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We present a generalized crossover 共GC兲 model for the excess adsorption of pure fluids at a flat
solid–liquid interface, which reproduces scaling behavior of the excess adsorption in the critical
region and is reduced to the classical, van der Waals-type analytical model far away from the bulk
critical point. In developing this model, we used the density-functional theory 共DFT兲 approach for
the order parameter profile calculations with a generalized corresponding states model for the local
free-energy density. The GC DFT model well represents the available experimental adsorption data
for Kr/graphite, C2 H4 /graphite, C3 H8 /graphite, CO2 /silica, and SF6 /graphite systems in the entire
density range 0⬍  ⭐3  c and temperatures up to 1.7T c . In the critical region 0.5 c ⬍r⭐1.5 c and
T⭐1.15T c , the GC DFT model is consistent with the predictions of the asymptotic
renormalization-group crossover model for the critical adsorption in a semi-infinite system
developed earlier. For the excess adsorption on the critical isochore, both theories predict a
scaling-law behavior ⌫⬀  ⫺  ⫹ ␤ , but fail to reproduce a ‘‘critical depletion’’ of the excess adsorption
along the critical isochore of the SF6 /graphite system near T c . We show that an anomalous decrease
of adsorption observed in this system at  ⫽T/T c ⫺1⬍10⫺2 can be explained by finite-size effect
and develop a simplified crossover droplet 共SCD兲 model for the excess adsorption in a slit pore.
With the effective size of the pore of L⫽50 nm, the SCD model reproduces all available
experimental data for SF6 /graphite, including the critical isochore data where  →0, within
experimental accuracy. At LⰇ  b 共where  b is a bulk correlation length兲 the SCD model is
transformed into the GC DFT model for semi-infinite systems. Application of the SCD model to the
excess adsorption of carbon dioxide on the silica gel is also discussed. © 2004 American Institute
of Physics. 关DOI: 10.1063/1.1665507兴

I. INTRODUCTION

phase transition described with the Landau–Ginzburg–
Wilson 共LGW兲 effective Hamiltonian with the scalar order
parameter and can be applied to systems such as pure fluids
and fluid mixtures, ionic solutions, polymers, and polymer
blends. However, this model is essentially an asymptotic
crossover model, which is valid only in the extended critical
region where the long-wavelength fluctuations of the order
parameter are big enough to be treated with the LGW effective Hamiltonian. This is not a case for the dilute-gas and
dense-fluid regimes. Therefore, the RG model, which provides a smooth crossover of the excess adsorption ⌫ from the
scaling, ⌫⬀  ⫺  ⫹ ␤ , at 兩  兩 ⰆGi to the mean-field, ⌫⬀log ,
behavior at GiⰆ 兩  兩 ⬍1 共here Gi is a Ginzburg number兲 in the
critical region, cannot be extrapolated to the dilute-gas and
dense-liquid regions. Another shortcoming of the crossover
RG model of Kiselev and co-workers10 is that it was formulated only for semi-infinite systems and in its present form
cannot be applied to the analysis of the critical adsorption in
a confined geometry such as a cylindrical capillary or slit
pore.
As the critical point of bulk fluid is approached, the excess adsorption of a fluid in a slit pore drastically differs
from the adsorption in the bulk volume. The effect of the
confined geometry on the critical adsorption of sulfur
hexafluoride (SF6 ) in a colloidal graphitized carbon black
and a mesoporous controlled-pore glass has been studied by

Understanding of phase transitions and surface phenomena at the solid–fluid and liquid–fluid interfaces, such as
physical adsorption and wetting, is of fundamental importance in many practical processes.1 The analytical, classical
Langmuir, Brunauer–Emmett–Teller, and local density
theories2,3 give reasonable representations of the adsorption
data far away from the critical point. However, all these
theories fail to reproduce the nonanalytical singular behavior
of the adsorption in the critical region. We also note that the
simplified engineering local density model,4 –7 based on the
empirical Peng–Robinson equation of state, cannot correctly
reproduce the thermodynamic surface of pure fluids in the
critical region. More rigorous integral equation approaches8,9
also fail in the critical region, because the equations cannot
be closed.
In order to describe the nonanalytical singular behavior
of the excess adsorption in the critical region, more rigorous
renormalization-group 共RG兲 theory models should be considered. A RG crossover model for the critical adsorption of
fluids on a planar interface has been developed recently by
Kiselev et al.10 This RG model is based on the general fieldtheoretical approach for the systems under the second-order
Author to whom correspondence should be addressed. Fax: 共303兲 2733730. Electronic mail: skiselev@mines.edu
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Thommes and co-workers.11–13 They found that at temperatures well above criticality (10⫺2 ⭐  ⬅T/T c ⫺1Ⰶ1), in
agreement with the scaling hypothesis formulated by Fisher
and de Gennes,14 the excess adsorption diverges along the
critical isochore as ⌫⬀  ⫺  ⫹ ␤ (  ⫺ ␤ ⬵0.3). However, on approaching the critical point 共at  ⯝10⫺2 ) the temperature dependence of the adsorption exhibits reentrance and ⌫ decreases sharply as  →0, contrary to theoretical predictions.14
The first attempts to address this problem were made by
Schoen and Thommes,15 Maciolek and co-workers,16,17 and
Wilding and Schoen.18 Similar to the original works of Thommes et al.,11–13 the critical depletion of ⌫ in Refs. 15–18
was also attributed to the effect of confined geometry on the
near-critical fluid, but no physically self-consistent explanation for the sharp decrease of the adsorption at  →0 has
been proposed. In all these studies, in accordance with the
earlier theoretical prediction by Marconi,19 the excess adsorption along the critical isochore in a slit pore monotonically increases and eventually saturates as the critical temperature is approached. That led the authors of Ref. 17 to the
conclusion that the sharp decrease of ⌫ cannot be accounted
for by a single pore model.
Kiselev and co-workers20,21 proposed another interpretation of the critical depletion, without considering finitegeometry effects. It was shown that the anomalous decrease
of the adsorption along the critical isochore can be successfully treated by supposing that the surface-order parameter
vanishes linearly with , corresponding to an ordinary surface phase transition.22–24 However, this result contradicts
the conclusion reached by Upton,25 who has argued that a
fluid against a hard wall belongs to the universality class of
normal surface phase transitions, as introduced by Fisher.26
As was shown in our previous work,10 in the case of vanishing surface ordering field, the theory fails to reproduce the
experimental excess adsorption isotherms at 兩  兩 ⬍10⫺2 .
Therefore, we conclude that this interpretation of the reentrant behavior of the critical adsorption observed
experimentally11–13 should be ruled out. Thus, so far, no theoretical crossover model for the excess adsorption of fluids
in semi-infinite systems and slit pores has been developed.
In this work, we continue the study initiated in our previous work on the excess adsorption10 and interfacial
properties27 of pure fluids in and beyond the critical region.
Here we develop a generalized crossover 共GC兲 model for the
excess adsorption of pure fluids on the solid–liquid interface
in a semi-infinite system, which is similar to the recently
developed generalized crossover model for the thermodynamic and liquid–vapor interfacial properties for pure
fluids.27 In developing the GC model for the excess adsorption we use a combination of the above-mentioned fieldtheoretical approach10 with density-functional theory 共DFT兲
for the interfacial phenomena.3,28 Using simple scaling arguments, we incorporate the confined-geometry effects into the
GC model, thereby developing a simplified crossover droplet
model for the excess adsorption for a semi-infinite system
and in a slit pore. The model was tested against experimental
excess adsorption data for Kr/graphite, C2 H4 /graphite,
C3 H8 /griphite, CO2 /silica, and SF6 /graphite systems.
We proceed as follows: In Sec. II we review the density-
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functional theory results for the surface tension and excess
adsorption. In Sec. III we describe a generalized crossover
model for the Helmholtz free energy and the surface tension
and provide comparisons with experimental data for Kr,
C2 H4 , and CO2 . The generalized crossover model for the
excess adsorption in a semi-infinite system and its comparison with experimental data are presented in Sec. IV. The
simplified crossover droplet model for the excess adsorption
in a slit pore is considered in Sec. V. Our results are summarized in Sec. VI.

