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SUMMARY

(1) Three categories of biological processes are shown to have a destabilizing inf

on the dynamical behaviour of model host-parasite associations: parasit
reduction in host reproductive potential, parasite reproduction within a h

directly increases parasite population size and time delays in parasite reprod
transmission.

(2) The importance of parasitic species as regulators of host population growth is
examined in light of empirical evidence. Data from two particular laboratory studies
used to indicate the magnitude of this regulatory influence. Suggestions are made concerning the type of information required from field studies to facilitate critical assessment of theoretical predictions.
INTRODUCTION

In the preceding paper (Anderson & May 1978; hereafter AM), we disc
of the features that distinguish host-parasite systems as a special class
predator interactions.

We reviewed empirical evidence pertaining to the distribution of par
hosts, and to the dependence of parasite induced host mortality and of n
deaths upon the number of parasites in a given host. The influence of these
the overall dynamical behaviour of host and parasite populations was st
structing simple mathematical models; such models give qualitative in
circumstances under which parasites are capable of regulating their host pop
of doing so in a stable manner.
The present paper is a sequel to AM, and it does two things.
First, we treat various aspects of host-parasite relations that tend to be de
parasite induced reduction in host reproduction (model D); the effects
reproducing directly inside their host (in addition to the production of
stages: model E); and the effects of time delays in parasite reproduction and
(model F). All these factors tend to have a destabilizing influence.
Secondly, we pull together the conclusions of AM and of this paper, to giv
discussion (buttressed with empirical observations) of the regulatory influen
sites in natural populations of animals.
BASIC MODEL

The Basic model, as defined and discussed more fully in AM(eqns (7) and (8)
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MODEL D: PARASITE INDUCED REDUCTION IN HOST REPRODUCTION

At the beginning of AM we gave a broad definition, at the population leve
of parasitism: this (inter alia) stipulated that a parasite will either increase
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FIG. 1. Some examples of the influence of larval trematode infections on the reproductive
potential of their molluscan hosts. The solid lines indicate the rate of production of eggs/
snail/unit of time by uninfected snails while the stippled line is the rate for infected snails.

(a) Biomphalaria pfeifferi (Krauss) infected with Schistosoma mansoni (Sambon) (data
from Sturrock 1966a); (b) Bulinus nasutus productus (Mandahl-Borth) infected with
Schistosoma haematobium (Weinland) (data from Sturrock 1966b); (c) Lymnaea stagnalis
(Say) infected with Trichobilharzia ocellata (Brumpt) (data from MuClelland & Bourns
1969); (d) Lymnaea gedrosiana (Annondale and Prashad) infected with Ornithobilharzia turkestanicum (Skrjabin) (data from Massoud 1974).

or/and decrease the reproductive capabilities of its host. In AM, attention was restricted
to the former effect.

But parasite induced reduction in host reproduction, and parasitic castration, are well
documented phenomena. Such effects are commonly produced by helminth or arthropod
parasites, and in particular by larval helminths within invertebrate intermediate hosts.

For example, the reduction in fecundity of the mollusc Biomphalaria truncatus (Say)
infected with the larval stages of the digenean Schistosoma haematobium (Sambon) is
proportional to the number of larval parasites (miracidia) that have invaded the mollusc
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(Chu, Sabbaghian & Massoud 1966). Sometimes the host will

laying if the parasitic infection is lost (Berrie 1970). An extreme for

host reproduction occurs when the parasite completely destroys t
leading to parasitic castration. Such effects can be caused by pro
arthropods (Bennett 1955; Kurochkini 1961; Noble & Noble 1971).
In general, however, parasites tend to retard but not complete
reproduction. Some quantitative examples of the influence of d

reproduction by molluscan hosts are illustrated in Fig. 1. Further exa
the influence of digenean and nematode parasites on the reproductiv
and invertebrate host species are illustrated in Fig. 2.
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FIG. 2. Some examples of the influence of par
of a host. (a) Colonies of the slug Agriolimax
tified Brachylaemid digenean metacercaria (
least squares best fit linear model. (b) Laborat
the nematode Trichinella spiralis (Owen)

