that also meet the given line. All
su h on gurations are degenerate. The path to this result involves the interplay of some
beautiful and intri ate geometry of real surfa es in 3-spa e, omplex algebrai geometry,
expli it omputation and graphi s.
Abstra t.

Introdu tion

We determine the on gurations of one line and three spheres for whi h there are in nitely many ommon tangent lines to the spheres that also meet the xed line. Con gurations
of four lines having in nitely many ommon transversal lines were des ribed lassi ally and
Theobald [11℄ treated on gurations of three lines and one sphere with in nitely many lines
tangent to the sphere that also meet the xed lines. The ase of two lines and two spheres
was solved in [6℄.
Besides the beautiful geometry en ountered in this study,y these questions were motivated
by algorithmi problems in omputational geometry. As explained in [11℄, problems of this
type o ur when one is looking for a line or ray intera ting (in the sense of \interse ting" or
in the sense of \not interse ting") with a given set of three-dimensional bodies, if the lass
of admissible bodies onsists of polytopes and spheres. Con rete instan es in lude visibility
omputations with moving viewpoints [12℄, ontrolling a laser beam in manufa turing [7℄
or the design of envelope data stru tures supporting ray shooting queries (seeking the rst
sphere, if any, met by a query ray) [1℄. In [4, 5, 9℄, the question of arrangements of four
(unit) spheres in R 3 with an in nite number of ommon tangent lines is dis ussed from
various viewpoints.
We rst study the ommon tangents to two spheres that also meet a given line and show
that this 1-dimensional family (a urve) of lines determines the two spheres. When the
on guration of the two spheres and xed line be omes degenerate, this urve be omes
redu ible and we lassify its possible omponents. In most ases, the omponents of the
urve also determine the spheres and it is only in the remaining highly degenerate ases
that there is a third sphere tangent to all the lines in a given omponent of the urve.
Theorem 1. Let ` be a line and S1 , S2 and S3 be spheres in R 3 . Then there are in nitely
many lines that meet ` and are tangent to ea h sphere in pre isely the following ases:
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(i) The spheres are tangent to ea h other at the same point and either (a) ` meets that
(ii)
(iii)
(iv)

point, or (b) it lies in the ommon tangent plane, or both. The ommon tangent
lines are the lines in the tangent plane meeting the point of tangen y.
The spheres are tangent to a one whose apex lies on `. The ommon tangent lines
are the ruling of the one.
The spheres meet in a ommon ir le and the line ` lies in the plane of that ir le.
The ommon tangents are the lines in that plane tangent to the ir le.
The entres of the spheres lie on a line m and ` is tangent to all three spheres. The
ommon tangent lines are one ruling on the hyperboloid of revolution obtained by
rotating ` about m.

`
`

`

(ia)

(ib)
`

(ii)

`

m

(iii)

(iv)
Figure 1.

The Geometry of Theorem 1.

The primary diÆ ulty in proving Theorem 1 lies not in re ognising the (fairly obvious)
possibilities, but rather in ex luding all others. In Se tion 1 we give algebrai and geometri
preliminaries on erning the geometry of lines tangent to spheres. In Se tion 2 we study the
envelope of lines tangent to two spheres that meet a xed line, des ribe the on gurations of
Theorem 1 and begin to ex lude other possibilities. Spe i ally, we show that the algebrai
subset  of the Grassmannian onsisting of ommon tangents to two spheres and a line is
a urve of degree at most 8. We show that it is impossible for any omponent  of  to
have degree 3 or 5 or 7, and if a omponent  has degree 4 or 6 or 8, then it determines the
two spheres. Only in the ases of  having degree 1 or 2 an there be more than 2 spheres;
these are des ribed in Theorem 1. The intri ate argument when  has degree 4 is treated
separately in Se tion 3.
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1. Real line geometry and Plu ker oordinates
We review some aspe ts of the geometry of lines in spa e, Plu ker oordinates for lines,
and preliminaries from real algebrai geometry. Good general referen es are [2, 3, 8℄.
While our main on ern is lines in R 3 tangent to spheres, some algebrai arguments we
make will apply to lines in omplex proje tive 3-spa e P3 tangent to a quadrati surfa e,
and this added generality will sometimes be ne essary. Nevertheless, at key jun tures the
real-number nature of the answers we seek will be used in an essential way. For example,
distin t on entri spheres have no ommon tangents in R 3 , but do have a 2-dimensional
family of ommon omplex tangents in P3 .
1.1. Common tangents in a plane and through a point. A useful warm-up is the
following elementary determination of the ommon tangents to two spheres that lie in a
plane and the ommon tangents through a point.
Proposition 2. Let S1 and S2 be spheres and  be a plane R 3 su h that  \ S1 6=  \ S2 ,
as subsets of R 3 . Then there are four ( omplex) ommon tangents to S1 and S2 that lie in
, ounted with multipli ity. Furthermore, if  is not tangent to either sphere, then these
ommon tangents determine the ir les  \ S1 and  \ S2 .

If  is not tangent to S1, then  \ S1 is a smooth oni whose tangents form a oni
b If  is tangent to S1 at a point q then the `tangents' (lines
in the dual proje tive plane .
with a point of double onta t) to  \ S1 are the set of lines in  through q, ounted with
b Thus the ommon tangents to  \ S1 and  \ S2
multipli ity 2, a degenerate oni in .
b and so there are four, ounted with multipli ity.
are the interse tion of two oni s in ,
Suppose that  is not tangent to either sphere. Then the four ommon tangents determine the ir les C1 :=  \ S1 and C2 :=  \ S2 : three distin t ( omplex) lines in  are
ommon tangents to four ir les. The fourth ommon tangent sele ts two of these four irles. This is lear when there are four distin t ommon tangents (see Figure 2). Otherwise,

Proof.

m
C1

C2

Figure 2.

C1

C2

Lines tangent to two ir les

and C2 are tangent at the same point of the ommon tangent having multipli ity 2, and
this additional information determines C1 and C2 .

C1

Proposition 3. Let S1 and S2 be spheres and p be a point in R 3 su h that the one with

apex p tangent to S1 is distin t from the one with apex p tangent to S2 . Then there are four
(possibly omplex) ommon tangents to S1 and S2 that meet p, ounted with multipli ity.
Proof. Let C1 and C2 be the ones with apex p tangent to S1 and S2 , respe tively. If  is
a plane not ontaining p, then  \ C1 and  \ C2 are plane oni s, distin t by hypothesis.
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These oni s meet in four points, ounted with multipli ity, and these points of interse tion
are where the ommon tangents meet .

We display a on guration of two ones with four real ommon tangent lines below.

1.2. Plu ker oordinates for lines. The Grassmannian G (or Klein quadri [8, x2.1℄) is
the set of lines in proje tive 3-spa e P3 . The line ` between two points x = (x0 ; x1; x2 ; x3)T
and y = (y0; y1; y2; y3)T in P3 is represented (non-uniquely) by the 4  2-matrix whose
olumns are the ve tors x and y. A unique representation is given by its Plu ker ve tor
p := (p01 ; p02 ; p03 ; p12 ; p13 ; p23 )T 2 P5 , where p := x y
x y . The oordinates of the
Plu ker ve tor satisfy the Plu ker relation
(1.1)
0 = p03 p12 p02p13 + p01 p23 ;
and G is the set of points in P5 whi h satisfy this relation. Moreover, a line ` is in RP3 if
and only if its Plu ker ve tor lies in RP5 \ G , the real part of the Grassmannian.
A line ` meets another line `0 if and only if their Plu ker ve tors p and p0 satisfy
(1.2)
p01 p023 p02 p013 + p03 p012 + p12 p003 p13 p002 + p23 p001 = 0 :
Geometri ally, this means that the set of lines meeting a given line ` is the interse tion of
G with a hyperplane  in P5 . For example, the x-axis (de ned by the vanishing of the last
2 oordinates) is the span of the points (1; 0; 0; 0)T and (0; 1; 0; 0)T, and thus has Plu ker
ve tor (1; 0; 0; 0; 0; 0)T as p01 = 1 and the other oordinates vanish. The set of lines that
meet the x-axis is then given by p23 = 0:
Ea h hyperplane  is tangent to G at the point p 2 G . The left-hand side of (1.2)
de nes a symmetri bilinear form hp; p0i on P5 , identifying it with the dual proje tive spa e
of hyperplanes in P5 , and G with its dual G  .
Remark 4. Let H  P5 be a 3-dimensional linear subspa e. The set of hyperplanes
ontaining H is a line h in the dual proje tive spa e. If the interse tion h \ G  onsists of
two points, then these orrespond to two hyperplanes  and  . Thus H =  \  and
H \ G parametrizes lines meeting ` and `0 . If H is real, then either both ` and `0 are real
or else they are omplex onjugate to ea h other. If however h \ G  is a single point, so
that h is tangent to G  , then H is tangent to G and H \ G is a singular quadri |a one
over a plane oni with apex p , the point of tangen y.
Plu ker oordinates a ord a ompa t hara terization of the lines tangent to a given
sphere and more generally tangent to a quadri surfa e. We follow the presentation of [6,
10℄. Identify a quadri xTQx = 0 in P3 with the symmetri 4  4-matrix Q. Thus the
`