II. DENSITY-FUNCTIONAL THEORY

The surface excess, or Gibbs, adsorption of pure fluids
on a planar surface in a semi-infinite system is defined as
⌫⫽

冕

⬁

0

关  共 z 兲 ⫺  b 兴 dz,

共2.1兲

where  (z) is density of fluid at a distance z from the surface
and  b ⫽  (⬁) is the bulk density of the fluid. The density
profile  (z) can be found from optimization of the
functional3
F关  共 z 兲兴 ⫽

冕

关 Â 共  兲 ⫹c 0 共 ⵜ  兲 2 ⫹W s 共  兲兴 dV,

共2.2兲

where Â(  )⫽  A(T,  ) is a Helmholtz free-energy density of
the bulk fluid and W s (  ) is the surface contribution into the
free energy density. Optimization of the functional 共2.2兲 by
Langrange’s method leads to the Euler–Lagrange equation
d 2  dW s 共  兲
d⌬Â 共  兲
⫺2c 0 2 ⫹
⫽0,
d
d
dz

共2.3兲

where ⌬Â(  )⫽Â(T,  )⫺Â(T,  b )⫺(  ⫺  b )  (T) is the excess part of the free-energy density and  (T)⫽  (T,  b )
⫽(  Â/  ) T 兩  ⫽  b is the chemical potential of the bulk fluid.
In the field-theoretical approach,22–24 the surface contribution can be presented in the form
W s ⫽b 1 ␦ 共 z 兲 m 21 ⫺h 1 ␦ 共 z 兲 m 1 ,

共2.4兲

where b 1 is a surface constatnt, ␦ (z) is the Kronecker symbol, h 1 (  ) is a surface ordering field, and m 1 ⫽  1 /  c ⫺1 is a
surface order parameter. The first integral of Eq. 共2.3兲 can be
written in the form
1
d
⫽⫾
关 ⌬Â 共  兲 ⫹W s 兴 1/2,
dz
冑c 0

共2.5兲

where signs ‘‘⫹’’ and ‘‘⫺’’ correspond to the increasing and
decreasing density profile, respectively. For the excess adsorption, the minimum of the functional F关  (z) 兴 corresponds to the negative sign in Eq. 共2.5兲 with the boundary
conditions in the volume 共at z→⬁),

 共 z→⬁ 兲 ⫽  b ,

冉 冊 冉 冊
d
dz

⫽

z→⬁

d 2
dz 2

⫽0,

共2.6兲

z→⬁

and at the surface 共at z→0),

 共 z→0 兲 ⫽  1 ,
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⫽ 共 2b 1 m 1 ⫺h 1 兲  ⫺1
c .

共2.7兲

z→0

Using the boundary condition 共2.7兲 in Eq. 共2.5兲, one can
obtain an equation of state 共EOS兲 for the surface order parameter m 1 or for the surface density  1 ⫽(m 1 ⫹1)  c in the
form
4c 0 ⌬Â 共  1 兲 ⫽ 共 2b 1 m 1 ⫺h 1 兲 2  ⫺2
c ,

共2.8兲

which provides a relationship between the surface ordering
field h 1 and surface density  1 at any fixed values of the
temperature T and bulk density  b . The temperature dependence appears in Eq. 共2.8兲 through the excess free-energy
density ⌬Â(  1 ), surface ordering field h 1 , and parameters
b 1 and c 0 . In Eq. 共2.8兲 the parameter b 1 ⫽b 10冑c 0 k B T, while
the surface field can be represented at 兩  兩 ⬍1 by truncated
Taylor expansion,10
h 1共  兲

冑c 0 k B T c

⫽h 10⫹

兺 h 1i  i ,

共2.9兲

i⫽1

c 0 ⫽ 共 1⫺  0 兲 2 k B T c  ⫺2/3
,
c

共2.10兲

where k B is Boltzmann constant and  0 ⬍1 is a systemdependent parameter which takes into account a difference of
the prefactor (1⫺  0 ) in real fluids from unity.
In the general case, Eqs. 共2.5兲 and 共2.8兲 for the density
profile  (z) can be solved only numerically, which makes
calculation of the excess adsorption with Eq. 共2.1兲 rather
complicated. However, if one is not interested in the actual
density profile, it is useful to rewrite Eq. 共2.1兲 in the form
⌫⫽

