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Epistemic irrelevance in credal networks:
the case of imprecise Markov trees
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1. local uncertainty model attached to each node
2. interpretation of the graphical structure
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Local uncertainty model associated with each node i:
For each possible value xm(i) ∈ Xm(i) of the mother variable Xm(i) :
conditional lower expectation/prevision operator Pi ( ·|xm(i) )

Pi ( f |xm(i) ) = lower expectation of f (Xi ), given that Xm(i) = xm(i)

Xm(i)

Xj

...

Xi

...

Xk

The graphical structure is interpreted as follows:
Conditional on the mother variable, the non-parent non-descendants of each
node variable are epistemically irrelevant to it and its descendants.

X1

X3

X2

X5

X7

X4

X6

X8

X9

X10

X11

Exact message passing algorithm:
– credal tree treated as an expert system
– essentially linear complexity in the number of nodes
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P( f (X6 )|x2 , x9 ) =?
instantiated
queried

Algorithm and theoretical justification:

after intensive discussion with

Implementation in Python:

Application to character recognition:

Updating via regular extension:

P( f (X6 )|x2 , x9 ) = max µ ∈ R : P(I{(x2 ,x9 )} [ f (X6 ) − µ]) ≥ 0

Main problem:
How to calculate P(I{(x2 ,x9 )} [ f (X6 ) − µ])?

Solution is based on two ideas:
1. marginal extension, or the law of iterated expectation
2. factorisation property of independent products
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P(f ) = PX ( P(f |X) )
|{z} | {z }
|{z}
joint

marginal conditional

lends itself perfectly to:
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Abstract
We generalise Walley’s Marginal Extension Theorem to the case of any finite number of conditional lower previsions. Unlike the procedure of natural extension, our marginal extension always
provides the smallest (most conservative) coherent extensions. We show that they can also be calculated as lower envelopes of marginal extensions of conditional linear (precise) previsions. Finally, we
use our version of the theorem to study the so-called forward irrelevant product and forward irrelevant natural extension of a number of marginal lower previsions.
! 2007 Elsevier Inc. All rights reserved.

I

recursive reasoning

Keywords: Imprecise probabilities; Lower previsions; Coherence; Natural extension; Marginal extension; Epistemic irrelevance; Forward irrelevance; Forward irrelevant natural extension; Forward irrelevant product

I

message-passing

1. Introduction
To sketch the context for this paper, let us consider a simple example. Suppose we have
two random variables1 X1 and X2 assuming values in the respective finite sets X1 and X2 .2
We have a marginal probability mass function p1 for the first variable: for each x1 in X1 ,
*

Corresponding author. Tel.: +34 914888236; fax: +34 914887626.
E-mail addresses: enrique.miranda@urjc.es (E. Miranda), gert.decooman@ugent.be (G. de Cooman).
By a random variable, we mean a variable whose value is unknown.
We assume finiteness of the sets X1 and X2 here only to make this introductory discussion as simple as
possible. We shall consider more general situations further on.
1
2
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P(f ) = PX ( P(f |X) )
|{z} | {z }
|{z}
joint

marginal conditional

lends itself perfectly to:
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Abstract
We give an overview of two approaches to probability theory where lower and upper probabilities, rather than probabilities,
are used: Walley’s behavioural theory of imprecise probabilities, and Shafer and Vovk’s game-theoretic account of probability.
We show that the two theories are more closely related than would be suspected at first sight, and we establish a correspondence
between them that (i) has an interesting interpretation, and (ii) allows us to freely import results from one theory into the other.
Our approach leads to an account of probability trees and random processes in the framework of Walley’s theory. We indicate how
our results can be used to reduce the computational complexity of dealing with imprecision in probability trees, and we prove an
interesting and quite general version of the weak law of large numbers.
 2008 Elsevier B.V. All rights reserved.
Keywords: Game-theoretic probability; Imprecise probabilities; Coherence; Conglomerability; Event tree; Probability tree; Imprecise probability
tree; Lower prevision; Immediate prediction; Prequential Principle; Law of large numbers; Hoeffding’s inequality; Markov chain; Random
process