ij

i

j

j

i

`

`

`

`

`

`0

`

`0
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sphere with entre (x0 ; y0; z0)T 2 R 3 and radius r des ribed in P3 by (x x0 w)2 + (y
y0 w)2 + (z z0 w)2 = r2 w2 is identi ed with the matrix
1
0
x20 + y02 + z02 r2
x0
y0
z0
B
x0
1 0 0 C
C
B

y0
0 1 0 A:
z0
0 0 1
The se ond exterior power of a 4  4-matrix Q is the 6  6-matrix ^2 Q whose entries are
the 2  2-minors of Q. Its rows and olumns have the same index set as do Plu ker ve tors.
Proposition 5 (Proposition 5.2 of [9℄). A line `  P3 is tangent to a quadri Q if and
only if its Plu ker ve tor p lies on the quadrati hypersurfa e in P5 de ned by ^2 Q,

(1.3)
pT ^2 Q p = 0 :
`

`

`



For a sphere with radius r and entre (x0 ; y0; z0 ) 2 R 3 the quadrati form pT ^2 Q p is
1
10
1T 0 2
0
p01
y0 + z02 r2
x0 y0
x0 z0
y0 z0 0
p01
x0 y0
x20 + z02 r2
y0 z0
x0 0 z0 C B p02 C
B p02 C B
C
CB
C B
B
x0 z0
y0 z0
x20 + y02 r2 0
x0 y0 C B p03 C
B p03 C B
:
(1.4) B
CB
C B
y0
x0
0
1 0 0 C B p12 C
C
B p12 C B
 p A 
z0
0
x0
0 1 0 A  p13 A
13
p23
0
z0
y0
0 0 1
p23
We will use the relation between the intrinsi geometry of G and families of lines in P3 .
This begins with the following identi ation of linear subspa es lying in G .
Proposition 6 ([8℄, pp. 141{143). The set of lines in P3 meeting a given point p is a 2dimensional linear subspa e ontained in G . Dually, the set of lines lying in a given 2-plane
 is a 2-dimensional linear subspa e ontained in G , and any 2-plane ontained in G is
`

`

one of these two types.
A 1-dimensional linear subspa e ontained in G onsists exa tly of the set of lines P3
whi h ontain a xed point p and lie in a xed plane .
1.3. The envelope of a urve in G . The union  of the lines in P3 determined by a urve
 in G is a ruled surfa e, whi h we all the envelope of  . The lines in  are a ruling of .

For example, there is an irredu ible o ti (degree 8) urve  in G of lines meeting the x-axis
p
that are also tangent to two spheres entred at (0; 2; 0) with respe tive radii 1 and 3.
Its envelope  is displayed in Figure 3, where we also show the urves of self-interse tion
of .
Suppose that  is an irredu ible urve in G . Unless the envelope  is a plane , the
degree of the surfa e   P3 equals the degree of the urve  [8, Theorem 5.2.8℄, and
this ommon degree is the interse tion multipli ity of  with a line m not ontained in .
If a plane  is not ontained in , then the degree of  equals the degree of the plane
urve  \ , if we keep tra k of multipli ities of its omponents. These methods will also
determine the degree of a urve , even when  is redu ible or has omponents whose
envelope is a plane, if we are areful with the multipli ities.
We will make free use of ontinuity arguments from algebrai geometry. Spe i ally, the
interse tion multipli ity of a generi on guration is a lower bound for the multipli ity of
a spe ial on guration.

6
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?

S1

`

S2

Figure 3.

An envelope

Example 7. An important ase of ruled surfa es is when  is an irredu ible plane oni . If

the plane of  lies in G , then there are two possibilities, by Proposition 6. When the plane
onsists of lines through a point p 2 P3 , then  will be a one (over a oni ) with apex p,
or a ylinder if p lies at in nity. When the plane onsists of lines in a plane   P3 , then
 will be the set of lines tangent to a oni in .
The most interesting ase is when the plane of  does not lie in G . A smooth quadri
surfa e in P3 is ruled by two families of lines and ea h line in one family meets ea h line
in the other, but no other lines in its own family. Any smooth oni   G whose plane
does not lie in G orresponds to a ruling of some quadri surfa e [8, Prop. 3.3.1℄. A plane
tangent to a point of Q meets Q in two lines, one from ea h ruling.
Suppose that Q  R 3 is a real quadri surfa e. If Q ontains even a single real line, then
Q is either a hyperboli paraboloid or a hyperboloid of one sheet, and the two rulings are
real. Otherwise, the rulings are omplex onjugate to ea h other. Any urve on Q has a
bidegree (a; b), where a is the interse tion multipli ity of with a general line in one family
and b is the interse tion multipli ity with a general line in the other. If is the interse tion
of Q with a hypersurfa e of degree d, then its bidegree is (d; d). Real urves on a sphere
Q will have symmetri bidegree, as omplex onjugation preserves , but inter hanges the
rulings of Q.
1.4. Lines tangent to a sphere that meet a xed line. We study the orresponden e
between the points of a sphere and the lines tangent to it that meet a xed line. Our goal is
Lemma 8, whi h relates the degree of a urve on the sphere to the urve  parametrizing
lines whi h are tangent to the sphere at points of and also meet the xed line.
Let S be a sphere and ` a line in R 3 . The tangent plane at a general point p of S meets `
in a single point, and thus there is a unique tangent line to S at p meeting `. This de nes
an algebrai orresponden e between points p of S and lines tangent to S that meet `. This
orresponden e is given by polynomials that are quadrati in the oordinates (x0 ; y0; z0 ) of
the point p.
To see this, suppose that S has entre (a; b; ) 2 R 3 and radius r. Then the tangent
plane to S at a point p = (x0 ; y0; z0 ) is de ned by the linear equation
(x0 a; y0 b; z0 )  (x; y; z) = r2 + a(x0 a) + b(y0 b) + (z0 ) :
T
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We write this ompa tly in ve tor form as M  (x; y; z) = .
Suppose that the line ` is de ned by the interse tion of two linear equations
1  (x; y; z) = 1 and 2  (x; y; z) = 2 :
Then the tangent plane to S at p meets ` at the solution of the linear system
T

T

T

0

This solution is
0

(1.5)

1 0

1

M
x
 1 A   y A
2
z

1

0

x1
 y1 A
z1

=

1 1 0

M
 1 A
2

1



 1 A
2

0

=

0

=

1


 1 A :
2
1 0

1

0

1


M

M

A

A

Ad 1  1
det 1 A :
2
2
2
to (x0; y0; z0 ) are the 2  2 minors of

The Plu ker oordinates of the line tangent


1 x0 y0 z0 :
1 x1 y1 z1
By (1.5), the oordinates x1 ; y1; z1 are rational fun tions of x0 ; y0; z0 whose numerators are
linear and whi h have the same (linear in x0 ; y0; z0) denominator, the determinant in (1.5).
Thus the Plu ker oordinates of the line tangent to (x0 ; y0; z0 ) 2 S that meet ` are quadrati
polynomials in x0 ; y0; z0.
Let  be this algebrai orresponden e between points of S and tangent lines
(1.6)
 : fpoints of S g
! flines tangent to S meeting `g :
The broken arrow is used in algebrai geometry to indi ate that  is not de ned at all
points of S . Su h a orresponden e that is 1-1 almost everywhere is alled a birational
equivalen e. We des ribe the lo i where  is not 1-1 in geometri terms.
A spe ial point of S is a point either lying on ` or whose tangent plane ontains `. Every
line tangent to S at a spe ial point meets `, and these are exa tly the points where 
is not well-de ned. In parti ular, the orresponden e  asso iates a spe ial point to the
1-dimensional subspa e of G onsisting of those lines tangent to S at the spe ial point.
Conversely, if m is a line lying in S that meets ` (a spe ial line), then  maps every point
of m to m.
If ` is tangent to S at a point p, then p is the only spe ial point and the two lines lying
in S in the tangent plane at p are the only spe ial lines. Otherwise ` meets S in two
points and there are two planes through ` tangent to S , so there are four spe ial points
p1 ; p2 ; p3 ; p4 . The four lines in S that meet ` are the spe ial lines. In the terminology of
algebrai geometry, we say that  blows up the spe ial points and blows down the spe ial
lines.
Let  S be an irredu ible urve, not a spe ial line. The proper transform ( ) of is
the losure of the image of 0 under , where 0 is with any spe ial points removed.
T

 S be a rational

Lemma 8. Let

the proper transform
4
X

(i) 2 deg

k

=1

( ) of is

urve, not one of the spe ial lines. Then the degree of

mult k if there are four spe ial points p1 ; p2; p3; p4.
p
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(ii) 2 deg

2mult

p

if there is a unique spe ial point, p.