冕

0

冕

冉 冊

d
共  共 z 兲 ⫺  b 兲 dz⫽
共 共 z 兲⫺b兲
dz
1
b

⫺1

d.
共2.11兲

Substituting Eq. 共2.5兲 into Eq. 共2.11兲 we then find for the
adsorption
⌫⫽

冕

共⫺b兲

b

1

关 ⌬Â 共  兲兴 1/2

d,

共2.12兲

which can be integrated numerically without calculation of
the density profile  (z).
The surface tension on the planar liquid–vapor interface
is defined in the density functional theory as3,29

 ⫽2

冕 冉  冊
⫹⬁

⫺⬁

c0

z

2

dz,

冕

L

V

关 ⌬Â 共  兲兴 1/2d  .

共2.14兲

In order to calculate the excess adsorption and surface
tension with Eqs. 共2.12兲 and 共2.14兲, respectively, one needs
to specify the Helmholtz free energy A(T,  ), the coefficient
 0 , and the surface constants b 10 and h 1i (i⫽0,1,2,...).
III. EQUATION OF STATE AND SURFACE TENSION

In this work, for the Helmholtz free energy of a bulk
fluid we use a generalized corresponding states 共GCS兲 model
presented in our previous paper.27 A general crossover expression for the dimensionless Helmholtz free energy
Ā(T, v )⫽A(T, v )/RT, where R is the gas constant, in the
GCS model is written in the form27
Ā 共 T, v 兲 ⫽⌬Ā 共¯ , ¯ 兲 ⫺K 共  ,  兲 ⫺⌬ v P̄ 0 共 T 兲 ⫹Ā res
0 共T兲
⫹Ā id 共 T 兲 ,

共3.1兲

where the critical part of the Helmholtz free energy

where h 1i are the system-dependent coefficients, while for
the parameter c 0 a good approximation is27

⬁

 ⫽c 1/2
0
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共2.13兲

where  (z) is density profile between vapor,  V ⫽  (z
→⫺⬁), and liquid,  L ⫽  (z→⫹⬁), phases. Similar to the
adsorption, the density profile in Eq. 共2.13兲 is also described
by Eq. 共2.5兲, but with zero surface energy W s (  )⬅0 and
free-energy density for the vapor–liquid interface, ⌬Â(  )
⫽Â(T,  )⫺Â(T,  V )⫺(  ⫺  V )  (T), where  (T,  V,L )
⫽(  A/  ) T is a chemical potential of the bulk fluid along
the saturated curve  ⫽  V,L (T). The final expression for the
surface tension can be written in the form27

¯
¯
¯
¯
⌬Ā 共¯ , ¯ 兲 ⫽Ā res 共¯ , ¯ 兲 ⫺Ā res
0 共  兲 ⫺ln共  ⫹1 兲 ⫹  P̄ 0 共  兲 ,
共3.2兲
K(  ,  ) is the kernel term, Ā res is the dimensionless residual
part of the free energy corresponding to the reference classical
EOS,
P̄ 0 (T)⫽ P(T,  0c )/  0c RT
and
Ā res
0 (T)
res
⫽Ā (T,  0c ) are the dimensionless pressure and residual
part of the free energy along the critical isochore  ⫽  0c ,
respectively, and Ā id (T) is the dimensionless temperaturedependent ideal-gas Helmholtz free energy. In Eqs. 共3.1兲 and
共3.2兲, the renormalized dimensionless temperature deviation
¯ and order parameter ¯ are given by
¯ ⫽  ⌼ ⫺ ␣ /2⌬ 1 ,
¯ ⫽  ⌼ 共 ␥ ⫺2 ␤ 兲 /4⌬ 1 ⫹ 共 1⫹  兲 ⌬ v c ⌼ 共 2⫺ ␣ 兲 /2⌬ 1 ,

共3.3兲

where ␣ ⫽0.11, ␤ ⫽0.325, ␥ ⫽2⫺2 ␤ ⫺ ␣ ⫽1.24, and ⌬ 1
⫽0.51 are universal nonclassical critical exponents,30,31
⌼(  ,  ) denotes a crossover function,  ⫽ v / v c ⫺1 is a dimensionless deviation of the molar volume v ⫽1/ from the
real critical molar volume v c ⫽1/ c , and ⌬ v c ⫽( v c
⫺ v 0c )/ v 0c Ⰶ1 is a dimensionless shift of the critical volume
v c with respect to the classical value v 0c ⫽1/ 0c obtained
from the reference classical equation on state used for calculating Ā res (T, v ).
In the GCS model,27 the kernel term K(  ,  ), which is
responsible for the asymptotic singular behavior of the isochoric heat capacity along the critical isochore, was set equal
to zero, while for the reference EOS a simple cubic Patel–
Teja 共PT兲 EOS 共Refs. 32 and 33兲 has been chosen. The explicit form of the crossover function ⌼(  ,  ) and functions
Ā res (T, v ), Ā res
0 (T), and P̄ 0 (T) for the PT EOS can be found
in Ref. 27. All system-dependent parameters in the GCS
model are expressed as functions of the Pitzer’s accentric
factor , real compressibility factor Z c ⫽ P c /  c RT c , and
molecular weight M w . The EOS P( v ,T)⫽⫺(  A/  v ) T for
the GCS model can be written in the dimensionless form
P r ⫽ f cr
PT 共 T r ,  r ;  ,Z c 兲 ,

共3.4兲
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TABLE I. System-dependent constants for the GCS EOS.

