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Abstract. Using a nonlinear, 2-D time-dependent numerical
model, we simulate the propagation of gravity waves (GWs)
in a time-varying tide. Our simulations show that when a GW
packet propagates in a time-varying tidal-wind environment,
not only its intrinsic frequency but also its ground-based
frequency would change significantly. The tidal horizontal-
wind acceleration dominates the GW frequency variation.
Positive (negative) accelerations induce frequency increases
(decreases) with time. More interestingly, tidal-wind accel-
eration near the critical layers always causes the GW fre-
quency to increase, which may partially explain the obser-
vations that high-frequency GW components are more dom-
inant in the middle and upper atmosphere than in the lower
atmosphere. The combination of the increased ground-based
frequency of propagating GWs in a time-varying tidal-wind
field and the transient nature of the critical layer induced by
a time-varying tidal zonal wind creates favorable conditions
for GWs to penetrate their originally expected critical lay-
ers. Consequently, GWs have an impact on the background
atmosphere at much higher altitudes than expected, which
indicates that the dynamical effects of tidal–GW interactions
are more complicated than usually taken into account by GW
parameterizations in global models.

Keywords. Meteorology and Atmospheric Dynamics
(Waves and tides)

1 Introduction

Atmospheric solar tides and gravity waves (GWs) are ubiq-
uitous in the middle and upper atmosphere, while they also
play a significant role in atmospheric dynamics (Forbes et
al., 1993; Xu et al., 2009; Li et al., 2010; Huang et al., 2012).
Tides are believed to strongly modulate the propagation con-
ditions experienced by upward-propagating GWs (Beldon
and Mitchell, 2010). In the context of energy conservation,
tidal and GW amplitudes grow with increasing altitude be-
cause of the exponentially decreasing atmospheric density
with height. They can eventually become large enough (sev-
eral tens of m s−1 in terms of horizontal-wind amplitudes)
to induce mutual nonlinear interactions in the mesosphere
and the lower thermosphere. Therefore, interactions between
GWs and tides have become an issue of great importance in
middle- and upper-atmosphere studies.

There is considerable observational evidence of strong
tidal–GW interactions in the middle and upper atmosphere
(Thayaparan et al., 1995; Isler and Fritts, 1996; Nakamura
et al., 1997; Manson et al., 1998; Meriwether et al., 1998;
Sica et al., 2002; Williams et al., 2006; Sridharan et al., 2008;
Beldon and Mitchell, 2010; Huang et al., 2012). In addition
to observational studies, numerical models have been em-
ployed extensively to study tidal–GW interactions (Forbes
et al., 1991; McLandress and Ward, 1994; Eckermann and
Marks, 1996; Liu and Hagan, 1998; Mayr et al., 1998, 2001;
Meyer, 1999; Norton and Thuburn, 1999; Liu et al., 2000;
Akmaev, 2001; England et al., 2006; Ortland and Alexander,
2006; Liu et al., 2008; Senf and Achatz, 2011). Based on
these observational and numerical studies, we know that
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tidal–GW interactions can, among others, (1) change the
local wind and temperature, e.g., by forming temperature-
inversion layers (Liu and Hagan, 1998; Meriwether et al.,
1998; Sica et al., 2002; Sridharan et al., 2008); (2) cause
short-term and seasonal variability of tidal structures (Mayr
et al., 1998; Meyer, 1999); (3) modulate GWs’ energy and
momentum flux (Beldon and Mitchell, 2010); and (4) lead to
GW instability and dissipation at the critical layers (Williams
et al., 2006).

Limited by the spatiotemporal resolution and coverage of
different observation techniques, further understanding of the
tidal–GW interaction mechanism and the associated alter-
ations of the background and the tidal- and gravity-wave
fields depends sensitively on sustained development of nu-
merical studies. Most previous numerical studies of tidal–
GW interactions can be sorted into two categories. The first
explores these interactions on a global scale (Mayr et al.,
1998, 2001; Meyer, 1999; Manson et al., 2002) and focuses
on the effects of the interactions on the variability of tidal
and background structures rather than on the GW parame-
ters. In this type of study, GW effects are realized using GW
drag parameterization models because of the sub-grid scale
of GW perturbations, which cannot be resolved explicitly in
global models. The other type deals with GW phenomena
on local scales (Liu et al., 2008) and focuses mainly on the
effects of the shear-wind field induced by tides on GW prop-
agation. In most such studies, the tide is assumed to be time-
invariant. Liu et al. (2008) numerically studied the propaga-
tion of GWs in a time-invariant tidal wind and found that
the tidal wind-induced critical layer could almost completely
absorb GWs propagating from below and prevent them from
reaching higher altitudes. Nevertheless, it is noteworthy that
some other studies (Eckermann and Marks, 1996; Senf and
Achatz, 2011) have emphasized the importance of the tidal
wind’s time variability in the interactions. Eckermann and
Marks (1996) suggested that the tidal wind’s time variability
(i.e., its acceleration) could increase the intrinsic frequency
of the interacting GW. Senf and Achatz (2011) showed that
critical layers disappear when the background wind is a time-
dependent wave.