We now proceed to study the effects o
host-parasite associations, by appropria

(7) and (8) of the preceding paper. We assu
birth rate, a, is diminished by an amount
in that host. The effect on the average hos
00

a-a-/ E i.p(i). (1)
i=0

Here p(i) is the probability that a host contains i para
the severity of the parasite's influence on host repro

crude, since the host's reproductive rate cannot m
principle, in eqn (1)); this form nonetheless captures

whose dynamical consequences we wish to explore
distracting mathematical complications. The sum in

parasite burden per host, P/H, whence the basic eqn (
growth rate becomes

dH/dt = (a - b)H - (o + Of)P. (2)

Notice that, under the assumption that effects are linearly pr
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dP/dt = APH/(Ho + H)-(C + b)P - HE(i2). (3)

The precise form here depends, as discussed in the preceding paper, upon the di
bution of the parasites within the host population.
The analyses of the dynamical behaviour of eqns (2) and (3) is outlined in Appendix

For an overdispersed parasite distribution, characterized by a negative binomial
'clumping parameter' k, equilibrium host and parasite populations are possible on

A > +b + a+[ca(a-b)(k+ 1)]/[k(a+oe)]. (4)

The corresponding condition for the existence of an equilibrium for
randomly distributed parasites (i.e. a Poisson distribution) follows from
k- oo, and for an underdispersed parasite distribution (characterized b
binomial with parameter k') follows from eqn (4) by putting k -- k'.

For an overdispersed distribution, such an equilibrium point (if it exis
stable if and only if

oc>
Equation

(5)

pk.

says

(5)

that

for

necessary that the parasites
the parasite induced mortal

be highly overdispersed (k
satisfy eqn (4), the condit
remarks are borne out by
for various values of p.
For random (Poisson) or u
is possible in eqns (2) and

If the intrinsic death rate o
has a stabilizing influence,
a linear dependence of the p

(see

eqn

(20)

in

AM)

dP/dt = APH/(Ho + H)- bP-(c( + y)HE(i2). (6)

The dynamical properties of eqns (2) and (6) are analysed in Appendix 1.
For an overdispersed parasite distribution, the condition (4) for an equilibrium
possible is replaced by

A > + b + a + [(a + )(a - b)(k + 1)]/[k(a + )] (7)
and the criterion (5) for this equilibrium to be globally stable is replaced by

-+ a (k +1)> pk. (8)

This equation makes explicit the interplay a

influences: parasite-induced diminution in
zing; overdispersion (small k) promotes

whether intrinsic (t) or associated with host

Putting k-oo in eqns (7) and (8), we see
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parasites can lead to a stable host-parasite equilibrium, provided P
character of such systems is illustrated by Fig. 4. For underdisperse
tions, both the underdispersion and the parasite induced reduction in h
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FIG. 4. Model D-Parasite induced reduction in host reproductive potential (parasites
randomly (Poisson) distributed within the host population and density dependent parasite
mortalities). The solid lines, in the #- -a parameter space, enclose an unshaded area in which
parameter values produce globally stable equilibria. The lightly shaded and darkly shaded

regions are as defined for Fig. 3 (a = 3'0, b = 1'0, Ho = 10, , = 6'0).

are destabilizing; a density dependent parasite death rate can produce net stability, but
only under a very restricted combination of parameters (see Appendix 1).
These models, both with and without density dependent parasite death rates, illustrate
that the stability of a host-parasite association can be seriously impaired if the parasite
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MODEL E: PARASITES THAT REPRODUCE WITHIN THEIR HOSTS

Many parasitic species (for example, various protozoa) reproduce within thei
or final host, directly contributing to the growth of their population with
This type of reproduction is distinct from the production of transmission
eggs or spores which, as a developmental necessity, pass to the exterior of t

becoming infective to other members of the host population. The para
Entamoeba hystolytica (Schaudinn) exhibits both forms of reproductio
lives in the alimentary tract of man and multiplies by monotonic fissi
increase its population size within the gut. Periodically, small precystic

formed which give rise to a resistant cyst containing nutrient reserves; thi

with the faeces into the external environment. If such a resistant stage
an appropriate host, the amoeba excysts and resumes growth and asexua