Krypton
Ethylene
n-propane
SF6
CO2

T c (K)

 c (mol l⫺1 )

Zc



Mw

209.400
282.350
369.850
318.690
304.128

10.965
7.6372
5.0000
5.0000
10.625

0.288000
0.281208
0.276247
0.283838
0.274588

0.0
0.0898
0.1520
0.2100
0.2250

83.800
28.052
44.097
146.05
44.010

where P r ⫽ P/ P c , T r ⫽T/T c ,  r ⫽  /  c , and the function
f cr
PT ⫽⫺RT(  Ā/  v ) T / P c is calculated with Ā(T, v ) as given
by Eq. 共3.1兲. In order to apply the GCS model to real fluids
one needs to know the real critical parameters P c , T c ,  c ,
and accentric factor  for the fluid of interest.
The system-dependent parameters for the GCS EOS for
pure krypton, ethylene, n-propane, and carbon dioxide, considered in this work, are listed in Table I. A detailed comparison of the GCS model predictions with experimental data
for n-alkanes and CO2 was given in our previous work.27
Therefore, here we will show the GCS model predictions
only for krypton 共Kr兲 and ethylene (C2 H4 ), which were not
considered in Ref. 27. In Fig. 1 we show the predictions of
the GCS model in comparison with one-phase experimental
P-V-T data for ethylene. A comparison of the predictions of
the GCS model with the saturated pressure and density data
for C2 H4 and Kr is shown in Figs. 2 and 3. In Fig. 4 we show
the predictions of the GCS model for the heat of vaporization
for C2 H4 and Kr together with experimental data. The
crosses in Fig. 4 represent the values calculated with a new
fundamental EOS for C2 H4 by Smukala et al.34 As one can
see from Figs. 1– 4, excellent agreement the GCS model predictions and experimental data for both fluids is observed.
Only at temperatures T⬍140 K for ethylene does the GCS
model predict systematically lower 共up to 4%兲 values of the
heat of vaporization than those calculated with the EOS by
Smukala et al.,34 but at higher temperatures both equations
give very similar results.

FIG. 1. P  T data 共symbols兲 for ethylene 共Ref. 47兲 with predictions of the
GCS model 共curves兲.

FIG. 2. The saturated density 共top兲 and saturated pressure 共bottom兲 data for
ethylene 共Ref. 48兲 共symbols兲 with predictions of the GCS model 共curves兲.

As we pointed out in our previous paper,27 the parameter
 0 can be determined from the experimental surface tension
data at T r ⯝0.7 or calculated with the corresponding states
expression

冋

 0 ⫽1.194⫻10⫺2 M w 1⫺

1.91 1/2
共 1⫹0.405 兲 2

册

,

共3.5兲

which appears to be a good approximation for n-alkanes and
some other nonionic and nonassociating fluids. For cryogenic fluids a prefactor 共1/3兲 on the right-hand side of Eq.
共3.5兲 should be applied.27 Equation 共3.5兲 is an entirely empirical correlation and, therefore, it should be used with caution. If any experimental surface-tension data for the fluid of
interest are available, it is recommended to test Eq. 共3.5兲
against experimental data.
In Fig. 5 we show a comparison of the prediction of the
GCS-DFT model for surface tension with experimental data
for CO2 , C2 H4 , and Kr. The solid curves in Fig. 5 represent
the values calculated with parameter  0 extracted form experimental data and the dashed curves correspond to  0 calculated with Eq. 共3.5兲. In Eq. 共3.5兲 for Kr, the prefactor 共1/3兲
has been applied. As one can see, for CO2 and C2 H4 both
curves practically coincide and they both are in very good
agreement with experiments. However, for Kr the GCS-DFT
model with the parameter  0 calculated with Eq. 共3.5兲, even
with the prefactor 共1/3兲, yields systematically lower values of
the surface tension as compared to experimental values. With
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FIG. 5. The surface tension data for carbon dioxide 共Ref. 49兲, ethylene 共Ref.
49兲, and krypton 共Ref. 50兲 共symbols兲 with predictions of the GCS-DFT
model 共curves兲.

FIG. 3. The saturated density 共top兲 and saturated pressure 共bottom兲 data for
krypton 共Ref. 49兲 共symbols兲 with predictions of the GCS model 共curves兲.

 0 ⫽  expt
the GCS-DFT predictions for Kr are in excellent
0
agreement with surface tension experimental data.
IV. EXCESS ADSORPTION

In the asymptotic crossover 共AC兲 RG model developed
earlier by Kiselev and co-workers,10 the excess part of the

FIG. 4. The heat of vaporization as a function of temperature for ethylene
and krypton: Ref. 49 共symbols兲 with predictions of the GCS model 共curves兲.
The crosses represent the values calculated with a new EOS for ethylene by
Smukala et al. 共Ref. 34兲.

Helmholtz free energy density in Eq. 共2.2兲 was considered in
the Landau–Ginzburg–Wilson form, which restricts its application to the critical region only. Here, in the generalized
crossover for the excess adsorption, named the GC DFT
model, for the excess energy ⌬Â in Eqs. 共2.2兲–共2.12兲 we use
the GCS model.27 Since the GCS model27 incorporates the
nonanalytic scaling laws in the critical region and in the limit
 →0 reproduces the ideal gas behavior, the GC DFT model
developed in this work reproduces the singular behavior of
the excess adsorption in the critical region and, unlike the
AC RG model,10 can be also extended to the dilute-gas regime. In order to apply the GC DFT to real physical systems,
all system-dependent parameters for the bulk fluid can be
taken from the GCS-DFT model, while the surface constants
b 10 and h 1i (i⫽0,1,2,...) should be found from the optimization of the GC DFT excess adsorption data for the system of
interest.
The first system which we considered here was krypton
on graphitized carbon black studied by Findenegg.35 For
pure krypton we adopt the same GCS parameters as given in
Table I, while the surface constants b 10 , h 10 , and h 11 have
been found from a fit of the GC DFT model to experimental
data.35 Since for Kr the difference between the parameter  0
calculated with Eq. 共3.5兲 and  expt
is rather essential, it is
0
interesting to know how the uncertainty in the parameter  0
influences the accuracy of representation of the excess adsorption in this system. With this in mind, the constants b 10 ,
h 10 , and h 11 have been optimized with two different values
of the parameter  0 . The excess adsorption was calculated
with Eq. 共2.12兲, where the experimental T – P coordinates
were transformed into the T –  coordinates 关needed in Eq.
共2.12兲兴 using the GCS EOS 共3.4兲. We found that for excess
adsorption the exact value of the parameter  0 in the GC
and
DFT is not crucial, and in both cases, with  0 ⫽  expt
0
 0 ⫽  0 (  ), very good agreement between the calculated
values and experimental data is observed. This means that, in
principle, the parameter  0 in the GC DFT can always be
estimated with the CS expression 共3.5兲. However, in order to
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TABLE II. Surface parameters for the GC DFT model.