For the purpose of investigating tidal–GW interactions,
we simulated the propagation of GW in a time-varying tide
based on a nonlinear, 2-D time-dependent numerical model.
The model is based on the Navier–Stokes equations and ex-
tends from the ground up to the lower thermosphere. By in-
troducing a time-variable diurnal tide as the background en-
vironment in which GWs propagate, we concentrate on the
impact of time-variable diurnal tidal winds on GW parame-
ters and propagation, and in particular on the GWs’ ground-
based frequency and energy propagation near the critical
layer. The remainder of this paper is organized as follows. In
Sect. 2, our numerical models, including the relevant equa-
tions governing the dynamics, the background state, speci-
fication of the tide, and the initial GW perturbation, as well
as the numerical scheme, are introduced in detail. Section 3

presents the nonlinear simulation results, including the evo-
lution of GW packets in the presence of a tidal background,
the temporal and altitudinal variations of the GWs’ ground-
based frequency, as well as the heights of the critical layers.
Finally, the conclusions are provided in Sect. 4.

2 Numerical model

2.1 Governing equations

GWs in the mesosphere and lower thermosphere are usually
characterized by medium to high frequencies and medium
to small scales. Their propagation can thus be regarded as a
local dynamic process. Hence, we start from a set of hydro-
dynamic equations in a 2-D atmosphere that is compressible
and isothermal; rotation effects are ignored. In our model,
the sum of the time-independent zonally averaged fields and
the time-variable tidal fields, including the wind, temper-
ature, and density fields, constitutes the entire background
environment experienced by upward-propagating GWs. The
time-independent fields are assumed to be purely altitude-
dependent. In addition, to investigate the effects of tidal
winds on GW propagation and isolate the possible effects
of the time-independent background winds, we set the time-
independent background winds to zero. The tidal fields are
time- and altitude-dependent, while their horizontal varia-
tion is disregarded in our simulations, because the horizontal-
propagation domain of the GWs is less than 4000 km. GW
fields are treated as perturbations on such a background field.
Therefore, the governing equations can be written as
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∂(uT+u′)

∂x
+ (wT + w′)

∂(uT+u′)
∂z

= −R[
∂(T0+TT+T ′)

∂x
+

T0+TT+T ′

ρ0+ρT+ρ′

∂(ρ0+ρT+ρ′)
∂x

] +Ru,
∂(wT+w′)

∂t
+ (uT + u′)

∂(wT+w′)
∂x

+ (wT + w′)
∂(wT+w′)

∂z
+ g

= −R[
∂(T0+TT+T ′)

∂z
+

T0+TT+T ′

ρ0+ρT+ρ′

∂(ρ0+ρT+ρ′)
∂z

] +Rw,
∂(ρ0+ρT+ρ′)

∂t
+ (uT + u′)

∂(ρ0+ρT+ρ′)
∂x

+ (wT + w′)
∂(ρ0+ρT+ρ′)

∂z

+ (ρ0 + ρT + ρ′)[
∂(uT+u′)

∂x
+

∂(wT+w′)
∂z

] = Rρ,
∂(T0+TT+T ′)

∂t
+ (uT + u′)

∂(T0+TT+T ′)
∂x

+ (wT + w′)
∂(T0+TT+T ′)

∂z

+
R(T0+TT+T ′)

cv
[
∂(uT+u′)

∂x
+

∂(wT+w′)
∂z

] = RT,

, (1)

where x and z are the horizontal and vertical (positive
corresponding to the upward-increasing direction) coordi-
nates, respectively;u′ and w′ are the horizontal and ver-
tical perturbation velocities, respectively;T ′ and ρ′ are
the perturbation temperature and density, respectively; and
T0 and ρ0 are the time-independent temperature and den-
sity, respectively. For simplicity, the time-independent back-
ground is assumed to be a horizontally homogeneous,
isothermal atmosphere in hydrostatic equilibrium (T0 =

288 K). R = 286.9821 J kg−1 K−1 is the gas constant;cv =

718 J kg−1 K−1 is the heat capacity at constant volume;cp =

cv + R is the heat capacity at constant pressure; andγ =

cp/cv.
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2.2 Specification of initial tidal disturbance

uT, wT, ρT, and TT in Eq. (1) are the zonal and vertical
wind, density, and temperature components of the tide, re-
spectively, which are of the formfa(z, t)cos[n�t +fp(z, t)],
where� = 7.292×10−5 rad s−1 is Earth’s rotation rate,n =

1 represents the diurnal component, andfa(z, t) andfp(z, t)

are the tidal amplitude and phase, respectively. Since strong
tides likely induce strong tidal–GW interactions, we take the
diurnal tidal results from the Global Scale Wave Model 2000
(GSWM-00; Hagan et al., 2001) at 30◦ N in October as our
initial tidal field. This diurnal tide is more significant than
those at other latitudes and in other months. Since GSWM-
00 only provides tidal results at altitudes of 0–124 km, the
tidal-wind and temperature amplitudes are artificially attenu-
ated to zero using an exponentially declining function above
124 km.

If tides are regarded as large-scale perturbations of the ba-
sic state, tidal forcing should be included in the model. How-
ever, in our simulations we focus only on tidal–GW inter-
actions and eliminate interference from the nonlinear evolu-
tion of the diurnal tide itself. Therefore, we regard the time-
variable tide as part of the atmospheric basic state by artifi-
cially introducing residual terms (i.e.,Ru, Rw, Rρ , andRT),
which keep Eq. (1) balanced in the absence of perturbations
of this basic state; i.e., they ensure that the instantaneous tidal
values can evolve freely with time. The temporal evolution of
the tide’s zonal-wind profile is illustrated in Fig. 1.