As is rational, there is a rational map  : P1 !  S  P3 , whi h is an isomorphism outside a nite set. Let us hoose homogeneous oordinates on P1 . Any rational
map  : P1 ! P is de ned by an (n+1)-tuple of homogeneous polynomials of the same
degree. The polynomials themselves are not uniquely de ned, but their ratios are, and we
an multiply or divide them by a ommon fa tor. If we divide all of them by their greatest ommon divisor to obtain a (n+1)-tuple of oprime polynomials, then they do not all
vanish at the same point of P1 , so  is de ned everywhere, it is a morphism. Furthermore,
if  is generi ally 1-1, i.e., it is 1-1 outside a nite set, then the degree of the oprime
polynomials de ning  is the degree of the image (P1 ) in P .
This means that  an be de ned by oprime homogeneous polynomials of degree deg
on P1 . Let  , 0  i < j  3, be the quadrati polynomials de ning the map  (1.6).
Under  , they pull ba k to homogeneous polynomials , 0  i < j  3, of degree 2 deg
on P1 , whi h de ne the map =  Æ  whose image agrees with ( ).
The spe ial points are exa tly the points of S where all the forms  (0  i < j  3)
vanish. If does not pass through any of the spe ial points, then the forms
(0  i <
1
j  3) do not all vanish at the same point of P , so they are oprime, and therefore the
degree of (P1 ) = ( ) is 2 deg . If does pass through a spe ial point, then all the
(0  i < j  3) vanish at the inverse image of that point on P1 , so they have a ommon
fa tor whi h an be an eled. The degree of the image drops by the degree of the ommon
fa tor, and it is this degree that we need to al ulate.
The equation  = 0 de nes a urve on S unless  is identi ally 0. Assume that this
urve meets at a point q. Let s 2 P1 be a point su h that  (s) = q, and let 0 be bran h
of at q orresponding to s. The interse tion multipli ity of  = 0 with 0 is the same
as the order of vanishing of at s.
In ase (i), all the  (0  i < j  3) vanish at the four spe ial points. The multipli ity
of a bran h of at a spe ial point p is a lower bound for the interse tion multipli ity
with any urve at p , so ea h
(0  i < j  3) vanishes at least to that order at the
1
orresponding point
of  (p ). Therefore the
(0  i < j  3) have a ommon fa tor
P4
of degree at least =1 mult k . If we hoose oordinates su h that ` is the x-axis, and the
entre of S lies on the y-axis, then it is easy to he k by dire t al ulation that the urves
de ned by 02 = 0 and 13 = 0 are smooth at all of the spe ial points and have di erent
tangent dire tions at ea h spe ial point. If s is a point of P1 su h that  (s) is a spe ial
point p and 0 is the orresponding bran h of at p , then the interse tion multipli ity
of 0 at p with at least one of the urves 02 = 0 and 13 = 0 is exa tly mult k 0, so
the greatest ommon divisor of the
(0  i < j  3) vanishes at s to order mult k 0
exa
tly. Therefore the degree of greatest ommon divisor of the
(0  i < j  3) is
P4
=1 mult k , whi h proves the lemma for ase (i).
In ase (ii) we an hoose oordinates su h that ` is the x-axis and S has aÆne equation
2
x + (y 1)2 + z 2 = 1. Then 01 = (x2 y 2 z 2 )=2 and 03 = xz . They both de ne
urves with a simple node at the spe ial point p = (0; 0; 0), and their tangent dire tions
there are di erent. If s 2  1 (p) and 0 is the orresponding bran h of at p, then the
interse tion multipli ity of 0 at p with at least one of the urves 01 = 0 and 03 = 0 is
exa tly 2mult 0, so at least one of 01 and 03 vanishes to order exa tly 2mult 0 at s.

Proof.

n

n
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Therefore the degree of the greatest ommon divisor of the (0  i < j  3) is 2mult ,
whi h proves the lemma for ase (ii).

The on lusion of Lemma 8 also holds for a general urve , but the proof involves more
sophisti ated algebrai geometry, and we only need the result for rational urves.
ij

2.

p

The envelope of lines meeting a fixed line and tangent to two spheres

Let ` be a line and S1 and S2 be spheres in R 3 . We assume that the spheres have in nitely
many ommon real tangents, so that in parti ular neither sphere ontains the other. We
begin to des ribe the envelope of lines meeting ` that are also tangent to two spheres, S1
and S2. We will also outline and begin our proof of Theorem 1.
Let  be the algebrai subset of the Grassmannian de ned by the linear equation  and
two quadrati equations of the form (1.4) for lines to be tangent to S1 and S2 . Then 
parametrizes the ommon tangents to the spheres S1 and S2 that also meet the xed line
`, retaining information about algebrai multipli ities.
Theorem 9.  is a urve of degree 8 that determines the spheres S1 and S2 .
Proof. Let m be a line in R 3 that meets ` in a point p. Then the ommon tangents to S1
and S2 that meet both m and ` are either the ommon tangents to S1 and S2 that lie in the
plane  spanned by ` and m, or the ommon tangents to S1 and S2 passing through the
point p. When the line m is hosen so the point p and the plane  satisfy the hypotheses of
Propositions 2 and 3 then there will be four of ea h type, ounted with multipli ity. Thus
the hyperplane  in Plu ker spa e meets  in 8 points, ounted with multipli ity. This
implies that  is a urve of degree 8.
By Proposition 2, given a plane  through ` that is not tangent to either sphere, the
tangents to S1 and S2 lying in  determine the ir les  \ S1 and  \ S2 . Letting the plane
 vary shows that  determines the spheres S1 and S2.

`

m

Corollary 10. There annot be in nitely many tangent lines to three spheres that also
meet a given line, if the line and any two of the spheres are in general position so that the
set of ommon tangents  to the spheres that meet ` is an irredu ible urve.

By Corollary 10, if we have a third sphere S3 tangent to in nitely many of the lines in  ,
that set of lines is a proper subset of  . Sin e this in nite set is an algebrai subvariety of
the urve  , we on lude that  is redu ible and the subset of  onsisting of lines tangent
to S3 is a union of some, but not all, omponents of  , together with possibly nitely many
other points of  . We study the envelope T of the urve  , a surfa e of degree 8.
Theorem 11. T is singular along the line `. Furthermore, if  is a plane through `, but
not lying in T , then ` is a omponent of multipli ity at least 4 in the degree 8 urve  \ T .
If ` is not tangent to both spheres, then this multipli ity is exa tly 4.
Proof. By Proposition 3, there will be four ommon omplex tangents to the two spheres
that meet a xed point in P3 . Thus when the line and two spheres are in general position,
there are 4 lines in T that meet at a general point p of `. In parti ular, ` lies on T and
four bran hes of T meet along `, and so T is singular along `. Sin e four bran hes of T
meet along `, if  is a plane through ` that is not ontained in T , then ` is a omponent
of multipli ity at least 4 in the degree 8 urve T \ . The other omponents of T \  are

10


GABOR
MEGYESI AND FRANK SOTTILE

ommon tangents to the ir les S1 \  and S2 \ . Sin e there are 4 su h ommon tangents
ounted with multipli ity, these ommon tangents ontribute a multipli ity of at least 4 to
T \ .
Thus, if ` is not tangent to both spheres, then both ` and the set of ommon tangents
to the ir les S1 \  and S2 \  ea h ontributes a multipli ity of 4 to T \ .

We lassify the possible omponents  of  that an o ur.

Theorem 12. Suppose that `, S1 and S2 are, respe tively, a line and two spheres in R 3 ,
and that  is a redu ed, irredu ible urve in the Grassmannian su h that every line in 
meets ` and is tangent to both of S1 and S2 . Then  has degree either 1, 2, 4, 6 or 8.
Furthermore, if  has degree 1, then it is a omponent of multipli ity 2 or 4 in the urve 
of all lines in the Grassmannian the meet ` and are tangent to both S1 and S2 .