Kr/graphitized carbona
C2 H4 /graphitized carbon
C3 H8 /graphitized carbon
SF6 /graphitized carbon
CO2 /C18-silica
CO2 /silica gel
a

b 10

h 10

h 11

h 12

3.876
6.623
43.08
43.44
1.00
1.414

6.564
9.861
41.52
81.01
2.30
5.121

⫺2.414
0.806
⫺99.51
⫺103.8
⫺12.0
⫺6.024

¯
¯
¯
¯
¯
2.690

Parameter  0 ⫽0.15 determined from experimental surface tension data.

keep physical self-consistency of the GC DFT model, we
have adopted the experimental value  expt
0 ⫽0.15. The values
of the surface constants for Kr/graphitized carbon and other
systems considered in this work are listed in Table II.
A comparison the GC DFT model predictions with the
excess adsorption isotherms obtained by Findenegg35 is
shown in Fig. 6. The solid and dashed curves in Fig. 6 represent the values calculated with the simplified local density
共SLD兲 model developed for this system by Subrahanian
et al.5 As one can see from Fig. 6, in general the GC DFT
model gives better predictions for the excess adsorption, especially at near-critical and supercritical pressures at isotherms T⫽253.15 and 273.15 K, where the SLD model5 systematically underestimates the experimental excess
adsorption.
In Figs. 7 and 8 we show a comparison of the predictions
of the GC DFT and SLD model for the excess adsorption of
ethylene 共Fig. 7兲 and n-propane 共Fig. 8兲 on graphitized carbon black with experimental data by Findenegg.35 Similar to
the previous system, the surface constants b 10 , h 10 , and h 11
in Eq. 共2.8兲 for these systems have been found from the
optimization of the GC DFT model to experimental data, but
with the parameter  0 calculated with Eq. 共3.5兲. As one can
see, far away from the critical point 共at PⰆ P c ) both GC

FIG. 6. Surface excess adsorption data 共Ref. 35兲 共symbols兲 of krypton on
graphitized carbon black as function of pressure. The solid and dashed
curves represent the values calculated with the GCS-DFT model with different values of the parameter  0 , and the dot-dashed curves correspond to
the values calculated with the SLD model 共Ref. 5兲.

FIG. 7. Surface excess adsorption data 共Ref. 35兲 共symbols兲 of ethylene on
graphitized carbon black as function of pressure. The solid curves represent
the values calculated with the GCS-DFT model and the dot-dashed curves
correspond to the values calculated with the SLD model 共Ref. 5兲. The dotted
lines represent the vapor pressure of pure C2 H4 calculated at T⫽263.15 and
273.15 K with the GCS EOS.

DFT and SLD models give very similar results. However, in
the critical region the GC DFT yields a more accurate and
physically self-consistent representation of the excess adsorption than the SLD by Subrahanian et al.5 This not an
unexpected result. As we mentioned before, the SLD
model,4 –7 based on the classical Peng–Robinson EOS, in
principle cannot reproduce the nonanalytic singular behavior
of the excess adsorption in the critical region. Just as the

FIG. 8. Surface excess adsorption data 共Ref. 35兲 共symbols兲 of n-propane on
graphitized carbon black as a function of pressure. The solid curves represent the values calculated with the GCS-DFT model, the dot-dashed curves
correspond to the values calculated with the SLD model 共Ref. 5兲, and the
dotted lines represent the vapor pressure of pure C3 H8 calculated at the same
temperatures with the GCS EOS.
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FIG. 9. Surface excess adsorption data 共Refs. 36 and 37兲 共symbols兲 of
carbon dioxide on octadecyl-bounded silica as a function of density. The
solid curves the values calculated with the GC DFT model and the dashed
curves correspond to the values calculated with the AC RG model by
Kiselev et al. 共Ref. 10兲.

Peng–Robinson EOS gives a singularity for the isobaric heat
capacity, the SLD model4 –7 also yields a singularity for ⌫,
but with wrong classical critical exponent. The GC DFT
model, based on the GCS model, not only accurately describes excess adsorption in the regular region of the parameters of state, but also reproduces the theoretically wellestablished scaling law behavior for the excess adsorption in
the critical region.
In order to prove this statement, we considered here the
carbon dioxide on octadecyl-bounded silica (C18-silica兲 substrate, system which was also studied in our previous work.10
In Fig. 9 we show the excess adsorption isotherms of carbon
dioxide on octadecyl-bounded silica as functions of density
calculated with the GC DFT model 共the solid curves兲 with
the AC RG model10 共the dashed curves兲. The open and solid
symbols in Fig. 9 represent the two different experimental
data sets obtained for this system by Strubinger and
Parcher.36,37 There is an obvious discrepancy between two
data sets at T⫽313.15 K, but otherwise good agreement between calculated values and experimental data is observed.
As one can see from Fig. 9, at densities 0.6 c ⭐  ⭐1.6 c
both the GC DFT and AC RG models give very similar predictions. There are no excess adsorption experimental data
for this system along the critical isochore of CO2 . Therefore,
in Fig. 10 we show a comparison between the predictions of
different theoretical models 共the curves兲 and data generated
at the critical isochore with the AC RG model10 共solid symbols兲. As one can see, at 10⫺3 ⬍  ⭐10⫺1 the GC DFT and
AC RG models practically coincide, but at  ⬍10⫺3 the GC
DFT model predicts systematically lower values than those
generated with the AC RG model. The reason for this is that
for calculating the thermodynamic potential in the GC DFT
model we use the GCS EOS with the kernel term K(  ,  )
⬅0 and all system-dependent parameters expressed as empirical functions of , Z c , and M w . As consequence, in the
GC DFT model the critical amplitude ⌫ 0 共which determines
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FIG. 10. Surface excess adsorption of CO2 on octadecyl-bounded silica
along the critical isochore as a function of temperature. The symbols correspond to the values generated with the AC RG model by Kiselev et al. 共Ref.
10兲, and the solid and long-dashed curves represent the values calculated
with the GC DFT model with 共Ref. 27兲 and GC 共Ref. 38兲 equations of state,
respectively.