2.3 Specification of initial GW perturbation

An upgoing Gaussian GW packet is specified as the initial
perturbation. Its horizontal perturbation velocity has the fol-
lowing form:

u′(x,z,0) = uce
−

(x−xc)2

2σ2
x e

−
(z−zc)2

2σ2
z sin[kx(x−xc)+kz(z−zc)],

where uc is the initial wave amplitude, which is set to
1 m s−1, xc = 480 km andzc = 48 km are the initial geomet-
ric (x,z) center coordinates of the wave packet, andkx andkz

are the horizontal and vertical components of the wavenum-
ber vector, respectively. According to observations of GWs
at mesospheric altitudes (Lue et al., 2013), the value of the
horizontal wavelength,λx , is set to 120 km, and an initial ver-
tical wavelengthλz = 6 km, is adopted. The dominant GW
ground-based frequency is then 1.02×10−3 rad s−1 atzc and
the full width at half maximum of the power spectrum for
the ground-based frequency (not shown) is calculated to be
0.23×10−3 rad s−1. σx = 120 km andσz = 6 km are the half
widths of the wave packet in the horizontal and vertical di-
rections, respectively. The other initial perturbation quanti-
ties (i.e.,w′(x,z,0), ρ′(x,z,0), andT ′(x,z,0)) are derived
from the polarization equations of GWs.
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Figure 1. Temporal evolution of the zonal wind (solid), temperature (dashed) of the prescribed 684 

migrating diurnal tide and wind shear (dotted) due to the tide. The letters (A, B, and C) and the 685 

symbols (asterisk, diamond, and rectangle) represent the heights of the tidal zonal-wind maxima. 686 

Fig. 1. Temporal evolution of the zonal wind (solid), temperature
(dashed) of the prescribed migrating diurnal tide and wind shear
(dotted) due to the tide. The letters (A, B, and C) and the symbols
(asterisk, diamond, and rectangle) represent the heights of the tidal
zonal-wind maxima.

2.4 Computational method

We applied different methods to calculate the spatial differ-
entiation in the two directions, including the Fourier col-
location method in the horizontal direction and the finite-
difference method in the vertical direction. A detailed de-
scription of the computational method was presented by
Huang et al. (2006, 2007). Considering the spatial scales
of the initial GW, 1x and 1z are set to 10 and 0.4 km,
respectively. In this simulation, the horizontal and vertical
calculation ranges are 0≤ x ≤ 4000 km and 0≤ z ≤ 200 km,
respectively.

Because the Fourier collocation method is applied in the
horizontal direction, the lateral boundaries are periodic. As
for the upper and lower boundaries, projected characteristic
line boundaries are employed. A detailed specification of the
latter can be found in Zhang and Yi (1999). Numerical ex-
periments show that these boundary conditions work well.

3 Simulation results

3.1 Wave propagation

To observe GW propagation in a tidal environment, we show
the temporal evolution of the horizontal perturbation velocity
in Fig. 2. The horizontal perturbation velocity is composed
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of the GW’s horizontal-wind perturbation, the altered back-
ground and horizontal tidal winds caused by the interaction
among the GWs, tide, and background flow. Since we focus
on the effects of tidal–GW interactions on GW propagation
before gravity wave breaking, we only present 15 h of prop-
agation process. Generally speaking, the GW packet prop-
agates upward and eastward from the initial center position
(x = 480 km,z = 48 km) and significantly changes its packet
shape.

The initial GW packet covers several tens of kilometers in
height. It can be divided into three parts with respect to the
positive or negative vertical shear of the zonal tidal wind; i.e.,
ST =

∂uT
∂z

, which is shown as the dotted curve in Fig. 1. The
top and middle parts are located in regions of stronger shear;
the former is in the positive-shear region while the latter is
in the negative-shear region. It is well-known that, based on
ray-tracing theory for internal GWs (Jones, 1969), the verti-
cal wavelength/propagation velocity of upward-propagating
internal GWs would become shorter/lower in the presence
of a horizontal background wind with positive vertical shear
and longer/higher in one with negative vertical shear. There-
fore, at 1 h the vertical wavelength of the top part decreases
while that of the middle part increases, leading to a phase
tilt in the middle part that is steeper than that in the top part,
and the entire packet seems to shrink. At 3 h, the top part
has propagated beyond the height where peak A (see Fig. 1)
is located and propagates into the negative-shear region. Its
vertical propagation is accelerated until it enters the higher
positive-shear region. Because of the alteration of the GW’s
vertical propagation velocity in different shear regions, the
packet seems to distort significantly and turns into two sepa-
rate segments (see the result at 3 h in Fig. 2).

After 3 h, the top segment of the GW packet seems to en-
counter the first critical layer near peak B and does not prop-
agate upward for several hours, while the bottom segment
continues going upward. Subsequently, the two separate seg-
ments merge and become a single entity again at 6 h. Ac-
cording to linear GW theory, the critical layer height is the
altitude where the local horizontal phase velocity of the GW
equals the horizontal background wind. Based on this crite-
rion, we know that between 3 and 9 h, the top part of the GW
packet encounters the critical layer at an altitude of approxi-
mately 91 km.