(Dogiel 1965). Two types of reproduction thus occur: 'normal' births which r
in population growth, and births which give rise to transmission stages.
The existence of both direct reproduction and transmission stages in the p

cycle can make for dynamical properties that are somewhat different
models A-D, in which only 'transmission births' occur.
To explore these properties, we modify the basic model A for parasit

growth, eqn (3), to include 'normal' parasite births within the host, at a rat
site:

dP/dt = APH/(Ho + H) + (r- - b)P - oHE(i2). (9)
Here the 'transmission births' are as in model A, and the intrinsic parasite birth and
death processes have no density dependence. The corresponding rate of host population
growth is as in the Basic model, eqn (7) of AM:

dH/dt = (a- b)H - oP. (10)

Equations (9) and (10) are those of model A, with
Iu of model A has been replaced by - r. Consequent
see also Appendix 1) that, for an overdispersed par
negative binomial with parameter k, the equilibrium

H* = Ho(d-r)/(; + r-d). (11)

Here d is defined as a combination of parasite death rates (d

parasite induced host deaths) and host population growt
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d =+a++b+(a-b)(k+ )/k. (12)

For an overdispersed parasite distribution, an equilibrium sta

if (see eqn (11))
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e sou r ce limi tations are encountered by the hosts. This type of behaviour was discussed... ... ... .. ... ... ... ... ... ... ... ... ... ... ...
host rpopulation
growth while the darkly shaded regions encompass parameter values which
more fully for model A. If, however, the constraint specified by eqn (13) is satisfied, so~~~~I................
lead to the; extinction of both host and parasite populations. (a) Shows a slice through the

r-ci parameter space (a = 3 0, b = 10, p = 01, Ho = 100, A = 4-0, k = 02);(b) shows
an area in the r—-k parameter space. Parameter values as for (a) except a = 0.1.

models. Conversely, if L+r<d, the parasite population cannot increase fast enough to
control the host population, and both populations continue to grow exponentially, until
resource limitations are encountered by the hosts. This type of behaviour was discussed
more fully for model A. If, however, the constraint specified by eqn (13) is satisfied, so

that an equilibrium state exists, then it is necessarily globally stable (see Appendix 1).
The corresponding results for a random (Poisson) distribution of parasites are obtained
by putting k - oo; as in model A, this model is globally neutrally stable. For an underdispersed parasite distribution, the equilibrium point (if it exists) is always unstable. These
conclusions are substantiated in Appendix 1.
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d' - -l + b +(a- b)(c + t)(k + 1)f/(k). (15)

For a Poisson distribution of parasites, we put k - oo; for an underdispersed distri

k- k'. As before, both populations become extinct if r >d', whereas both popu
grow exponentially if +r < d'. If an equilibrium state is possible ( + r > d'>r)
necessarily globally stable both for an overdispersed and for a random (Poisson
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bution of parasites among hosts. In addition, the equilibrium state (i
underdispersed distribution can be globally stable provided the dens

sufficiently large (i.e. relatively large r) and the under-dispersion is not
relatively large k'); more precisely, stability here requires that

p/(k'-1)
Density
parasite

dependent

to

be

0

highly

2.5

>

a.

(16)

constraints

on

overdispersed,

r,

but

5'0

50

distributed (Poisson) and with density dependent constraints on the parasite natural death

a parameter space (a = 30, b = 1-0,^ i 0-1', H: o =10'0, := 6i0); (b) iilustrates a slice
through the r—- parameter space (parameter values as for (a), except (x = 0-1).

induced host mortalities causing the extinction of both host and parasite popu
ifr is too large. These remarks about the way the stability character depends on r,
and other parameters are illustrated by Fig. 6.

The general conclusion emerging from model E is that direct reproduction b
parasites within their hosts leads to dynamical behaviour which is, in many re

similar to that exhibited by models A-D. Overdispersion or density dependent proc
are required if the parasites are to be capable of stably regulating the host populati
Model E has, however, one qualitatively new feature: too high a rate of direct par

reproduction can lead to extinction of both host and parasite populations. Th
that many natural host-parasite associations persist despite the parasites' ha
high rate of direct reproduction suggests that other interaction parameters

This content downloaded from 38.125.197.2 on Wed, 18 Oct 2017 15:17:07 UTC
All use subject to http://about.jstor.org/terms