Our strategy to prove Theorem 1 is now lear: We shall examine the geometry of the
on gurations of `, S1 and S2 when the omponent  has degree 1, 2, 4 or 6, and in ea h
ase des ribe ompletely the on gurations of a third sphere tangent to all the lines in .
The ases when  has degree 1 or 2 are detailed in Theorem 1, and when the degree is 4 or
6, we show there are no possibilities for the third sphere. Theorem 9 overs the ase when
the omponent has degree 8.
We prove Theorem 12 in this se tion. The main point will be to ex lude the possibilities
of  having degree 3 or 5 or 7. Along the way, we will also begin the proof of Theorem 1
by studying in detail the geometry of the envelope of lines that meet ` and are tangent to
both of S1 and S2.
2.1. The degree of  is 1. We have the following tri hotomy.
Theorem 13. Let  be a 1-dimensional linear subspa e ontaining G onsisting of the lines
lying in a plane  that meet a point p 2  su h that every line in  meets a xed line `
and is tangent to two spheres S1 and S2 . Then S1 and S2 are tangent to ea h other at the
point p with ommon tangent plane , and we further have one of

(i) p 2 ` 6 ;

(ii) p 62 `   or (iii) p 2 `   :
In (iii),  is a omponent of multipli ity 4 in the degree 8 urve  of ommon tangents to
S1 and S2 that meet `, and in the remaining ases  is a omponent of multipli ity 2.
Theorem 13 proves Statement (i) of Theorem 1: Suppose  is 1-dimensional linear subspa e in G , every line of whi h meets ` and is tangent to three spheres S1 , S2 and S3. By
Theorem 13, the three spheres are mutually tangent at the point p with ommon tangent
plane , where  onsists of the lines in  that meet p, and we further have that ` either
meets p or it lies in , or both.
Proof. Suppose that  is a 1-dimensional linear subspa e lying in G . By Proposition 6, 
onsists of the lines in a plane  that ontain a given point p 2 . If ea h line in  is
tangent to a sphere S , then ea h line is tangent to the oni S \ . The only possibility is
that S is tangent to  at the point p. Similarly, if every line in  meets a xed line `, then
either (i) ` ontains the point p or else (ii) it lies in the plane  or (iii) both.
We determine the multipli ity of  in ea h of these three ases. Suppose that p is the
origin in R 3 and  is the yz-plane, so that  is de ned by the equations p01 = p12 = p13 =
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= 0. Then S1 and S2 have their entres along the x-axis, say at points x1 and x2 (with
radii jx1j and jx2j). The quadrati forms (1.4) ^2 S be ome
x2 p201 2x (p02 p12 + p03 p13 ) + p212 + p213 + p223 ; for i = 1; 2 :
We see that ^2 S1 and ^2 S2 have the same tangent plane at every point (0; p02; p03; 0; 0; 0)
of  and therefore  has multipli ity at least 2 in  . We show that this multipli ity is
exa tly 2 in ases (i) and (ii) by onsidering degenerate on gurations.
In ase (i) (p 2 `) suppose that ` is the x-axis and let  be the urve of ommon tangents
to S1 and S2 that also meet `. We ompute the interse tion of  with the hyperplane 
in Plu ker spa e orresponding to a line m meeting ` in a point q distin t from the origin
p and from the apex of the one tangent to both S1 and S2 . A line meets both ` and m if
it lies in the plane  they span or if it meets q. As in the proof of Theorem 9, there will
be four ommon tangents to S1 and S2 meeting q (but none lies in ) and four ommon
tangents lying in . Sin e  \ S1 and  \ S2 are tangent at p, the ommon tangent at p
has multipli ity 2. Sin e only this ommon tangent is a line in , the multipli ity of  in
 is at most 2, and hen e equal to 2 in ase (i).
In ase (ii) (`  ), we similarly suppose that ` is any line in the yz-plane not ontaining
the origin p and that m is a line not lying in the yz-plane that meets ` at a point q. None of
the four ommon tangents to S1 and S2 in the plane spanned by ` and m is a line in , and
there are four ommon tangents ( ounted with multipli ity) ontaining q. As before, there
will be three su h ommon tangents with the line pq having multipli ity 2. This ompletes
the proof in ase (ii) as pq is in .
The proof in ase (iii) is a onsequen e of Example 14 below.

Example 14. Suppose that the spheres S1 and S2 are tangent at the point p = (0; 0; 0)
with ommon tangent plane the yz-plane. S aling the oordinates, we may assume that S1
has entre (1; 0; 0) with radius 1 and S2 has entre ( r; 0; 0) with radius jrj. We forbid the
values of 1; 0; 1 for r: If r = 1, then the spheres oin ide, r = 0 is a degenerate sphere,
and if r = 1, there is additional symmetry whi h we dis uss in Se tion 3.2. We also assume
that ` is the z-axis. Then the urve  of lines tangent to S1 and S2 that also meet ` is ut
out by the polynomials p12 , and
p03 p12
p02 p13 + p01 p23 ;
2
p01 2(p02 p12 + p03 p13 ) + p212 + p213 + p223 ; and
(2.1)
r2 p201 + 2r(p02 p12 + p03 p13 ) + p212 + p213 + p223 :
Let   G be the set of lines in the yz-plane through the origin. As before,  is a
omponent of the urve  of ommon tangents to the spheres that meet the z-axis. The
remaining omponents have degree at most seven, when ounted with their multipli ities.
We invite the reader to he k that, under the following substitution
p
p01 = 2 r(s2 + t2 )(s2 t2 )
p12 = 0
p
p02 = 4 rst(s2 + t2 )
p13 = 2r(s2 t2 )2
(2.2)
p03 = (r 1)(s2 + t2 )2
p23 = 4rst(s2 t2 )
the polynomials (2.1) vanish identi ally for all [s; t℄ 2 P1 . This substitution de nes a
parametrized rational quarti urve  in G whi h is a omponent of  having degree 4. The
bound of 7 for the degrees of the omponents of   shows that  has multipli ity 1 in  .
p23

i

i

i

T

m
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Sin e the ve quarti polynomials in s; t of (2.2) are linearly independent,  is a rational
normal quarti urve in the hyperplane p12 = 0 of Plu ker spa e.
We laim that  =  [ , whi h implies that  has multipli ity 4 in  . To prove this, we
rst observe that the lines in  are the olumn spa e of the transpose of the 2  4 matrix
"
pr(s2 t2 ) #
s2 + t2
0
0
(2.3)
:
p
p
0 2 r(s2 t2 ) 4 rst (r 1)(s2 + t2 )
Note that no line of  oin ides with the z-axis.
Let T be the envelope of  . Suppose that  is any plane ontaining the z-axis, other
than the yz-plane whi h is the ommon tangent plane to S1 and S2. Then the interse tion
T \  onsists of the z -axis and two remaining ommon tangents to the ir les  \ S1 and
 \ S2. We may suppose that  is de ned bypan equation x =pAy. By (2.3) the lines in 
lying in  have parameter values satisfying 2 r(s2 t2 ) = 4A rst, so there are exa tly 2
lines in  that lie in . Furthermore, none of these lines oin ides with the z-axis. Sin e
any line in  that does not lie in  will span su h a plane  with the z-axis, we see that
lines in  not in  must lie in , whi h ompletes the proof that  has multipli ity 4 in  .
In Figure 4, we display the envelope R of the rational normal urve  when r = 2. The
envelope has been ut away to reveal both spheres. Drawn on the envelope are the two
urves where the envelope is tangent to the spheres. The remaining ar of a ir le is one
omponent of the lo us of self-interse tion of the envelope, the other being the z-axis.

Figure 4.