In previous simulations by Liu et al. (2008) of nonlinear
interactions between GWs and the diurnal tide, the tidal-
wind and temperature components were time-invariant. If the
tidal zonal wind were to remain unchanged with time (re-
fer to Fig. 1, time = 0 h), the GW packet would encounter
the critical layer below peak B (where the corresponding
maximum of the tidal horizontal wind is 54.7 m s−1, 3 times
larger than the initial central phase speed of the GW packet,
17.3 m s−1) and could not propagate upward any longer. That
is, the packet could not penetrate peak B. However, in our
simulation, part of the packet eventually penetrates peak B
and reaches higher regions. This is different from the results
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Figure 2. Temporal evolution of the normalized horizontal perturbation velocity. The minimum 690 

values and intervals of the contours are, respectively, 0.1 and 0.2. The maximum absolute values are, 691 
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Fig. 2. Temporal evolution of the normalized horizontal perturba-
tion velocity. The minimum values and intervals of the contours are,
respectively, 0.1 and 0.2. The maximum absolute values are, respec-
tively, 1.00, 1.45, 2.08, 2.72, 3.11, 6.71, 8.10, 7.88, and 5.62 m s−1

from 0 to 15 h at different times.

of the simulations of Liu et al. (2008). Our simulation re-
sults imply that the time variability of the tidal field should
be taken into account when exploring the effects of the com-
plex nonlinear interactions between GWs and tides on GW
propagation.

After 11 h, part of the packet penetrates the first critical
layer near peak B, rapidly passes through the negative-shear
region, and encounters the second critical layer near peak C
(see Fig. 1). Two packet centers form at that stage: one below
peak C and another below peak B. After 13 h, part of the
packet even penetrates the second critical layer near peak C
and reaches heights of more than 120 km.

To summarize, while propagating in a time-varying tidal
field, GWs would encounter several critical layers at different
altitudes. After encountering the critical layers, the amplitude
of the GWs would decrease with time because of absorption
by the critical layer. The time variability of the tidal zonal
wind is beneficial for the GWs to penetrate the critical layers
and propagate upward to higher altitudes.

A similar conclusion was reached by Walterscheid (1981),
who simulated the interactions of GWs and semidiurnal
tides and found that although waves are strongly absorbed
near the critical level, considerable transmission of wave en-
ergy occurs as well. Our work also supports previous re-
sults (Zhong et al., 1996; Broutman et al., 1997; Eckermann,
1997; Walterscheid, 2000; Sartelet, 2003a, b) in that the finite
lifetime of some critical levels allows waves to survive the
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critical layer and reach higher altitudes, or waves can escape
critical level removal when propagating in a time-dependent
background.

3.2 Ground-based frequency of the GWs

From inspection of Fig. 2 we find that when a GW packet
propagates in a tidal-wind field, it seems to be eventually
divided into three segments: one is located below the first
critical layer, the second between the first and second crit-
ical layers, and the third ends up above the second critical
layer. We now explore the temporal and height variability of
the ground-based frequency of the GW packets around the
centers of these three segments. Taking the bottom segment
as an example, we calculated the ground-based frequency of
the GW, as follows. First, we locate the center position of the
GW horizontal perturbation velocity (specified by the veloc-
ity’s maximum amplitude) below the first critical layer from
3 to 12 h at each integer hour. We obtain 9 center positions
for these 9 integer hours; i.e., (xk km, zk km), with k = 3, 4,
. . . , 12. To clearly demonstrate the temporal evolution and
height variation of the GW frequency around the segment
center, for the integer hourk, we record a 6 h temporal series
of the GW’s horizontal perturbation velocity at temporal in-
tervals of 15 min at each height node from (xk km, zk −6 km)
to (xk km, zk + 6 km); i.e.,from 6 km below the center height
up to 6 km above the center height. The height range is only
a display scope, which does not assume a constant verti-
cal wavelength at each integer hour. The 6 h time window
starts at 3 h before and ends at 3 h after this integer hour; i.e.,
from k − 3 tok + 3 h. Next, we perform Lomb–Scargle peri-
odogram analysis (Scargle, 1982) on each time series. The
periodogram’s maximum is regarded as the ground-based
frequency of the GW at a certain hour and height.

Figure 3 shows the height and time variability of the calcu-
lated ground-based GW frequency around the segment cen-
ter below the first critical layer. We find that the ground-
based frequency varies significantly with height and time.
At 3 h, the ground-based frequency increases more signifi-
cantly with height above the center than at 0 h (i.e., around
the initial value of 1.02× 10−3 rad s−1), while it remains al-
most unchanged below the center. From 5 to 6 h, the ground-
based frequency decreases with time above 66 km (the cen-
ter at 6 h), and then becomes almost constant over 60–72 km
(the entire altitude range shown at 6 h). From 7 h (when the
segment center suddenly moves up to a height of 84 km)
to 11 h, the ground-based frequency clearly increases with
height over the full height range shown. The calculated maxi-
mum frequency can reach 2.04×10−3 rad s−1, which is twice
the initial frequency. These maximum frequencies occur at
the greatest heights shown in the panels in Fig. 3, near the
transient first critical layer of the GWs determined by the
time-variable tidal-wind field. This obvious increase of the
GW ground-based frequency indicates that these GWs are
potential to penetrate the critical layer, which should not

happen for these GWs if they propagate in an invariant wind
field. As for the temporal evolution of the ground-based fre-
quency, it increases (decreases) clearly with time approxi-
mately above (below) the segment center. The resulting fre-
quency is higher (lower) than the initial ground-based fre-
quency. We also note that the frequency at the lowest height
shown is very low. For example, the frequency at 11 h at a
height of 75.2 km (0.65×10−3 rad s−1) is notably lower than
the initial frequency.