258

Regulation and stability of host-parasite interactions. II

coevolved
coevolved
in suchin
a way
such
as to a
maintain
way the
as continued
to maintain
existence of
the
bothcontinued
populations. In existenc

particular,
particular,
the evolution
the by
evolution
the host of aby
highly
the
efficient
hostimmune
of a response
highly
to the
efficient
presence
immune

of
of
thethe
parasite
parasite
(high 'values
(high
of ,u, see
'values
Fig. 6(b))of
will,u,
tend see
to prevent
Fig. extinction
6(b)) will
of thetend to pr
host
host
population,
population,
and hence also
and
ensure
hence
the survival
also of
ensure
the parasite.
the
Forsurvival
a more general
of the par

exposition
exposition
of this of
point,
this
see Bradley
point,
(1974).
see
Quantitative
Bradley
evaluation
(1974).
of these
Quantitative
predictions
evaluatio
is
isnot
not
at present
at present
possible; numerical
possible;
estimates
numerical
of the relevant
estimates
parameters for
of
host-protothe relevant par

zoan
zoan
parasite
parasite
associations
associations
are greatly to beare
desired.
greatly to be desired.
MODEL F: THE INFLUENCE OF TIME DELAYS

In all the preceding models we have assumed that no time delays occ
production of a transmission stage and its availability for reinfection of a

the host population. That is, we assume that the eggs, spores or cysts p

parasite are sufficiently developed to enable them successfully to infect a ho

made. Many parasites, however, do exhibit developmental delays betwe

production of a transmission stage and its readiness for reinfection. The le
delays will often be associated with climatic factors influencing the habita
Rose (1956) demonstrated that the time taken by the larval stages of the c
Dictyocaulus viviparous (Bloch) to reach the infective state was very depen
perature.
A qualitative account of the effect of such time delays upon the dynamical behaviour of
host-parasite associations can be obtained by modifying model A. A developmental time
lag of length T can be incorporated by making the transmission term depend on P(t - T)
instead of P(t). To be explicit, we use an overdispersed parasite distribution, characterized
by a negative binomial model with parameter k, whereupon the time delayed version of

eqn (3) is

,1P(t-- T)H _(k + 1)P(t)2

dP/dt
= (- ( + + b)P(t)- k (17)
(Ho + H) kH

As always, random (Poisson) or under
parasite distributions correspond to
the host population, the growth equat
The

equilibrium

host

and

parasite

popul

as is the condition for this equilibrium s
eqn (12), see eqn (16) of AM). The analysi
by virtue of the time delay, much more
2. If the developmental time lag, T is sm
sense defined more precisely in Append

T[+ a + a + (a-b/k)] 1l/k. (18)

Equivalently, using the definition of d given by eqn (12), this req

A, with no time lag, the equilibrium point is necessarily stab
parasite distribution. If the stability criterion (18) is fulfilled
remains stable. But if the criterion (18) is not fulfilled, the host

oscillate in stable limit cycles, the severity of which can eas

Notice that if T is significantly in excess of the intrinsic growth t
tion (i.e. if T significantly exceeds 1/(a-b)), then eqn (18) cannot b

and stable limit cycles must ensue.
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An alternative approach is to introduce a third differential equati

account of the population dynamics of the free-living infectiv

1976). If W(t) is the number of infective stages at time t, then a si
generalization of model A is

dH/dt = (a- b)H- aP (19)

dP/dt = tWH - (u + a + b)P - (k + l)P2/(kH) (20)
dW/dt = xP-yW-PWH. (21)

Here y is the rate of loss of infective stages (due t
the possibility of their infecting a host), and , de

infective stages. The net transmission rate is assu
host and infective stages (,BWH, so that P is the
assumptions are as for model A, and in particular
is AP; the parasites are taken to be overdispersed.

The dynamical properties of this three-equati
The condition for an equilibrium state to be p
model A (eqn (16) of AM), namely that > d wi
criterion for this equilibrium (which is necess
complicated, and is given exactly in Appendix

rates (2, y and ,f) of the infective stages are high

case in natural host-parasite associations), we h

d/y
If

this

condition

populations
if

we

make

is

<

l/k.

significantly

oscillating
the

(22)

in

plausible

stable

viola

limi

identification

in W, eqn (21)) is equal to T(the deve
These remarks about the dynamical
(19), (20) and (21) are illustrated by F

The limit y - oo and /-- oo (with y/3f
the relationship between the three-eq
rate of infective stages linearly propo

tion model A, eqns (3) and (10), wit
This limit clearly represents the cas
scale

for

infective

stages

to

be

transm

in the model. As a consequence, W(
given H and P by putting dW/dt =
substituted into eqn (20), to reduce
the two equations (10) and

dP/dt = 2PH/(Ho + H) -( + o + b)P - (k + 1)P2/(kH). (23)
Equations (10) and (23) are identically model A. Here Ho has been defined as

Ho

=

Y/fl.