An envelope

2.2. The degree of  is 2. Suppose now that the urve  of ommon tangents to S1 and
S2 that meet ` has a omponent  of degree 2. As in Example 7, there are three possibilities
for the envelope  of . We dis uss possible on gurations of the spheres and line for ea h;
these possibilities orrespond to ases (ii), (iii) and (iv) of Theorem 1.
(i) The envelope  is a one or ylinder. Be ause the lines on  are tangent to the
spheres S1 and S2,  is ir ular and its axis m ontains the entres of the spheres.
Sin e no line in R 3 meets more than two lines on a ir ular ylinder,  must be a
one with apex p and p 2 `. This gives ase (ii) of Theorem 1: S3 is any sphere
ins ribed in the one  whose entre (on m) is any point distin t from the apex or
the entres of S1 and S2.
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(ii) The envelope  is the set of lines in a plane  tangent to a smooth oni C in .
Ne essarily `   and  \ S1 =  \ S2 = C , and C is a ir le. This gives ase (iii)
of Theorem 1: S3 is any other sphere with  \ S3 = C .
(iii) The envelope  is a smooth quadri surfa e Q with  one of the rulings of Q. Then
` is a line in the other ruling. Sin e Q ontains the line `, it is either a hyperboli
paraboloid or a hyperboloid of one sheet. As the lines in one ruling of Q are tangent
to the spheres S1 and S2 , it annot be a hyperboli paraboloid. By Lemma 17 of [6℄,
Q is tangent to S1 and S2 and is a hyperboloid of revolution with axis m ontaining
the entres of S1 and S2 . Then ` is tangent to both S1 and S2 and Q is obtained by
revolving ` around the line m spanning the entres of S1 and S2 . This gives ase
(iv) of Theorem 1: S3 is any sphere ins ribed in Q whose entre (on m) is any point
di erent than the entres of S1 and S2.
The following proposition will be useful in Se tions 2.6 and 3.
Proposition 15. A omponent of  of degree 2 has multipli ity 1 in  . There is a unique
omponent of degree 2 or of degree 1 with multipli ity 2 unless either the entres of S1 and

S2 both lie on ` or S1 and S2 are symmetri with respe t to `.
If the entres of S1 and S2 both lie on `, then  has two omponents of degree 2, one of
whi h degenerates into a omponent of degree 1 with multipli ity 2 if S1 and S2 are tangent
to ea h other. If we hoose oordinates so that ` is the x-axis, then  also ontains the

1-dimensional linear subspa es
(2.4)
p01 = p23 = p02  ip03 = p12  ip13 = 0 ;
ea h with multipli ity 2. These parametrize lines in P3 that pass through a point of ` and
one of the points at in nity (0; 0; 1; i) where the spheres are tangent to ea h other.
Proof. From the geometri des ription of the on guration of the spheres and of ` when
there is a omponent of multipli ity 2, there an only be one omponent of degree 2 or of
degree 1 with multipli ity 2 in  , unless we are in one of two spe ial ases: either (1) the
entres of both spheres lie on `, or (2) ` lies in the plane in whi h the spheres meet and
` also meets the apex of a one tangent to both spheres. In this latter ase, the spheres
are symmetri about ` and exa tly one of the two omponents of degree 2 is real as either
they meet in an imaginary oni and the one tangent to the spheres with apex in the
plane of symmetry is real, or vi e versa. Also in this latter ase, the remaining ommon
tangents that meet ` form an irredu ible quarti , illustrated in Figure 7 and des ribed in
Theorem 18.
Consider the rst spe ial ase. Suppose that both entres lie on `, whi h we take to
be the x-axis, and onsider the interse tion of S1 and S2 with a real plane  through `.
These ir les will have four ommon tangent lines onsisting of two pairs symmetri with
respe t to `. Rotating these tangent lines about ` gives two ones or ylinders, one of whi h
degenerates into a plane if S1 and S2 are tangent to ea h other. This gives two degree 2
omponents of  , or a degree 2 omponent and a degree 1 omponent with multipli ity 2.
Su h spheres are tangent to ea h other at the point (0; 0; 1; i) at in nity, with tangent
plane ontaining `: this explains the two degree 1 omponents of  having multipli ity 2.
Now we show that a omponent  of degree 2 always has multipli ity 1. By Proposition 6,
the lines lying in a plane  through ` or passing through a point p 2 ` form a 2-plane in
G . In general, by Propositions 2 and 3, there are four ommon tangent lines to S1 and S2
T

T
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lying in  or passing through any point p of `, so the orresponding 2-planes in G meet 
at 4 points ounted with multipli ity.
Consider the three possibilities for a degree 2 omponent  of  .
(i) When the envelope  of  is a one, two lines of  lie in any plane  through `,
but there will be two other ommon tangents. This a ounts for the four lines of 
lying in the 2-plane . Thus  must have multipli ity 1, for otherwise both lines of
 would have multipli ity 2 and there would be no others.
(ii) When the envelope onsists of tangents to a oni  \ S1 =  \ S2 in a plane 
through `, two tangents in  meet a general point p of `, but there will be two
other ommon tangents to S1 and S2 meeting p. As before, this implies that  has
multipli ity 1.
(iii) Now suppose that ` is tangent to the spheres and  is one ruling of a hyperboloid of
revolution. Every line m of  meets ` and with it spans a plane . Unless m \ ` is
a point on one of the spheres, then  will ontain 4 distin t ommon tangents to S1
and S2 , thus 2 in addition to m and `. Again, this implies that  has multipli ity
1.

2.3. The degree of  is 3. We show that this possibility does not o ur.
Proposition 16. The urve  of ommon tangents to two spheres that meet a xed line
annot have an irredu ible omponent of degree 3.

Let    be a omponent of degree 3. Then either  is a plane ubi or else it spans
a 3-dimensional linear subspa e of P5 . Suppose that  is a plane ubi . As G is a quadri ,
it an only ontain  if it ontains the whole plane it spans. This plane orresponds either
to all lines through a given point in P3 or to all lines ontained in a given plane, but in
both ases the lines tangent to a sphere in su h a plane are parametrized by a oni , not
a ubi , and so this ase annot o ur.
Now suppose that  spans a 3-dimensional subspa e H of P5 . Note that H   . There
are two possibilities by Remark 4: either H \ G is the set of lines meeting ` and another
(uniquely de ned) line `0, or H \ G is a one with apex p over a plane oni . In the rst
ase, both ` and `0 are real and  is a ubi urve of lines meeting ` and `0 that are also
tangent to two spheres. As shown in Se tion 5.1 of [6℄, this is impossible; the lines in a
ubi in  \  are tangent to at most one sphere.
Consider the last possibility, that H \ G is a one with apex p over a plane oni . Sin e
 is a ubi urve in H \ G , is must meet the apex and so ` is tangent to both spheres. Let
 be the envelope of , a ubi surfa e in P3 . The urve  S1 along whi h lines in  are
tangent to S1 is a omponent with multipli ity 2 of the (3; 3)- urve  \ S1. This implies
that is a (1; 1)- urve, and that  \ S1 ontains omponents other than . These other
omponents ne essarily are the lines in  that lie in S1 . Su h a line must ontain the point
where ` is tangent to S1 , and it is not real, so  ontains its omplex onjugate. As both
meet ` and ` 6 S1 , they meet ` at its point of tangen y with S1. Furthermore these lines
and ` lie in the tangent plane to S1 at that point. This implies that S2 is also tangent to
S1 at this same point. This on guration was studied in Example 14, where it was shown
that the irredu ible omponents of  have degrees 1 and 4, and not 3. This ompletes the
proof of the impossibility of a ubi omponent.
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2.4. The degree of  is 4. In Se tion 3 we show there are at most two spheres tangent
to all the lines in a degree 4 urve of lines meeting a xed lines.
2.5. The degree of  is 5. This possibility also does not o ur: if a omponent  of the
urve  of ommon tangents to the spheres S1 and S2 that also meet ` has degree 5, then the
residual urve onsisting of the other omponents of  has degree 3. By Proposition 16, this
degree 3 urve annot be irredu ible and redu ed. Theorem 13 ex ludes all the possibilities
that the degree 3 urve ould split into lower degree omponents.
2.6. The degree of  is 6. We show that in most ases a union of omponents of  having
degree 6 determines the spheres S1 and S2.
Theorem 17. Let  be the urve of ommon tangents to spheres S1 and S2 that also meet

a xed line ` and suppose that  is redu ible with a omponent  either of degree 2, or of
degree 1 with multipli ity 2. Then the residual sexti  determines S1 and S2 , ex ept when
their entres both lie on `.