1. Introduction
In recent years, we have witnessed the growth of a number of theories of uncertainty, where imprecise (lower and
upper) probabilities and previsions, rather than precise (or point-valued) probabilities and previsions, have a central
part. Here we consider two of them, Glenn Shafer and Vladimir Vovk’s game-theoretic account of probability [29],
which is introduced in Section 2, and Peter Walley’s behavioural theory [33], outlined in Section 3. These seem to have
a rather different interpretation, and they certainly have been influenced by different schools of thought: Walley follows
the tradition of Frank Ramsey [22], Bruno de Finetti [11] and Peter Williams [39] in trying to establish a rational model
for a subject’s beliefs in terms of her behaviour. Shafer and Vovk follow an approach that has many other influences
as well, and is strongly coloured by ideas about gambling systems and martingales. They use Cournot’s Principle
to interpret lower and upper probabilities (see [28]; and [29, Chapter 2] for a nice historical overview), whereas on
Walley’s approach, lower and upper probabilities are defined in terms of a subject’s betting rates.
* Corresponding author.
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IMPRECISE MARKOV CHAINS AND
THEIR LIMIT BEHAVIOR
GERT DE COOMAN, FILIP HERMANS, AND ERIK QUAEGHEBEUR
SYSTeMS Research Group
Ghent University
Technologiepark–Zwijnaarde 914, 9052 Zwijnaarde, Belgium
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When the initial and transition probabilities of a finite Markov chain in discrete time
are not well known, we should perform a sensitivity analysis. This can be done by
considering as basic uncertainty models the so-called credal sets that these probabilities are known or believed to belong to and by allowing the probabilities to vary over
such sets. This leads to the definition of an imprecise Markov chain. We show that
the time evolution of such a system can be studied very efficiently using so-called
lower and upper expectations, which are equivalent mathematical representations of
credal sets. We also study how the inferred credal set about the state at time n evolves
as n → ∞: under quite unrestrictive conditions, it converges to a uniquely invariant
credal set, regardless of the credal set given for the initial state. This leads to a nontrivial generalization of the classical Perron–Frobenius theorem to imprecise Markov
chains.

1. INTRODUCTION
One convenient way to model uncertain dynamical systems is to describe them as
Markov chains. These have been studied in great detail, and their properties are well
known. However, in many practical situations, it remains a challenge to accurately
identify the transition probabilities in the Markov chain: The available information
about physical systems is often imprecise and uncertain. Describing a real-life dynamical system as a Markov chain will therefore often involve unwarranted precision and
might lead to conclusions not supported by the available information.
For this reason, it seems quite useful to perform probabilistic robustness
studies, or sensitivity analyses, for Markov chains. This is especially relevant in
decision-making applications. Many researchers in Markov Chain Decision Making
© 2009 Cambridge University Press
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Factorisation:
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Weak and strong laws of large numbers for coherent lower
previsions!
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Product lower prevision P is factorising
if for instance:
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Abstract
We prove weak and strong laws of large numbers for coherent lower previsions, where the lower prevision of a random variable
is given a behavioural interpretation as a subject’s supremum acceptable price for buying it. Our laws are a consequence of the
rationality criterion of coherence, and they can be proven under assumptions that are surprisingly weak when compared to the
standard formulation of the laws in more classical approaches to probability theory.
© 2007 Elsevier B.V. All rights reserved.
MSC: 60A99; 60F05; 60F15

P (f2 (X2 ) f3 (X3 ) f4 (X4 ))

Keywords: Imprecise probabilities; Coherent lower previsions; Law of large numbers; Epistemic irrelevance; 2-Monotone capacities

1. Introduction

= P (f2 (X2 ) f3 (X3 ) P(f4 (X4 )))
when f2 ≥ 0 and f3 ≥ 0.

In order to set the stage for this paper, let us briefly recall a simple derivation for Bernoulli’s weak law of large
numbers. Consider N successive tosses of the same coin. The outcome for the kth toss is denoted by Xk , k = 1, . . . , N.
This is a random variable, taking values in the set {−1, 1}, where −1 stands for ‘tails’ and +1 for ‘heads’. We denote
by p the probability for any toss to result in ‘heads’. The common expected value ! of the outcomes Xk is then given
2
2
by ! = 2p − 1, and their common
!variance " by " = 4p(1 − p) !1. We are interested in the sample mean, which is
the random variable SN = (1/N ) N
k=1 Xk whose expectation is !. If we make the extra assumption that the successive
outcomes Xk are independent, then the variance "2N of SN is given by "2N = "2 /N !1/N , and if we use Chebychev’s
inequality, we find for any # > 0 that the probability that |SN − !| > # is bounded as follows:
P ({|SN − !| > #})!