(24)

Not only does this discussion shed ligh
and on the influence of the time scale
stages, but it also gives a biologically

This content downloaded from 38.125.197.2 on Wed, 18 Oct 2017 15:17:07 UTC
All use subject to http://about.jstor.org/terms

260

Regulation and stability of host-parasite interactions. II

ForFor
a naturallyaoccurring
naturally
host-parasite association,occurring
eqn (24) suggests that the constant
host-parasite association, eqn (24) suggests that the constant
HoHo
of the earlier
ofmodels
the
may be estimated
earlier
as the ratio ofmodels
the death rate of themay
infective be estimated as the ratio of the death rate of the infective
stages
stages
(y) to the rate at(y)
which infective
to stages
the
are picked
rate
up by a single
athostwhich
(O).
infective stages are picked up by a single host (O).
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destabilizing
either by
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them
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transmission
the
stages: thedynamics
conclusions
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,are,are
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for the two cases. Ifsimilar
the time delay is relatively
for
small (Tthe
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with 1/d), thewith
system can be stabilized
1/d),
by overdispersion
theof system
the parasites (small k). can be stabilized by overdispersion of the parasites (small k).
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Figure 7 bears out this remark. As T becomes larger, more
to stabilize host-parasite associations: overdispersion of the parasites among the hosts

and parasite populations exhibit stable limit cycles.
In the present paper, we have concentrated on other biologically realistic features that
make for instability: parasite induced reduction in host reproductive potential (model

CONCLUSIONS

In the preceding paper, we distinguished the phenomenon of parasitism

general class of prey-predator interactions. We then discussed various features

D); a degree of direct reproduction of parasites within their hosts (model E); time lags

(for which there is considerable empirical evidence, see Table 2 of AM); density depen-

that increases faster than linearly with the parasite burden (see Fig. 1 of AM).

dence in parasitic mortality factors (see Fig. 12 of AM); parasite induced host mortality
in the development of transmission stages of the parasite (model F).
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A slightly less dramatic demonstration of the influence of a parasite on host population
growth is described in an excellent experimental study of the water mite Hydryphantes
tenuabilis (Bueno) parasitic on the aquatic insect Hydrometra myrae (Marshall) (Lancinani 1975). This author demonstrated that the instantaneous rate of increase of uninfected hosts was approximately double that of hosts harbouring an average of ten
parasites. Some results from this study are shown in Fig. 8, where the influence of
parasite burden on host population growth are recorded.
The studies of Park (1948) and Lancinani (1975) elegantly demonstrate the potential of
parasitic species as regulatory agents of host population growth. Is this suggested potential, however, realised in natural populations of hosts and parasites? Unfortunately, due
to the immense difficulties in measurement in field conditions, it is not possible at present
to answer this question. Autopsy reports of human deaths sometimes provide information
concerning the influence of parasitic infections in mortality statistics of underdeveloped
regions of the world. Establishing the cause of death, however, is often extremely difficult.
Those studies which have been carried out generally suggest that, although the incidence
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FIG. 8. The influence of parasite burden of the water mite Hydryphantes tenuabilis (Marshall)
on the instantaneous rate of population increase of its host Hydrometra myrae (Bueno). The
hosts were fed on a standardized diet of i fruit fly/day (data from Lanciani 1975).

establishing the cause of death of animals is perhaps even more difficult in many cases
than for humans.