Based on these results, we conclude that the ground-
based frequency of a GW packet propagating in a time-
variable background wind can vary significantly with both
height and time. This result cannot be explained on the ba-
sis of linear GW theory in a time-invariant background-
field frame, which predicts that the ground-based frequency
of GWs does not change. Zhang et al. (2000) and Zhang
and Yi (2002) have numerically shown that nonlinearity and
height-dependent molecular viscosity decrease the GW fre-
quency, but they have not found a similar frequency in-
crease as in the present study. More interestingly, the time-
variable frequency increases at some heights but decreases
at other heights. For the case explored here, the frequen-
cies above and below the segment center show different
temporal variations. A relevant investigation by Broutman
and Young (1986) stated that the time dependence of the
background flow removes the constraint that the absolute
frequency of a small-scale wave is constant along the ray,
and the time dependence of the oscillating inertial current
also eliminates critical layers, which would otherwise be im-
portant for short-wave dynamics. Walterscheid (2000) also
found that the low-frequency approximation overpredicts
variations in the intrinsic frequency in a time-dependent
background wave field because the variation of the observed
frequency is exactly out of phase with the variation of the
Doppler term. However, it is the time dependence of the in-
trinsic frequency rather than that of the observed frequency
that was presented in his work. Senf and Achatz (2011)
pointed out that when the time dependence of thermal tides
is included in the description of GW propagation, GW fre-
quencies are modulated in time. This leads to penetration of
their transient critical level, which was also found in our sim-
ulation. Some interesting questions arise from our simulation
results: what causes the variation of the GW frequency in the
absence of molecular viscosity? And which factors dominate
the increase or decrease of the frequency?

On the basis of ray-tracing techniques, Jones (1969) de-
duced the temporal derivative of the ground-based frequency
for internal GWs,

dω

dt
= kx

∂u

∂t
+ kz

∂w

∂t
. (2)

Here,u and w are the background horizontal and vertical
wind components, respectively. Clearly, Eq. (2) indicates that
the temporal variations of the background winds change the
GW frequency. In the case of our simulation, since the initial
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Figure 3. Height and time variations of the ground-based GW frequency (solid curves), intrinsic 697 

GW frequency (dotted curves) and the tidal horizontal-wind acceleration (dashed curves). 698 

Fig. 3. Height and time variations of the ground-based GW frequency (solid curves) and the tidal horizontal-wind acceleration (dotted
curves).

background flow is set to zero, the background wind of the
upward-propagating GWs may consist of two parts. These
include the tidal field due to the low frequency with re-
spect to the frequency of the initial GW (period < 2 h) and
the background winds arising from the nonlinear interac-
tions between the background and the waves (including tidal
and gravity waves; hereafter “nonlinear winds”); i.e.,uN and
wN, respectively. The nonlinear background winds are re-
garded as the wind perturbation components with spatial
scales larger than the GW spatial scales. Because the GW
vertical wavelength changes greatly during the propagation
while the horizontal one almost remains unchanged, we cal-
culated the nonlinear background winds atk h by averaging
the horizontal and vertical perturbation velocities in the hor-
izontal direction atxk. The average scale should be larger
than the GW dominant horizontal wavelength, but a too-
large value leads to an underestimation. So we choose it to
be 4 horizontal wavelengths. We found that the horizontal
and vertical background wind speeds are no greater than 2.5
and 0.002 m s−1, respectively. This is at least one order of
magnitude smaller than the amplitudes of the tidal horizontal
and vertical winds, respectively, at the same height. More-
over, we also calculated the nonlinear horizontal-wind accel-
eration (∂uN

∂t
) and found that its absolute value was smaller

than 1.7× 10−4 m s−2. This is much lower than the abso-
lute value of the tidal horizontal-wind acceleration (∂uT

∂t
).

The same situation applies to the nonlinear vertical-wind ac-
celeration. Thus, in the following analysis, the effects from
nonlinear winds can be ignored, so that we haveu ≈ uT and
w ≈ wT. In addition, we comparedkx

∂uT
∂t

and kz
∂wT
∂t

, and
found that the former term is at least 14 times larger than the
latter. Therefore, Eq. (2) can be rewritten as

dω

dt
≈ kx

∂uT

∂t
. (3)

Equation (3) predicts that in the present case, the tidal
horizontal-wind acceleration∂uT

∂t
dominates the GW fre-

quency variation. Positive (negative) accelerations cause the
frequency to increase (decrease) with time.

To quantitatively investigate the impact of the tidal
horizontal-wind acceleration, we also provide the mean val-
ues of the tidal horizontal-wind acceleration averaged over
6 h time windows (see the dotted curves in Fig. 3). The 6 h
time window (starting at 3 h before and ending at 3 h after
each integer hour) is chosen for consistency with our calcu-
lation of the GW frequency. Based on Fig. 3, we note that
at 3 h the tidal horizontal-wind acceleration above the center
is positive, and the ground-based frequency in that region si-
multaneously increases with time. The tidal horizontal-wind
acceleration below the center is very weak, so that the asso-
ciated ground-based frequency remains almost unchanged.
At 5 and 6 h, the tidal horizontal-wind accelerations are
negative above but positive below the centers. Correspond-
ingly, the frequency above the centers decreases with time
while that below the centers increases with time. From 7 to
11 h, the tidal horizontal-wind acceleration is almost positive
above the wave centers and negative below them. Therefore,
the ground-based frequency increases (decreases) with time
above (below) the centers. These quantitative comparisons of
the tidal horizontal-wind acceleration and the gravity-wave
frequency confirm that the time-variable tidal wind has a sig-
nificant impact on the GW frequency and that the positive
(negative) tidal horizontal-wind acceleration increases (de-
creases) the GW’s ground-based frequency.