By Proposition 15, if the entres of S1 and S2 lie on `, then  has four omponents so
that the residual sexti is redu ible.
Proof. Let R,  and T be, respe tively, the envelopes of the urves ,  and  . Ex ept
when the entres of S1 and S2 lie on ` (whi h may be determined from ), we argue that
we an determine the spheres S1 and S2 from .
In Se tion 3.1, we dis ussed three possibilities for a degree two omponent . The two
ases (i) and (ii) of Theorem 13 for a degree 1 omponent of multipli ity 2 are, respe tively,
degenerations of the ases (i) and (ii) of Se tion 3.1. There will be ve ases to onsider
for the geometry of  and we treat ea h ase separately.
In the rst paragraph of ea h ase we des ribe the number of lines in  meeting a general
point of ` and the number ontained in a general plane  through `, together with some
additional spe ial geometry of that on guration. These des riptions will be di erent,
showing that the sexti  determines ea h ase. Re all from Propositions 2 and 3 that 
ontains four lines through a general point p of ` and four lines lying in a general plane 
through `.
(i) Suppose that R is a one with apex p lying on `, that S1 and S2 are ins ribed in R
and that ` 62 , so that ` is tangent to neither S1 nor S2 . (We treat the spe ialization
` 2  in (iv) below.) Then there will be a plane ontaining ` and the entres of S1
and S2 as well as two distin t planes through ` that are tangent to both S1 and
S2 . Sin e ea h line in  meets ` at p and two lie in any plane through `, there
will be 4 lines in  meeting a general point of ` and 2 lines in  lying in a general
plane  through `, ounted with multipli ity. These observations remain valid if
the on guration be omes degenerate so that S1 and S2 are tangent at p and ` does
not lie in their ommon tangent plane.
If, for every plane  through `, the lines m and m0 of  lying in  meet on `,
then the entres of S1 and S2 both lie on `. (To see this, let  be a plane ontaining
` and the entres of S1 and S2 .) In this ase,  will have three omponents as
detailed in Proposition 15: the two omplex double lines (2.4) in G , as well as the
family of lines obtained by rotating m around `. Any sphere whose entre lies in
` and is tangent to one m will be tangent to all the lines in  .
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Now suppose that the entres do not lie on `. Then the two tangent planes
to S1 and S2 through ` ea h ontain a single line of  with multipli ity 2 (these
are also double lines in ). These double tangent lines span a plane ontaining
the entres of S1 and S2. There is a unique plane  through ` su h that the two
tangent lines ontained in it interse t on `|this plane is perpendi ular to the plane
ontaining ` and the entres of the two spheres. Thus we have two distin t planes
ontaining the two entres and so their interse tion gives the line m passing through
the two entres. Rotating the known double tangent lines around m we obtain the
one, ylinder or double plane parametrized by the omitted degree 2 or degree 1
omponent of  , and thus  . By Theorem 9, this is suÆ ient to determine S1 and
S2 .
(ii) Suppose that  onsists of lines tangent to a smooth oni C =  \ S1 =  \ S2 in
a plane  through `, and that ` is not tangent to C . (We treat the spe ialization
of ` tangent to C in (v) below.) Any point p of ` ontains two lines from  tangent
to the oni . and so it ontains two lines from . We also on lude that any plane
through ` (other than ) will have four lines from .
As in the proof of Theorem 9, this determines the spheres S1 and S2 . Lastly,
these observations remain valid if the positions of S1 and S2 be ome degenerate so
that they are tangent to ea h other at the same point of the plane .
(iii) Suppose now that we are ase (iii) of Se tion 3.1: ` is tangent to the spheres and
 is a ruling of the hyperboloid obtained by revolving ` about the line joining the
entres of the spheres. Sin e ` 62 , we see that ` 2 . Then every point of ` ontains
a line in  and every plane  through ` also ontains a line in . Thus any point p
of ` lies on three lines in  and any plane  through ` has three lines from . For
both, the three in lude ` itself.
Suppose that a plane  through ` is tangent to one of the spheres. Then the lines
of  in  onsist of ` ounted with multipli ity 2 and one other tangent line meeting
` at the point where it is tangent to that sphere. In this way we an determine
the points at whi h the spheres are tangent to `. A general plane  through ` will
ontain two ommon tangent lines to S1 and S2 apart from `. From these lines and
from the known points of the sphere's tangen y with `, we an determine the ir les
 \ S1 , and  \ S2. As before this is suÆ ient to determine S1 and S2.
(iv) The most intri ate ase is when the envelope R of  is a one with apex p tangent
to both spheres with ` a ruling of R, so that ` 2 . Thus ` is tangent to both
spheres with ommon tangent plane H . We rst observe that ` 2 . To see this,
note that for any plane  through ` (ex ept H ), there will be two lines (besides
`) in  \ . Thus H ontains at least two lines from  , ounted with multipli ity.
Sin e H \  = ` as H is tangent to both spheres, we see that ` 2 . Thus for 
through ` with  6= H ,  \  has two lines, and H is the unique plane su h that
H \  is a single line. The plane M through ` that is perpendi ular to the tangent
plane H ontains the entres of the spheres. As observed, M \  ontains two lines
m and m0 besides `. The lines `, m and m0 are tangent to the equatorial ir les
C1 := M \ S1 and C2 := M \ S2 of the spheres. Sin e the fourth line tangent to
the ir les lies in the one R with apex p, the line through their entres (and p)
meets the lines m and m0 at their interse tion, and in fa t bise ts one of the angles
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there. Sin e there is another pair C10 and C20 of ir les tangent to the three lines
with the line onne ting their entres bise ting the other angle, there are exa tly
two possibilities for the equatorial ir les C1 and C2 , and hen e the spheres S1 and
S2 . This geometry in the plane M is indi ated in the pi ture on the left of Figure 5.
m
C1
C20

-

m0

 \ S1

C2

 \ S20

`

 \ S10

C10

The plane M
Figure 5.

n

n0

 \ S2

-

`

The plane 
Con gurations within planes

The envelope  sele ts the orre t pair. Indeed, let S1; S2 and S10 ; S20 be the two
possible pairs of spheres, and onsider another plane  through `, but distin t from
both M and the tangent plane H . It will interse t these four spheres in four ir les,
ea h tangent to `. However, only two an be tangent to the other two lines n; n0 in
 lying in . In this way, we see that  determines S1 and S2 . The on guration
within  is indi ated in the pi ture on the right in Figure 5, while the on gurations
of the lines in M , the two pairs of spheres and their interse tions with  (drawn in
outline) is shown in Figure 6. Note that the line n is not tangent to the sphere S10
(the sphere in the foreground).




m
m0

Figure 6.

iPPP n

PiP `

M

Con guration of the Spheres

(v) In the last ase,  onsists of lines tangent to a smooth oni C =  \ S1 =  \ S2
in a plane  through `, and ` is tangent to C at a point q. We rst observe that
` 2  . To see this, note that for any point p 6= q of ` there will be two lines in 
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through p (besides `). Thus  will ontain at least two lines that meet q, ounted
with multipli ity. Sin e ` is the only line tangent to both spheres through the point
q , we on lude that ` 2  . Thus  has three lines meeting a point p 6= q of ` and q
is the unique point of ` that meets only one line from .
We omplete the proof in this ase by noting that every plane H through ` (other
that ) will have 3 lines from . This determines the H \ S1 and H \ S2 as they
are both tangent to ` at the point q. We on lude on e again that  determines the
spheres S1 and S2, and this ompletes the proof.

2.7. The degree of  is 7. As shown in Se tion 2.1, any degree 1 omponent of  has
multipli ity at least 2. Thus there annot be a omponent of degree 7.
3. Quarti s
We des ribe ompletely the on gurations of the spheres S1 and S2 in the ase when the
urve  has an irredu ible quarti omponent . We also show that there an be no other
spheres tangent to all the lines in .

Theorem 18. Let   G be an irredu ible real quarti urve parametrizing lines meeting
a xed line ` and tangent to a xed sphere S1 . If there is another sphere S2 tangent to all
these lines, then either S1 and S2 are tangent to ea h other and to ` at the same point or
S1 and S2 are symmetri with respe t to ` or both. In parti ular, there annot be a third
sphere tangent to all the lines in  .

The rst ase is the situation of Example 14, and the se ond is illustrated in Figure 7.

Figure 7.