the asymptotic value of the excess adsorption along the critical isochore ⌫ 兩  ⫽  c ⫽⌫ 0  ⫺  ⫹ ␤ ) is smaller than in the AC
RG model with all system-dependent parameters optimized
to experimental data for this system.10 Better consistency
between the GC DFT and AC RG models in the asymptotic
critical region can be achieved by using for CO2 the generalized cubic EOS with a nonzero kernel term and parameters
found from a fit of experimental P-V-T and C P data.38 In
this case 共see the dashed curve in Fig. 10兲, excellent agreement between the GC DFT predictions and the values generated with the AC RG model is observed down to reduced
temperatures  ⫽10⫺4 – 10⫺5 .
The last system, which we considered in this work, is
adsorption of hexafluoride on graphitized carbon black measured by Thommes et al.11 A comparison of the excess adsorption of SF6 on graphitized carbon black calculated along
a few supercritical isotherms calculated with the GC DFT
model with experimental data11 is shown in Fig. 11. Excellent agreement between the values calculated with the GC
DFT model and experimental data11 is observed on all isotherms 共from T⫽313.18 K to T⫽343.52 K) in the entire
density range 0⭐  ⭐2.0 c . The dashed curves in Fig. 11
represent the values calculated with the AC RG model.10 As
one can see, in the rage of validity of the AC RG model good
agreement between the calculated values and experimental is
also observed. However, a completely different scenario appears in Fig. 12, where we show a comparison of the calculated values for the excess adsorption along the critical isochore with experimental values by Thommes et al.11 As one
can see, similar to the CO2 /silica system both the GC DFT
and AC RG models predict monotonically increasing behavior of the excess adsorption at T→T c , which at  →0 diverges as ⌫⬀  ⫺  ⫹ ␤ , while experimental data exhibit a completely different behavior. The excess adsorption in this
system increases only down to a reduced temperature of 
⯝0.01 (⌬T⯝2 K), but then ⌫ decreases sharply on approaching T c . In principle, experimental data for the excess

Downloaded 15 Aug 2004 to 134.84.165.238. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp

8248

J. Chem. Phys., Vol. 120, No. 17, 1 May 2004

S. B. Kiselev and J. F. Ely

tion observed in experiment,11 a finite-geometry effect
should be incorporated into the GC DFT model for a semiinfinite system.

V. SIMPLIFIED CROSSOVER DROPLET MODEL

In this paper, the effect of finite geometry on the critical
adsorption in a slit pore has been incorporated into the GC
DFT in a framework of the so-called droplet model of the
critical state. In the droplet model, a fluid near the critical
point is considered as an ‘‘ideal gas’’ of homogeneous liquid
droplets with the droplet radius equal to the correlation
length of a bulk fluid at a temperature T and density , r
⫽  b (T,  ). 39,40 The number of droplets, N, in the volume V
in this case is proportional to ⬀V/  3b and, consequently, the
excess free-energy density
Nk B T
⬀k B T/  3b .
V

⌬Â⫽
FIG. 11. Surface excess adsorption data 共Ref. 11兲 共symbols兲 of sulfur
hexafluoride on graphitized carbon black as a function of density. The solid
curves represent the values calculated with the GC DFT model and the
dashed curves correspond to the vales calculated with the AC RG model by
Kiselev et al. 共Ref. 10兲.

adsorption along the critical isochore for the SF6 /graphitized
carbon system11 can be described with the GC DFT and AC
RG models if we assume that the surface parameter h 10⬅0
共see the dotted curve in Fig. 12兲. But in this case, as was
shown in our previous work,10 the theory fails to reproduce
the excess adsorption isotherms shown in Fig. 11. In order to
treat properly the anomalous behavior of the excess adsorp-

According to the scaling theory of the critical
phenomena,41,42 the correlation length  b and excess freeenergy density ⌬Â can be expressed in the vicinity of the
critical point of a fluid as universal scaled functions of the
scaled argument x⫽  / 兩  兩 ␤ :

 b⫽ 兩  兩 ⫺ f 共 x 兲 ,

⌬Â⫽ 兩  兩 2⫺ ␣ f A 共 x 兲 .

共5.2兲

Along the critical isochore f x (0)⫽  0 and f A (0)⫽a 0 , and
Eqs. 共5.1兲 and 共5.2兲 lead to the so-called hyperscaling relation 3  ⫽2⫺ ␣ or, in d-dimensional space,
d  ⫽2⫺ ␣ ,

共5.3兲

which appears to be more fundamental 共for a review see
Refs. 30 and 31兲 than the simple physical arguments which
we used here in its derivation. This encouraged us to apply
the droplet model for the analysis of the critical adsorption in
a slit pore.
The density profile in a slit pore, which physically corresponds to the droplet model given above, is schematically
shown in Fig. 13. The solid curve in Fig. 13 corresponds to
case 1, when the correlation length is much smaller than the
distance between walls in the pore,  b ⰆL/4. In this case, the
density at the center of the pore at z⫽l⫽L/2 is equal to the
density of the bulk fluid at the given temperature and pressure,  l ⫽  b (T, P), and a slit pore is physically equivalent to
a semi-infinite system. In case 2, marked in Fig. 13 by the
dashed curve, the correlation length is still smaller than L,
 0 Ⰶ  b ⬍L/4, but the density  l ⫽  (L/2) at the center of the
pore is not equal to the bulk density  b ,  1 ⬎  l ⬎  b . The
conditions 共2.6兲 in this case should be written in the form

 共 z⫽L/2兲 ⫽  l ⬎  b ,

FIG. 12. Surface excess adsorption data 共Ref. 11兲 共symbols兲 of SF6 on
graphitized carbon black along the critical isochore as a function of temperature. The solid curve corresponds to the values calculated with the GC
DFT model, and the dashed and dotted curves represent the values calculated with the AC RG model by Kiselev et al. 共Ref. 10兲 with h 10⬎0 and
h 10⫽0, respectively.