"2N
1
!
.
#2 N #2

(1)

This tells us that for any # > 0, the probability P ({|SN − !| > #}) tends to zero as the number of observations N goes to
infinity, and we say that the sample mean SN converges in probability to the expectation !. If we let Yk = (1 + Xk )/2,
! Supported by Research Grant G.0139.01 of the Flemish Fund for Scientific Research (FWO), and by MCYT, Projects MTM2004-01269,
TSI2004-06801-C04-01.
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The imprecise Markov tree as an expert system

Basic notions and notations
We consider a rooted and directed discrete tree with finite
width and depth. With each node s of the tree, there is
associated a variable Xs assuming values in a finite nonempty set Xs.

• a coherent unconditional lower prevision Q on L (X ).

A joint lower prevision will be denoted by P instead of Q.
The set of all nodes following s with s included is denoted ↓s.
pa(s), ch (s), sib(s) are respectively the parent, the children
and the siblings of node s.

µ

We are interested in making inferences about the
value of the variable Xt in some target node t, when
we know the values xE of the variables XE in a set
E of evidence nodes. Assuming that P({xE }) > 0,
we can do this by conditioning the joint P on the
available evidence ‘XE = xE ’:
Rt (g|xE ) = max{µ ∈ R : P(I{xE } [g − µ ]) ≥ 0}.

x47

We now add a local uncertainty model to each of the nodes:
• a separately coherent conditional lower prevision
Qs (·|Xpa(s) ) on L (Xs ): for each possible parent value
Xpa(s) = xpa(s), we have a lower prevision Qs (·|xpa(s) ).

For any given node s, define the local gamble gs


if s ∈ E,

Ixs
gsµ := g − µ if s = t,


1
else.
which means that P(I{xE } [g − µ ]) = P( ∏ gsµ ).
s∈T

µ
µ
If we define φs by φs :=

If we are able to calculate the joint P(I{xE } [g − µ ]),
then we can compute Rt (g|xE ) using a bracketing
algorithm.

π 47

X38

c∈ch (s)

π 38

Now we are able to define the messages π sµ
max(I{xE }g) µ

Rt (g|xE )

min(I{xE }g)

π sµ = P(φsµ |pa(s))

X37

π 37

X36

(∀g ∈ L (X ))(∀y ∈ Y )P(g) = P(g|y).

A simple example involving dilation

X48

π 36

Irrelevance is not symmetrical and does not imply dseparation in trees.

Consider the following imprecise Markov chain:

X30

X49
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Interpretation of the graphical structure Consider any
node s, its (single) parent pa(s) and the set s of the nonparent non-descendants of s. Then conditional on the parent
variable Xpa(s), the non-parent non-descendant variables Xs
are assumed to be epistemically irrelevant to the variables
X↓s associated with s and its descendants.
This means that for all s ∈ T , for all S ⊆ s and for all zS∪pa(s) ∈
XS∪pa(s):
Ps (·|zpa(s) ) = Ps (·|zS∪pa(s) ).

x39

π 39
π 35

X1 ={a, b}
q(a) :=Q(a)
q(b) :=Q(b)

X2 ={x2, . . .}
q(x2|a) :=Q({x2}|a)
q(x2|b) :=Q({x2}|b)

X3 ={x3, . . .}
q :=Q({x3}|x2 )
q :=Q({x3}|x2 )

X1

x2

x3

X27

X29

π 2 = q(x2|·)q

X26
X40

X25

X23

µ

root

µ

π

x6
X1

µ

ψ9 (x) =

s∈sib(10)

µ

π (x )


 10

s∈sib(10)

∏
∏

µ

π s (x )

if π 10 (x) ≥ 0,

π s (x )

if π 10 (x) < 0.