Symmetri spheres

Our proof onsiders the possibilities for su h a degree 4 omponent of  , ruling out most
of them. To begin, there are three possibilities for the dimension of the linear span H of
the urve  in Plu ker spa e, and we treat ea h separately below.
3.1. The dimension of H is 2. In this ase,  is a plane quarti . Sin e G is a quadri , it
must ontain the plane H , but the lines lying in su h a plane that are tangent to a sphere
are parametrized by a oni , and not a quarti . We on lude that this ase is impossible.
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3.2. The dimension of H is 3. If  spans a 3-dimensional subspa e H , then by Remark 4
there are two possibilities: either H \ G is the set of lines meeting ` and another (uniquely
de ned) line `0, or H is tangent to G at the point p . In the rst ase, both ` and `0 are real
and  is a quarti urve of lines meeting them that are also tangent to two spheres. This
situation was studied in [6, Theorem 18(ii)℄: `0 must be the line at in nity perpendi ular to
` and the two spheres are symmetri with respe t to `. Furthermore, that result shows that
these are the only spheres tangent to every line in . This is the se ond ase of Theorem 18,
illustrated in Figure 7.
`

Suppose now that H tangent is to G at p . Let  be another hyperplane through H
su h that H =  \ . Then the urve  is the interse tion of  , , G and either of ^2 S1
or ^2 S2. In parti ular, if h is a linear form de ning H in  , then there is a linear form k
su h that the quadri ^2 S2 is a linear ombination of ^2S1 , G and hk, modulo  .
Suppose that ` is the x-axis so that  is the hyperplane p23 = 0. For ea h i = 1; 2, let
(x ; y ; z ) be the entre of S , and r its radius. Set q1 , q2 and g to be the quadrati forms
de ning ^2 S1 , ^2 S2 and G with p23 set equal to 0; these de ne the restri tions of ^2 S1,
^2 S2 and G to  . Let h be the equation of H in  . By the remark at the end of the last
paragraph, there exists a real linear form k on  and real numbers ;  and  su h that
q1 + q2 + g = hk. Furthermore, as either of ^2 S1 and ^2 S2 may be written in terms of
the other forms, ;  6= 0.
Thus the quadrati form q1 + q2 + g has rank 2 and therefore every 3  3 minor of
its representation matrix M vanishes. We argue that this is impossible. Here is M :
`

`

`

`

`

`

i

i

i

i

i

`

`

`

0 (y2 + z2 r2)
BB +(y122 + z212 r212)
BB
BB x1 y1 x2y2
BB
BB x1z1 x2z2
BB
B y1 + y2

x1 y1 x2 y2
(x21 + z12 r12 )
r22 )
+(x22 + z22
y1 z1

y2 z2

x1

z1 + z2

x2


x1 z1

x2 z2

y1 + y2

y1 z1 y2 z2
(x21 + y12 r12 )
r22 )
+(x22 + y22

x1 x2

x1

x2


+
0

1
z1 + z2 C
C
C
C
C

C
C
C
x1 x2 C
C
C
C
C
0
A
+

Sin e H ontains the point p = (1; 0; 0; 0; 0; 0) , the linear form h has no p01 term,
therefore hk has no p201 term. Thus the upper left entry of M vanishes, giving the equation
T

`

(y12 + z12

(3.1)

r12 ) + (y22 + z22

r22 )

= 0:

Let M
be the minor formed by the rows ab and the olumns def . Sin e M145 145 =
( + )((y1 + y2)2 + (z1 + z2 )2) = 0, we have two ases to onsider.
ab ;def

;

Case 1. Suppose that  +  = 0. S aling, we may assume that  = 1 and  = 1. Then
M234 345
;

=  ( 2 + (x1

x2 )2 )

and M235 345 = (x2
;

x1 )( 2 + (x1

x2 )2 ).

Sin e x1 , x2 and 
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are real, this implies that  = 0 and x1 = x2 . Setting x := x1 = x2, the matrix M be omes
1
0
0
xy1 + xy2
xz1 + xz2
y1 y2 z1 z2
B
y1 z1 + y2 z2
0
0 C
C
B xy1 + xy2 z12 z22 + r22 r12
C
B
2
2
2
2
B xz1 + xz2
y1 z1 + y2 z2
y 1 y 2 + r 2 r1
0
0 C
C
B
B
0
0
0
0 C
A
 y1 y 2
z1 z2
0
0
0
0
Sin e the spheres are not on entri , at least one of y1 6= y2 or z1 6= z2 holds. Suppose that
y1 6= y2 . Then the equations 0 = M124 124 = M134 134 = M124 134 imply that the entries not
in the rst row or olumn vanish, that is
z12 z22 + r22 r12 = y12 y22 + r22 r12 = y1 z1 y2 z2 = 0 :
Subtra ting the rst from (3.1) gives 0 = y12 y22 and therefore y1 = y2. With the third,
we on lude that z1 = z2 and thus r1 = r2 . (We rea h the same on lusion from z1 6= z2.)
Thus the spheres are symmetri with respe t to the x-axis, the on guration of Figure 7.
That envelope orresponds to a urve of degree 4 whose linear span has the form  \  ,
and so it annot be the urve . The other omponents are two oni s as des ribed in the
proof of Proposition 15: one is the ruling of the one over the spheres with apex the point
of symmetry, and the other onsists of lines in the xz-plane tangent to the oni along
whi h the spheres meet, and if the spheres are tangent, the omponents degenerate to a
line of multipli ity 4. (This is the ase r = 1 in Example 14). This gives a ontradi tion
to the existen e of  when  +  = 0.
Case 2. Suppose that  +  6= 0, then y1 + y2 = z1 + z2 = 0, sin e these are real
numbers and the sum of their squares is 0. Sin e M145 245 = ( + )2(x1y1 + x2y2),
M145 345 = ( + )2 (x1 z1 + x2 z2 ) and M245 345 = ( + )2 (y1 z1 + y2 z2 ), we obtain
x1 y1 + x2 y2 = x1 z1 + x2 z2 = y1 z1 + y2 z2 = 0 :
Besides s aling  and  by a ommon s alar, the only solutions to these ve equations are
x1 = x2 ; y1 = y2 = 0; z1 = ; z2 =  ,
x1 = x2 ; z1 = z2 = 0; y1 = ; y2 =  or
y1 = y2 = z1 = z2 = 0 :
Either of the rst two solutions give M245 245 M345 345 = ( + )3, whi h leads to one
of the ex luded ases  = 0,  = 0 or  +  = 0.
The third solution implies that the entres of S1 and S2 lie on x-axis. As in Proposition 15
and in Theorem 17,  will only have omponents of degrees 1 and 2. This on ludes the
proof of the impossibility of a degree 4 omponent spanning a 3-plane in Plu ker spa e that
is tangent to the Grassmannian.
3.3. The dimension of H is 4. The remaining possibility is that  spans a 4-dimensional
subspa e. As  has degree 4, it is ne essarily a rational normal quarti urve. There are two
possibilities for the geometry of the urve  S1 along whi h the lines of  are tangent to
S1 . These lead to restri tions on the possible on gurations of S1 and `. We then onsider
planes  through ` that are tangent to S1 and ontain lines from  (these are determined
from ). From this analysis, we see that the only possibility for there to be a rational
;

;

;

`

;

;

;

;

;

`0
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quarti  of lines tangent to two spheres that also meet a line is when the spheres are
tangent to ea h other and to the line at the same point, and thus  is the degree four
omponent studied in Example 14.
First, let   P3 be the envelope of the rational urve , a rational ruled surfa e of
degree 4. The lines in  whi h are not ontained in S1 are tangent to S1 at well-de ned
points, and the losure of these points of tangen y forms a urve lying on S1 . Sin e is
a real omponent of multipli ity 2 in the (4; 4)- urve  \ S1 , either has bidegree (1; 1),
so it is a plane oni , or it has bidegree (2; 2). When it has bidegree (2; 2), we must have
that  \ S1 = , in parti ular,  ontains no lines lying in S1 . When has bidegree (1; 1),
 ontains some lines lying in S1 |two from ea h ruling, ounted with multipli ity. The
asso iation 3 m \ S1 7! m 2  is the restri tion of the birational map : S1 ! G studied
in Se tion 1.4 to , so that is also a rational urve. Irredu ible rational urves of bidegree
(2; 2) on a quadri have a single singularity that is ne essarily a simple node or a usp.
(See the dis ussion in Se tion 2 of [6℄ and the referen es therein.)
Lemma 19. There are two possibilities for the on guration of S1 , ` and .

(i) The urve has bidegree (1; 1) and does not ontain any point where ` meets S1 or

(ii)

where a plane through ` is tangent to S1 .
The line ` is tangent to the sphere S1 , the urve
at this point of tangen y.

has bidegree (2; 2) and is singular

Proof. Call a point where ` meets S1 or where a plane through ` is tangent to S1 a spe ial
point. Either has bidegree (1; 1) or bidegree (2; 2), and either ` is tangent to S1 or it is

not. Suppose has bidegree (1; 1) so that it has degree 2. By the degree al ulation of
Lemma 8, annot ontain any of the spe ial points, proving ase (i).
Suppose that has bidegree (2; 2), so that it has degree 4. By Lemma 8, must ontain
a spe ial point. In parti ular, if ` is tangent to S1 at the point p, then p has multipli ity 2
in |that is, p is the singular point of .
We ex lude the remaining ase of having bidegree (2; 2) and ` not tangent to S1. By
Lemma 8 (i), either ontains all four spe ial points and is nonsingular at ea h, or
ontains three of the four spe ial points and is singular at one of the three. If is singular
at a spe ial point q, then mult  2. Let  be the tangent plane to S1 at q. Then the
interse tion multipli ity of  with at this point is at least
2  mult  4:
The fa tor 2 is due to the tangen y of  at . Sin e has degree 4, its total interse tion
multipli ity with  is 4. This implies that  \ = q. Sin e the tangent plane at any
spe ial point ontains two others, annot be singular at a spe ial point.
Suppose now that ontains four spe ial points and is thus nonsingular at ea h. Then
the singular point q of is not a spe ial point, and so the rational map  of (1.6) is regular
at q (well-de ned on a neighbourhood of q). It follows that the image of the singular point
q of under  is a singular point of the image  of . Sin e any rational normal urve,
and in parti ular  is smooth, this ontradi tion ex ludes this ase.