共5.1兲

冉 冊
d
dz

⫽
z⫽L/2

冉 冊
d 2
dz 2

⫽0,
z⫽L/2

共5.4兲

and Eq. 共2.12兲 for the surface excess adsorption in a slit pore
should be replaced by
⌫⫽

冕

l

共⫺l兲

 1 关 ⌬Â 共  兲兴 1/2

d.

共5.5兲
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冉 冊 冉 冊
dl
dx

⫽

x→0

dl
dx

⫽0.
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共5.9兲

x→⬁

The excess adsorption is calculated in the SCD model with
Eq. 共5.5兲, where the surface density  1 is determined from
the solution of Eq. 共2.8兲 for a semi-infinite system, and for
the correlation length in Eq. 共5.7兲 we use the Ornstein–
Zernike approximation41

 b⫽

FIG. 13. Schematic representation of the density profile in arbitrary units as
a function of the distance from the wall in a slit pore of size L.

In the case when the correlation length  b ⭓L/4, shown
in Fig. 13 by the dot-dashed curve, the density  l in Eq. 共5.5兲
becomes very close to the surface density  1 (  l →  1 ) and,
as a consequence, ⌫→0. At fixed temperature T, the condition  b ⭓L/4 along the critical isochore  b ⫽  c is achieved at
in a slit pore with size L⭐4  0  ⫺  or in the pore with a fixed
size L at the reduced temperatures  ⭐(4x 0 /L) 1/ . Estimation of the characteristic size of the pore with the equation

L c ⫽4  0  ⫺
1 ,

共5.6兲

where  1 ⫽0.01 is the reduced reentrant temperature observed in the experiment11 and  0 ⫽0.15– 0.2 nm is a reasonable estimate for pure SF6 , 43 yields L c ⫽50– 70 nm, which is
close to the value L c ⫽31 nm reported by Thommes et al.13
Taking into account the uncertainty in determination of the
parameters  1 ,  0 , and the characteristic size L c itself, we
contend that this prediction is very good.
In order make predictions using the droplet model for
the excess adsorption in a slit pore more quantitative and
accurate, one needs to know an explicit dependence of the
density  l on L and  b . This function cannot be obtained in
the framework of the droplet model by itself, and a more
rigorous renormalization-group theory should be used for
this purpose. However, the RG equation for the order parameter profile in this case can only be solved numerically,
which makes the calculations of the excess in a slit pore with
Eq. 共5.5兲 rather complicated. Therefore, in the simplified
crossover droplet 共SCD兲 model developed in this work, for
this function we chose here a simple phenomenological expression

 l ⫽  b ⫺ 共  b ⫺  1 兲 tanh

冉 冊

x2
,
1⫹x

x⫽4  b /L,

共5.7兲

which is consistent with the physically obvious boundary
conditions for the density in the center of the pore,

 l 共 x→0 兲 ⫽  b ,

 l 共 x→⬁ 兲 ⫽  1 ,

and its first derivatives:

共5.8兲

冑

c 0¯ T

⫹
0

,

共5.10兲

where the parameter c 0 is calculated with Eq. 共2.10兲 and  ⫹
0
is the asymptotic amplitude in the power law ¯ T 兩  ⫽  c
⫺␥
⫽⫹
for the dimensionless isothermal compressibility
0 
⫺1
¯ T ⫽  T(  /  P) T P c  ⫺2
along the critical isochore 
c Tc
⫽  c of a bulk fluid at  →⫹0.
To test this model we the excess adsorption of SF6 on
graphitized carbon black experimentally studied by Thommes et al.11 At temperatures T⬍T c and ⌬T⭓5 K the SCD
model predictions for SF6 /graphitized carbon system practically coincide with the values calculated with the GC DFT
model and, therefore, are not shown in Fig. 11. The results of
our calculations of the excess adsorption in a slit pore with in
comparison with experimental data along the separate isochores as a function of temperature obtained for
SF6 /graphitized carbon system by Thommes et al.11 are
shown in Figs. 14 and 15. The solid curves in Figs. 14 and 15
represent the values calculated with SCD model with L
⫽50 nm and all other parameters as given in Table II. The
dot-dashed and dashed curves correspond to the values calculated with the GC DFT and AC RG models the semiinfinite systems, respectively. As one can see, along the critical isochore at ⌬T⭓5 K (  ⭓0.02) the excess adsorption
calculated with the SCD model coincides with the GC DFT
model predictions for a semi-infinite system. However, at
⌬T⯝2 K, unlike the GC DFT and AC RG predictions, the
excess adsorption calculated with the SCD model passes a
maximum and, in agreement with experimental data, goes to
zero as T→T c (  →0). The predictions of the SCD model at
other subcritical and supercritical densities are shown in Fig.
15. As one can see from Fig. 15, the predictions of the SCD
model at other densities are also in excellent agreement with
experimental data. At densities  /  c ⫽1.2 and 1.3 the excess
adsorption calculated with the SCD model increases only
slightly as the saturated temperature T s (  ) is approached,
while at subcritical densities, at  /  c ⫽0.7 and 0.8, ⌫ increases sharply as T→T s (  ). Agreement between the SCD
model and experimental data for noncritical isochores is
even better than for the AC RG model,10 which was specifically optimized for these data.
Another confined system considered here is adsorption
of carbon dioxide on the silica gel, which is an adsorbent
with a broad pore size distribution ranging from micropores
of 0.8 nm to 16 nm. An experimental and theoretical study of
this system was presented recently by Mazzotti and
co-workers.44,45 The quantity measured in the experiment44
was the excess adsorption n ex defined as
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FIG. 15. Surface excess adsorption isochores 共Ref. 11兲 共symbols兲 of SF6 on
graphitized carbon black as a function of temperature. The solid curves
correspond to the values calculated with the SCD model and the dashed
curves correspond to the values calculated with the AC RG model by
Kiselev et al. 共Ref. 10兲.