µ

When q = q, which happens for instance if the local model
for X3 is precise, then we see that, with obvious notations,
q(a)q(x2|a)
r=r=
=: p(a|x2 )
q(a)q(x |a) + q(b)q(x |b)

π6

X3

X2

µ

π8

X5


µ

π 10
(x )



q(a)q(x2|a)q
q(a)q(x2|a)q + q(b)q(x2|b)q
q(a)q(x2|a)q
r := R1 ({a}|x{2,3} ) =
.
q(a)q(x2|a)q + q(b)q(x2|b)q
r := R1 ({a}|x{2,3} ) =

X7

Message from node before target node

where

2

X8
π 18

µ

X9

X18

As soon as q > q, X2 no longer separates X3 from X1, and we
witness dilation because of the additional observation of X3!

π 10

Message from the target node

π h1

observed node

X10

where
µ
ψt (x)

=




g(x ) − µ )

(

∏

π c (x )

if g(x) ≥ µ,

π 11

c∈ch (t )


(g(x ) − µ ) ∏ π c (x )



c∈ch (t )

µ
πt

if g(x) < µ.

X12

x11

target node
π 15

µ

π 15 := P15 (φ15|Xpa(15) ) = Q15 (

∏ π c |Xt ).
X15

π 16

µ

c∈ch (16)

= Q16 ({x16}|X15 ) ∏ π c (x15 ).
c∈ch (16)

x01

Xh5

Xh4
π o3

π o2

x03

x02

π h5

π h4

Xh3

Xh2
π o1

π o5

π o4

x05

x04

Online character recognition by imprecise HMMs

c∈ch (15)

Message from an evidence node not preceding t
π 16 := P16 (φ16|Xpa(16) ) = Q16 ( I{x16} ∏ π c (x16 ) |X15 ),

π h3

π h2

Xh1

terminal node

t

Message from an unobserved node not preceding t

2

and therefore X2 indeed separates X3 from X1. But in general,
letting α := q(a)q(x2|a) and β := q(b)q(x2|b), we get
αβ q − q
r − p(a|x2 ) =
α + β αq + β q
αβ q − q
p(a|x2 ) − r =
.
α + β αq + β q

X4

µ

π9

X13


µ
µ
µ
π t := Pt (φt |Xpa(t ) ) = Qt ψt |X10 ,

µ

and therefore

X24
µ

π1


µ
µ
µ
π 9 := P9 (φ9 |Xpa(9) ) = Q9 ψ9 |X8 ,

µ

π 1 =q(a)ψ1 (a) + q(b)ψ1 (b)
=q(a)(1 − µ )q(x2|a)q − q(b) µq(x2|b)q

π 23



π 3 = Q(x3|·)

If the gamble of interest g is equal to I{a} we find after applying
the algorithm

π 29

This makes the tree an imprecise Markov tree (IMT).
Recursive construction of the joint Using the interpretation of the graphical structure, and the local belief models
Qs (·|Xpa(s) ), we can construct the most conservative joint
lower prevision P for all variables in the tree in a recursive
fashion, from leaves to root.

π sµ = P(φsµ |pa(s)).

and

Thus, treathing the imprecise Markov chain as an
expert system means looking for the µ that makes
µ
π  = P(I{xE } [g − µ ]) equal to zero.

It can be proven that f ( µ ) := P(I{xE } [g − µ ]) is continuous, concave and descending. This speeds up
the root-finding algorithm drastically.

Interpretation of the graphical model
Epistemic irrelevance Y is irrelevant to X whenever the
belief model (lower prevision P) about X does not change
when we learn something about Y :

∏ gcµ then
c∈↓s

g =I{xE } [g − µ ],
φsµ =gsµ ∏ φcµ .

f (µ )

x16

X17

The first two chants of Dante’s Divina Commedia were fed to a HMM with length 2. Mimicking
an OCR-device, the output (observation nodes)
was artificially corrupted. The local models were
identified using the IDM, by counting the occurrences of single characters and the “transitions”
from one character to another in the original text.

Accuracy

93.96% (7275/7743)

Accuracy (if imprecise indeterminate) 64.97%

(243/374)

Determinacy

95.17% (7369/7743)

Set-accuracy

93.58%

Single accuracy

95.43% (7032/7369)

Indeterminate output size

2.97

(350/374)
over 21