Our knowledge of the role played by parasites in determining the growth of animal
populations could be greatly improved by experimental studies of the components of
such associations under laboratory conditions. The literature contains relatively few

studies along these lines (i.e. Park 1948; Lancinani 1975; Anderson, Whitfield & Mills
1977). Such work is more likely to provide indications of the range of population
parameter values that can occur in natural host-parasite associations and hence provide
the means of falsifying or supporting theoretical predictions. Although ecological studies

have been carried out on a variety of host-parasite associations (see Fig. 1 of AM),
concentration on one specific interaction and all its population components has not
occurred. As pointed out by Beddington, Hassell & Lawton (1976) with respect to
predator-prey interactions, the acquisition of such sets of data is vitally important.
This point is particularly relevant in the case of parasites of economic importance. The
parameter boundaries predicted by our models, between a parasite regulated state and
'exponential explosion' of the host population, suggest that control measures designed to
eradicate a particular parasite may alter the dynamics of its host population, releasing the
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APPENDIX 1

In this appendix, we analyse the stability properties of models D and E. Th

are of the general class discussed in Appendix 3 of the preceding paper (Anders
1978), namely

dH/dt

=

cH-c2P

(1.1)

dP/dt = P[AH/(Ho + H)-c3- c4PH]. (1.2)

Here c2 is necessarily positive. As shown previously, such a system can hav
rium state only if

> c3 + c14/c2 > 0. (1.3)

Furthermore, this equilibrium (if it exists) is global

c4-C2
and

globally

>

0

unstable

neutral stability).
Two variants of model

(1.4)

otherwise
D

were

(u

discu

to as model D(a), the per capita int
pendent; in the second, henceforth
Likewise models E(a) and E(b) have
death rates, respectively. Specifica
D(b) by eqns (2) and (6), model E(a
and (14). Assuming a negative bino
general

coefficients

ci

(i

=

1,2,3,4)

General

form Model D(a) Model D(b) Model E(a) Model E(b)
c1 a-b a-b a-b a-b (1.5)

c2

+P

+P

c+

/

a

a

(1.6)

c3 L++a+b #+a+b +u+a+b-r P+a+b-r (1.7)

c, a(k+ 1)/k ( + a)(k + 1)/k (k + 1)k (a + )(k + 1)k (1.8)
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As ever, the corresponding forms for a random (Poisson) distribut
obtained by putting k-+oo, and for a positive binomial distribution
These expressions may be compared with the somewhat simpler on

and C, eqns (3.3)-(3.6) in AM.

Use of the general criteria (1.3) and (1.4) in conjunction with the spec

(1.8) now enables the dynamical behaviour of models D and E to be
Model D(a). Substituting from the column of c, values for this m
eqn (4) of the main text is obtained as the condition for an equilibrium

Equation (1.4) shows this equilibrium to be globally stable if

o(k+ 1) k-(a+ ) > 0 (1.9)

which gives eqn (5) above for k>0. This stability
Poisson (k - oo) or positive binomial (k negative
Model D(b). The eqn (7) for an equilibrium state
The stability criterion equation (1.4) reads

(o + l)(k + 1)/k-( +f) >0 (1.10)
which for k >0 leads to eqn (8) above. For a random (Poisson)

condition becomes simply (k- oo)

-u
and

for

an

>f

(1.11)

underdispersed

d

u(k-1) > k' +oc. (1.12)

These stability criteria bear out the remarks m
4.

Model E(a). Equation (1.3) in conjunction with the appropriate column of ci values gives

A > ++ o+b-r+(a-b)(k+l)/k >0. (1.13)

Using the definition (12) for d, this gives eqn (13) in the main tex

ment readily shows that r>d leads to extinction of host and

whereas +r<d leads to unbounded exponential growth. As

simply a/k, so that the equilibrium state is globally stable for
neutrally stable for k-oo (Poisson), and unstable when k - k'
Model E(b). Again eqn (1.3), in conjunction with the definition (1
condition

>
for

an

d'-r

>

(1.14)

equilibrium

state

to

b

(oc + u)(k + 1)l/k- > 0. (1.15)

This is automatically satisfied for overdispersed (k >0) or Po

An underdispersed (k--k') distribution can be stable, p

satisfied.

APPENDIX 2

If a developmental time lag is introduced into the Basic model A via an explic
in the transmission term, we have the pair of differential eqns (10) and (17).
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Regulation and stability of host-parasite interactions. II

The
The
equilibrium
equilibrium
host and parasite
host
populations
and
are parasite
found by putting
populations
H(t) and P(t) equal are foun
to
to
thethe
constant
constant
values H* and P*,
values
respectively.
H*
Theand
time delay
P*,is respectively.
then irrelevant, and H* The tim

and
and
P* are
P*
exactly
are
as given
exactly
previously
as
forgiven
model A, namely
previously
H* = Ho d/( -id)
for
and model A