Generally, in Fig. 3 we can see that for the present case,
after propagation for a significant length of time, the GW
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frequency near the first critical layer (above the centers) be-
comes much higher than the initial frequency, while at the
lowest height shown (below the centers), the frequency be-
comes much lower than the initial frequency. This significant
increase of the gravity-wave frequency near the first critical
layer will lead to GWs penetrating the critical layer, which
was shown in Fig. 1. Another possible cause for the pen-
etration of GWs is that since the critical layer is specified
based on an instantaneous tidal-wind field, in combination
with tidal evolution this critical layer may move up or down.
In other words, the critical layer is essentially transient. We
will now provide an estimate of critical layer height. The first
critical layer should be at a height where the tidal horizontal
wind equals the critical layer threshold value determined by
the local horizontal phase velocity of the GWs. Considering
the tidal-wind acceleration-induced GW frequency variation,
at 9 h the ground-based frequency of the GWs at 89.2 km is
approximately 2.04× 10−3 rad s−1, corresponding to a hor-
izontal phase velocity of 34.6 m s−1. This threshold value
is much larger than the initial critical layer threshold value
(17.3 m s−1). This estimate implies that, after 9 h of propaga-
tion, the transient first critical layer moves to 89.2 km, where
the tidal horizontal wind is exactly 34.6 m s−1. On the other
hand, as shown in Fig. 1, at 9 h the tidal amplitude of the
transient peak B (at 89.6 km) is 34.8 m s−1. This is slightly
larger than the GWs’ horizontal phase velocity, implying that
GWs can hardly penetrate peak B. These propagation scenar-
ios agree well with the results shown in Fig. 2. Meanwhile,
at 10 h the ground-based frequency of a GW at 87.2 km is
also approximately 2.04× 10−3 rad s−1, identical to that at
89.2 km at 9 h. The corresponding horizontal phase velocity
of 34.6 m s−1 is larger than the tidal amplitude (33.2 m s−1)

of the transient peak B (at 88.8 km) at this time. Thus, the
transient first critical layer disappears and the GWs can pen-
etrate peak B, which was also clearly shown in Fig. 2. There-
fore, except for the tidal wind-induced transience of the criti-
cal layer, the increase of the ground-based frequency of GWs
induced by the tidal wind also contributes significantly to the
GWs penetrating the first critical layer.

To further explore the variability of the ground-based fre-
quency of the GWs in a time-variable tidal field, we provide
the height variability of the calculated GWs’ ground-based
frequency, as well as the tidal horizontal-wind acceleration
between the first and second critical layers, and above the
second critical layer; i.e., around the amplitude center posi-
tions of GWs that have penetrated the first and second crit-
ical layers. Since the GWs penetrated the first critical layer
at about 10 h and the second critical layer at about 12 h, and
we only showed 15 h of GW propagation, here we present
the height variation of the GW frequency at 12 h (Fig. 4),
which we calculated from the 6 h (9–15 h) time series us-
ing the same method as above. In the left-hand panel, similar
to the discussion above, the tidal horizontal-wind accelera-
tion is almost positive above the segment center and negative
below it, thus leading to an increase of the GW frequency
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Figure 4. Height variations of both the ground-based GW frequency (solid curves) and the tidal 702 
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(left) and above the second critical layer (right). 704 

Fig. 4. Height variations of both the ground-based GW frequency
(solid curves) and the tidal horizontal-wind acceleration (dotted
curves) at 12 h between the first and second critical layers (left) and
above the second critical layer (right).

near the second critical layer and eventually to penetration
of the second critical layer (at approximately 110 km). It
can be seen that the GW frequency is 0.95× 10−3 rad s−1

at 98.4 km while it is 2.04×10−3 rad s−1 at 110 km. Clearly,
the ground-based frequency at 98.4 km is much lower than
that at 88 km (see Fig. 3), which illustrates that the ground-
based frequency of the GW segment having penetrated the
first critical layer decreases significantly due to local, large
negative tidal horizontal-wind acceleration. As shown in the
right-hand panel in Fig. 4, above the second critical layer
the tidal horizontal-wind acceleration is very weak. There-
fore, the frequency of the GW segment that has penetrated
the second critical layer is 2.04× 10−3 rad s−1 (refer to the
left-hand panel) and remains almost constant above the sec-
ond critical layer. It should be noted that although the tidal
wind above 124 km is unrealistic, since it was designed to
attenuate exponentially to zero, our result clearly demon-
strates that a weak tidal-wind field can hardly affect the GW
frequency. Therefore, our simulation confirms that the time-
variable tidal wind is the crucial factor leading to the varia-
tion of the GW frequency.

By performing a control study only with tidal temperature
perturbation, i.e.,TT calculated from GSWM-00 whileuT,
wT, andρT are set to zeros, we found that the time-varying
tidal temperature perturbation has very little influence on the
GW ground-based frequency.