Figure 8 displays the envelope of a degree 4 omponent whose urve of tangen y
satis es (i) in Lemma 19. An envelope orresponding to (ii) is illustrated in Figure 4.
We omplete the proof of Theorem 18 by onsidering spe ial lines in  lying in planes 
through `. This allows us to distinguish the two ases for the urve given in Lemma 19,
q

q
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Figure 8.

Envelope of a quarti omponent

and then to show that the only possibility for two spheres to be tangent to the lines of 
is for the spheres to be tangent to ea h other and to ` at the same point, the on guration
of Example 14.
We rst review some Eu lidean analyti geometry. Suppose that ` is the x-axis. For
;  2 C satisfying 2 + 2 = 1, onsider the plane through ` given by the equation
y = z . All planes through ` have this form, ex ept for the two planes y = iz , and these
two are independent of oordinate hoi e. Eu lidean oordinates for the plane : y = z
are given by x and v := y + z. Suppose that S1 is a sphere with entre (x0 ; y0; z0 ) and
radius r. Then  \ S1 is the ir le
(3.2)
(x x0 )2 + (v v0)2 = r2 y02 z02 + v02 ;
where v0 = y0 + z0 . The plane  is tangent to S1 when v02 = y02 + z02 r2 , with the ir le
degenerating to the two lines (x x0) = i(v v0) with slopes i. We remark that a line
in su h a plane with slope i is tangent to a ir le only when the ir le is degenerate.
Consider the planes  through ` having an equation of the form y = z with 2 + 2 = 1
that ontain a line from  with slope i or i. Call su h a plane distinguished. Note that
the distinguished planes are determined by . Sin e distinguished planes are tangent to
the sphere S1 , there are at most two. We will onsider the three ases of two, one or zero
distinguished planes through `. Re all that if has bidegree (2; 2), then  \ S1 ne essarily
equals and there are no lines from  lying in S1 . Thus there an be no distinguished
planes if has bidegree (2; 2).
Two distinguished planes. We must be in ase (i) of Lemma 19. Furthermore, the
line ` does not ontain the entre of S1 , for then no plane through ` of the form y = z
with 2 + 2 = 1 is tangent to S1 (tangent planes to S1 through a line ontaining its entre
have the form y = iz). Conversely, if we are in ase (i) of Lemma 19 and ` is neither
tangent to S1 nor ontains the entre of S1 , then any line in  lying in a tangent plane 
to S1 through ` must have slope i: Otherwise su h a line in  meets S1 only at the point
p of tangen y of  to S1 , and thus p 2 , whi h ontradi ts (i) of Lemma 19.
Consider lines in  lying in a distinguished plane . If there is only a single su h line m,
then its omplex onjugate line m also lies in S1 and also is in . Ne essarily m  , the
plane omplex onjugate to . Sin e m is the only su h line in , we have that  6= . As
m and m are omplex onjugate, they lie in di erent rulings of S1 , and therefore meet in
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a point p (ne essarily real) of S1 . Note that p lies in the interse tion of  with , whi h is
Furthermore, the plane H spanned by m and m is tangent to S1 at p.
If we have a se ond sphere tangent to all the lines of , then it is also tangent to H at
p. But this on guration the spheres and line ` is exa tly that of Theorem 13 (i) (see also
(ia) in Figure 1). In this ase, the lines in H through p form a omponent of degree 1 and
multipli ity 2 in the urve  of tangents to the two spheres that meet `. By Proposition 15,
the residual sexti is irredu ible as ` neither ontains the entres of the spheres nor are
they symmetri about `. But this ontradi ts the existen e of the quarti omponent .
Observe that this argument only depends upon there being exa tly one line from  in one
of two tangent planes to S1 through `.
Now suppose that  ontains 2 lines in ea h distinguished plane . Sin e the two lines
from  lying in a distinguished plane meet at the point of tangen y,  determines two planes
through ` tangent to S1 and the points of tangen y. These data determine the sphere S1
and there is no possibility for a se ond sphere.
One distinguished plane. Now suppose that there is a unique distinguished plane .
Then has bidegree (1; 1) and ` does not ontain the entre of S1. Sin e  must ontain
lines from ea h ruling of S1 and these must lie in a plane tangent to S1 through `, we
on lude that  ontains both lines in  lying in S1. Furthermore,  is real as otherwise
 is a di erent distinguished plane. Sin e the two lines from  meet at the point p of
tangen y of S1 to , this point and  are determined by .
If there is a se ond sphere tangent to all the lines from , it is ne essarily tangent to 
and hen e also to S1 at the point p. If ` is not tangent to S1 , this is the on guration of
Theorem 13 (ii) (see also (ib) in Figure 1), and, as the spheres are not symmetri about `,
Proposition 15 leads to a ontradi tion as before. On the other hand ` annot be tangent
to S1, for then this is the on guration of Example 14, and in that ase lines lying in the
ommon tangent plane had real slopes whereas the lines here have imaginary slopes.
No distinguished planes. Suppose that no plane through ` of the form y = z with
2 + 2 = 1 ontains a line from  with slope i or i.
If the urve has bidegree (1; 1), then ` ne essarily ontains the entre of S1 , as 
ontains lines lying in S1 and these must lie in a plane through ` that is tangent to S1.
Otherwise ` is tangent to S1 at the singular point of the (2; 2)- urve . We distinguish these
two ases by onsidering a plane : y = iz through `, whi h is independent of the hoi e
of oordinates (up to omplex onjugation). If the entre of S1 lies on `, then  \ S1 will be
two lines meeting at the point (0; 0; 1; i) at in nity. Sin e does not ontain the point
of tangen y, at least one of these lines lies in . As argued in the ase of two distinguished
planes, we annot have  ontaining only one of these lines, so must ontain both lines,
and they meet at this point. On the other hand, if ` is tangent to S1 , then  \ S1 will be a
smooth oni ontaining the point (0; 0; 1; i) at in nity, and so the tangents in  lying
in  annot meet at this point. Thus we may distinguish the two ases when there are no
distinguished planes.
Suppose that has bidegree (1; 1) so that the lines from  in the plane y = iz ontain
the point (0; 0; 1; i) . Then the line ` ne essarily ontains the entre of S1 . Thus if
there are two spheres tangent to all the lines from , then their entres must lie on `. By
Proposition 15, the urve  of tangents to the two spheres that also meet ` will then have
four omponents, none of whi h has degree more than 2, so this ase does not o ur.

`.
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We nally on lude that ` is tangent to the sphere S1 and has bidegree (2; 2). Sin e this
determination depends only upon , we on lude that the other sphere S2 is also tangent
to `. The points of tangen y an be di erent or oin ide, and the planes of tangen y an
be di erent or oin ide. If the spheres are tangent to ` at the same point with the same
tangent plane, the we have the on guration of Example 14. Thus the urve  of ommon
tangents to the spheres that meet ` onsists of  together with the lines in the ommon
tangent plane through the point of tangen y, a omponent of multipli ity 4. By Theorem 9,
this determines S1 and S2 ; in parti ular, there annot be a third sphere.
We omplete the proof of Theorem 18 and thus of Theorem 1 by disposing of the three
remaining possibilities. If the spheres are tangent to ` at di erent points, but with the same
tangent plane, then we have the on guration of (iv) in the proof of Theorem 17. If the
points of tangen y oin ide, but the tangent planes are distin t, this is the on guration
of (v) in the proof of Theorem 17. If the points of tangen y and the tangent planes are all
distin t, then this is the on guration of Se tion 3.1 (iii). In ea h of these ases, the urve
 of ommon tangents to the spheres that meet ` has a omponent of degree 2, and by
Proposition 15, the rest of  onsists of an irredu ible sexti , ontradi ting our assumption
of a quarti omponent .
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