P*
P*
= H*=(a-b)/ca
H* (with
(a-b)/ca
d defined(with
by eqn (12),dd defined
= a + a + (a-b)(k+by
1)/k).eqn (12), d

AA
linearized
linearized
stability analysis
stability
of this equilibrium
analysis
point proceeds
of this
along the
equilibrium
lines outp

lined
lined
in thein
preceding
thepaper.
preceding
We put H(t) = H*
paper.
+x(t) and P(t)
We
= P*+y(t),
put and
H(t)
keep = H* +
only
only
termsterms
linear in x or
linear
y. The damping
in xrates
or(ory.
eigenvalues)
The damping
A that determinerates
the
(or
stability
stability
charactercharacter
of the system may
of
thenthe
be obtained
system
by noting
may
that thethen
time-dependence
be obtained

in
in
x(t)x(t)
and y(t)and
goes asy(t)
exp(At).goes
For eqnsas
(10) exp(At).
and (17) in the neighbourhood
For eqnsof(10)
the
and (1
equilibrium
equilibrium
point, this leads
point,
to
this leads to

Ax = (a- b)x - y (2.1)

Ay = [d(a- b)( - d)/(a) + (a - b)2(k
[(a - b)(k + 1)/k + d( -exp - AT})]y. (2.2)

The quantity d is as defined above, eqn (12).
In place of the straightforward quadratic equation for A that we encountered

we now have a nasty transcendental equation:

A2 +A[(a - b)/k] + [d(a - b)( - d)] + d[A-(a - b)][ -exp(-AT)] =

Methods for analysing such stability-determining equations are given, along
references to the pertinent literature, in May (1973). If T is small, in the sen

significantly less than unity, the exponential may be expanded to get t
equation,

aA2+a2A+ a3- 0. (2.4)

For stability, it is required that a1, a2, a3 all be
(a - b) (A - d)/I; >0 provided the equilibrium poin

The approximate stability criterion is therefore tha

1/k-dT

O

(2.5)

which is the result (18) quoted abo
An interesting exact result may

small

k;

relative

i.e.

order

for
k

or

>

>d

d/2,

and
eqn

k<

<

(2.3)

A +(a-b)+ [A-(a-b)][l-exp(-AT)] = p. (2.6)
It can be shown exactly that the equilibrium state is stable if (a-b)T<

stable (stable limit cycles) otherwise. This exact results accords (to within t
factor nl//3) with the appropriate limit of the simple approximation (2.5).
If the stability condition derived from eqn (2.3), or approximated by eqn
satisfied, numerical simulations and analogy with other prey-predator stud
stable limit cycles ensue: this is a plausible conjecture, not (as yet) a theore

The developmental time lags may alternatively be handled by introd

differential equation, to get the three-equation system (19), (20) and (21). T

populations are obviously

H* = yd/[fl(d-d)] (2.7)

* = (a-b)d/(ol) (2.8)

P*= H*(a- b)/c. (2.9)
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Here,
Here, as
as ever,
ever,ddisisdefined
defined
byby
eqn
eqn
(12).
(12).
TheThe
linearized
linearized
stability
stability
analysis
analysis
is routine,
is routine,
and and
follows
follows the
thelines
linesoutlined
outlined
above
above
and
and
elaborated
elaborated
elsewhere
elsewhere
(e.g. (e.g.
May May
1975).1975).
Since Since
there there
are
are now
now three
threefirst
firstorder
order
differential
differential
equations,
equations,
the the
equation
equation
for the
forstability-determining
the stability-determining

damping
damping rates
ratesAAisisa acubic:
cubic:

A3 +AA2 +BA + C = 0. (2.10)

The coefficients A, B, C can be calculated to be

A = yl/(;- d)+ d+(a - b)k (2.11)
B = (a-b)yI/[k( - d)] (2.12)
C
The

=

(a-b)yd.

Routh-Hurwitz

positive

(which

populations

in

criteria

they

this

(2.13)

are),

system

for

this

and

(if

sy

that

they

exis

A r A (a-b)l
k(, -d) L -d) +d+ k > (2.14)

This stability condition is independent of P.
If y is large compared to other relevant rates, the first term in

ates, and the criterion (2.14) becomes approximately

> kd[(;-d)/2]2. (2.15)

If, furthermore, i is significantly larger than d, e
(22) discussed in the main text.
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