3.3 Additional cases

To validate the analysis presented in the previous sections
and clarify the influence of the initial phase of the tidal field
on GW propagation, we carried out three additional case
studies with the same parameters, except that the tidal field
was delayed by 6, 12, and 18 h with respect to the first case.
For convenience, we call our first exploration “case A” and
these three additional cases B, C, and D. We found that
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in cases A, B, and C the GW is divided into three parts
by two critical layers, but only into two parts by a single
critical layer in case D. Figure 5 shows the height varia-
tions of the GWs’ ground-based frequency (solid curve) and
the tidal horizontal-wind acceleration (dotted curve) at 12 h
between the first and second critical layers for cases B and
C, and below the first critical layer for case D. Based on
Fig. 5 we further confirm that, after propagation for a sig-
nificant length of time, the GW frequency near the second or
first critical layers becomes much higher than the initial fre-
quency, which contributes significantly to GWs penetrating
the critical layers. However, because of the different initial
phases of the tidal field, the highest GW frequencies over the
full height range shown are very different from each other;
i.e., 2.04× 10−3 rad s−1 (Fig. 5, left), 2.69× 10−3 rad s−1,
2.55× 10−3 rad s−1, and 1.75× 10−3 rad s−1 for cases A,
B, C, and D, respectively. In summary, the GW frequency
is without a doubt manipulated by tidal-wind acceleration.
More interestingly, although both increases and decreases of
the GW frequency caused by time-variable tidal winds are
possible, tidal-wind acceleration near the critical layers al-
ways causes the GW frequency to increase, irrespective of
the initial phase of the tidal field. This leads to critical-layer
penetration of GWs. Thus, when a GW propagates in a time-
varying tidal-wind field, the tidal-wind acceleration is always
favorable for the GW to penetrate its critical layers. The ini-
tial phase of the tidal field can only change the incremental
quantity of the GW frequency near the critical layers.

A question arises from these simulations: although time-
variable tides can exert both increasing and decreasing ef-
fects on the ground-based frequency of GWs propagating in
a tidal-wind field, why does the tidal wind near the critical
layer always cause a frequency increase of GWs and cre-
ate favorable conditions for the GWs to penetrate the critical
layers? The horizontal propagation direction of the GWs is
naturally in the direction of the tidal wind around the criti-
cal layer, and the magnitude of the tidal wind increases with
height just below the critical layer; i.e., at the lower edge
of the critical layer. Combined with tidal evolution, the tidal
zonal-wind phase front moves downward, leading to a posi-
tive acceleration of the tidal zonal wind at the lower edge of
the critical layer along the GWs’ horizontal propagation di-
rection. This eventually causes the ground-based frequency
of GWs propagating from below to increase.

To clearly demonstrate the time-variable tidal wind-
induced transience of the critical layer, and GW penetra-
tion from the perspective of wave energy, we provide the
height distribution of the GW energy. First, we calculate the
spatial distribution of the average GW energy density〈Ed〉,
which is calculated from the wave energy densityEd by ap-
plying a low-pass filter with horizontal and vertical cut-off

wavelengths of 240 and 12 km:Ed =
1
2(u′2

g +w′2
g )+

1
2

g2T ′2
g

N2T
2 .

In this equation,N is the buoyancy frequency,T the back-
ground temperature, andu′

g/w
′
g/T ′

g is the GW perturbation
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Figure 5. Height variations of the ground-based GW frequency (solid curves) and the tidal 708 

horizontal-wind acceleration (dotted curves) at 12 hr between the first and second critical layers for 709 

cases B and C and below the first critical layer for case D.  710 

Fig. 5. Height variations of the ground-based GW frequency (solid
curves) and the tidal horizontal-wind acceleration (dotted curves) at
12 h between the first and second critical layers for cases B and C
and below the first critical layer for case D.

component, which is filtered from the total perturbation com-
ponentu′/w′/T ′ by a high-pass filter with horizontal and
vertical cut-off wavelengths of 180 and 9 km, respectively.
From inspection of Fig. 2, we know that GWs deposit part
of their energy at the first and second critical layers, and
carry the residual energy to altitudes above the second criti-
cal layer.

The GW energy is divided into three segments at different
height ranges. We calculated the height distribution of the
GW energy densityEh by integrating〈Ed〉 over the horizon-
tal domain. Since a time-variable tidal field can lead to for-
mation of the transient critical layers, the initial phase of the
tidal field plays a dominant role in determining the heights
of the transient critical layers. Figure 6 showsEh for cases
A, B, C, and D. To clearly demonstrate that the GW energy
could reach heights above 120 km, we presentEh at 15 h for
cases A, C, and D and at 16.5 h for case B (because of the
late arrival time for case B). The energy peaks above 120 km
show that some of the GW energy could penetrate their criti-
cal layers and be transported to heights above 120 km.