v tot⫽0.74 mL/g,

L 1 ⫽0.8 nm,

L 2 ⫽16 nm, 共5.13兲

while the parameters
x 1 v ⫽0.040,
FIG. 14. Surface excess adsorption data 共Ref. 11兲 共symbols兲 of SF6 on
graphitized carbon black along the critical isochore as a function of temperature in normal 共top兲 and semilogarithmic scale 共bottom兲. The solid
curves correspond to the values calculated with the SCD model, the dotdashed curves represent the GC DFT model predictions, and the dashed
curves correspond to the values calculated with the AC RG model by
Kiselev et al. 共Ref. 10兲.

n ex ⫽
⫽

1

冕 ជ 
冕 ជ 

m sorb
v tot
V tot

V tot

V tot

关 共 r 兲⫺

关 共 r 兲⫺

x 2 v ⫽0.765,

L 3 ⫽2.9 nm,

共5.14兲

as well as the surface constants in Eq. 共2.8兲, have been found
from the optimization of the SCD model to experimental
data. The values of the surface parameters b 10 and h 1 j ( j
⫽0⫺2) for this system are listed in Table II.
Comparison of the predictions of the SCD model with
experimental data for CO2 /silica gel obtained by Di Giovanni et al.44 is shown in Fig. 16. Since the adsorption iso-

b 兴 dV

共5.11兲

b 兴 dV,

where m sorb is the mass of the adsorbent particle with the
pore volume V tot and specific pore volume v tot⫽Vtot /msorb .
In order to apply the SCD model for calculation of this quantity, one needs to specify the geometry and size distribution
of the pores. In this work, silica gel was described as a porous media with one-dimensional slit pores of three different
widths L 1 with volume fraction x 1 v , L 2 with volume fraction
x 2 v , and L 3 with volume fraction x 3 v ⫽1⫺x 1 v ⫺x 2 v . In this
case, the excess adsorption n ex can be written in the form

冋兺 冉
3

n ⫽
ex

i⫽1

冊

册

2⌫ i
⫹  li x i v ⫺  b v tot ,
Li

共5.12兲

where ⌫ i is the surface excess adsorption in the pore of size
L i calculated with Eq. 共5.5兲. For the specific pore volume v tot
and merging pore sizes L 1 ⫽L min and L 2 ⫽L max we adopted
the values obtained by Hocher et al.,45

FIG. 16. Excess adsorption isitherms 共Ref. 44兲 共symbols兲 of CO2 on silica
gel as functions of pressure 共left兲 and density 共right兲. The solid curves correspond to the values calculated with the SCD model and the dashed curves
correspond to the values calculated with the lattice DFT model by Hocker
et al. 共Ref. 45兲. The dotted line represents the vapor pressure of pure bulk
CO2 calculated at T⫽294 K with the GCS EOS.
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FIG. 17. Excess adsorption of CO2 on silica gel along the critical isochore
as a function of temperature. The symbols represent the experimental values
共Ref. 44兲 and the curve corresponds to the values calculated with the SCD
model.

therms measured by Di Giovanni et al.44 are presented in the
pressure and density variables, the SCD model predictions
are also shown in Fig. 16 as functions of P and . The dashed
curves in Fig. 16 represent the values calculated for this system with the lattice DFT model by Hocher et al.45 As one
can see, in the supercritical region, at T⬎T c , both the SCD
and lattice DFT models give very similar predictions for the
excess adsorption in the T –  coordinates. However, unlike
the lattice DFT model by Hocher et al.,45 which was not
applied at T⬍T c , the predictions of the SCD model in the
entire temperature range 0.996T c ⭐T⭐1.532T c are in excellent agreement with experimental all excess adsorption data
by Di Giovanni et al.44 in both T – P and T –  coordinates.
We should note that there is a fundamental difference
between surface excess adsorption ⌫ and excess adsorption
n ex in a slit pore. In Fig. 17 we show the excess adsorption
of CO2 on silica gel along the critical isochore as a function
of dimensionless temperature . As one can see, along the
critical isochore the excess adsorption n ex in the slit pores,
unlike the surface excess adsorption ⌫, does not decrease at
→0 but is monotonically increasing and saturating as the
critical temperature is approached.
VI. CONCLUSION

In this work, we developed a generalized crossover
density-functional theory model for critical adsorption in
semi-infinite systems. Unlike the asymptotic crossover
renormaliztion-group model developed earlier,10 the GC
DFT model not only reproduces the nonanalytic singular behavior of the excess adsorption in the critical region, but also
can be extended to the dilute-gas and dense-fluid regimes.
The GC DFT model has been justified by a direct comparison with all existing experimental excess adsorption data for
Kr/graphite, C2 H4 /graphite, C3 H8 /griphite, CO2 /silica, and
SF6 /graphite systems. For all systems, excellent agreement
between theoretical predictions and experimental data in a
wide range of the parameters of state, except the critical
isochore data for SF6 /graphite system, has been achieved.
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The GC DFT model for the excess adsorption in a semiinfinite system, similar to the AC RG model,10 fails to reproduce the ‘‘critical depletion’’ observed in experiment and attributed to the effect of confined geometry on the nearcritical fluid.15–17
In order to overcome this shortcoming of the GC DFT
model, we developed here a simplified crossover droplet
model for the surface excess adsorption of pure fluids in a
slit pore. The finite-geometry effect has been treated in the
SCD model, as a density profile deformation, which appears
in a slit pore when the size L of the pore becomes comparable with the correlation length of a bulk fluid  b . In the
large pore with LⰇ  b , the SCD model is transformed to the
GC DFT model for a semi-infinite system. We realize that in
a more rigorous theoretical approach the specific finitescaling effects16 and the dimensional renormalization of the
effective critical exponents46 from the three-dimensional values, at LⰇ  b , to the two-dimensional values, at L⭐  b ,
should be taken into account. However, even in its present
form, the simplified crossover droplet model does qualitatively explain a ‘‘critical depletion’’ of the excess adsorption
observed in the SF6 /graphite system and yields an excellent
quantitative description of all critical adsorption data obtained for this system and CO2 /silica gel system as well.
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