As for the heights of the critical layers, they can be clearly
identified by the altitudes exhibiting a significant decrease of
the energy density. However, in view of the unrealistic tidal
wind above 124 km, we focus only on the critical layers be-
low 120 km. Here, we used the initial (not the actual) criti-
cal layer heights determined by the horizontal phase speeds
of the GWs and the horizontal tidal winds at the start time
for comparison. They are located at 73.6, 88.8, 82.4, and
76.8 km, respectively, for cases A, B, C, and D. Because of
the time-variable tidal horizontal wind, as well as the varia-
tion of the GW frequency caused by the time-variable tidal
wind, the heights of the actual critical layers, determined by
the instantaneous value of the horizontal background wind
and the local value of the horizontal phase velocity of the
GWs, are not fixed; i.e., they are time-variable or transient.
Just as mentioned above, there are two evident critical layers
for cases A, B, and D but only one for case B after more than
10 h of propagation. At 15 h, the first/second critical layer is
located at 82.8/102.4 km for case A and at 69.6/90.0 km for
case C, and the only critical layer is located at 83.6 km for
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Figure 6. hE  at 15 hr for cases A, C, and D, and at 16.5 hr for case B. 714 

Fig. 6.Eh at 15 h for cases A, C, and D, and at 16.5 h for case B.

case D. For case B, at 16.5 h, the first/second critical layer is
located at 79.2/92.8 km. Those heights are all very different
from the initial critical layer heights. Liu et al. (2008) pointed
out that the GW penetration height increases with verti-
cal wavelength. However, our simulation results show that
even for GWs with definitive parameters, the critical layer is
changeable and transient, and GWs could reach higher alti-
tudes above the initial critical layer. Moreover, for a specific
GW, the height of the critical layer sensitively depends on the
initial tidal phase.

Our results agree well with the conclusion of Zhong et
al. (1995) that the temporal variation of the tidal component
of the wind changes the observed frequency, sometimes sub-
stantially, and that different start times relative to the tidal
phase cause the temporary critical levels to appear at differ-
ent heights.

3.4 Dissipation effects

In these simulations, we did not take dissipation into account
in order to clearly show that the wave energy leaks from crit-
ical layers and is transmitted to higher altitudes. Here, we
add two more realistic cases (E and F). In case E, only eddy
diffusion is introduced, while in case F eddy and molecular
diffusion are both considered. The formulations assumed and
the coefficients adopted for the eddy and molecular diffusion
of heat and momentum are the same as those used by Hagan
et al. (1993). Now, the governing equations are

∂(uT+u′)
∂t

+ (uT + u′)
∂(uT+u′)

∂x
+ (wT + w′)

∂(uT+u′)
∂z

+ R[
∂(T0+TT+T ′)

∂x
+

T0+TT+T ′

ρ0+ρT+ρ′

∂(ρ0+ρT+ρ′)
∂x

]
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µ0
ρ0

+ νeddy)[
∂2(uT+u′)
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, (4)

where µ0 is the dynamic molecular viscosity coefficient;
νeddy is the kinematic eddy viscosity coefficient;K0 is the
molecular thermal conductivity coefficient; andKeddy is the

eddy thermal conductivity coefficient. Obviously, eddy diffu-
sion dominates below the mesopause, while molecular diffu-
sion becomes important at a height of approximately 100 km.
For comparison, in Fig. 7 we present the propagation im-
ages for cases A (no dissipation), E (only eddy diffusion),
and F (eddy and molecular diffusion). We see that, in the
presence of diffusion, GW energy absorption would be no-
ticeable and the GW packet less sharply concentrated near
critical layers. As regards GW propagation, molecular diffu-
sion has little impact below 100 km but great impact above
that altitude. The weaker the dissipation is, the more wave
energy is transferred to higher altitudes. Note that in the ab-
sence of dissipation, there also exists wave energy leakage
of critical layers at the altitudes above 120 km. However, this
could not be displayed because the maximum absolute value
is more than 5 times larger than those in the presence of dis-
sipation. Our results are consistent with those obtained by
Walterscheid (1981). In conclusion, although dissipation can
significantly affect GW propagation in a time-varying tide, it
cannot eliminate the transient nature of the critical layers and
prevent GWs from penetrating the critical layers and reach-
ing higher altitudes.

We also explored the height and time variations of the GW
ground-based frequency below the critical layer for cases
E and F. As they are almost the same, only the results for
case F are presented in Fig. 8. Although the variation of the
ground-based frequency is somewhat different from that for
case A, the main conclusion regarding the frequency varia-
tions of GWs interacting with a time-varying tide remains
unchanged; i.e., the ground-based GW frequency changes
significantly and the frequency near the critical layer always
increases. This is favorable for GWs penetrating their critical
layer.

4 Conclusions and comments

Aiming at investigating nonlinear interactions between GWs
and tides, we simulated the propagation of GWs in time-
variable tidal winds using a fully nonlinear model. In this
numerical study, we focused mainly on the impact of tidal–
GW interactions on GW propagation, in particular on the
GW ground-based frequency and the critical layers.

Senf and Achatz (2011) previously showed that the tem-
poral change of the background wind due to tides enables a
GW to avoid a critical level by changing its ground-based
frequency and phase speed. This investigation was based on
a ray tracing model; i.e., a WKB method. The current paper
uses an explicitly non-WKB method to study this effect.

To specify simple, well-controlled conditions, several sim-
plifications were implemented: (1) we force the model to
assume the background wind and temperature structure of
a tide, hence full nonlinear interactions with the waves are
suppressed; (2) in contrast to ray tracing technique, a wave
packet in the nonlinear model has a finite vertical extent and,
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Fig. 7.Normalized horizontal perturbation velocity at 12 h for three
different conditions. The minimum values and intervals of the con-
tours are, respectively, 0.1 and 0.2. The maximum absolute values
are, respectively, 8.27, 1.52, and 1.52 m s−1 for the three conditions.

accordingly, the frequency of the GW varies over this range.
In addition, the limited vertical resolution of the model will
affect the results for shorter vertical wavelengths, in particu-
lar when the phase speed reaches a value close to the back-
ground wind.

Our simulations show that when a GW packet propa-
gates in a tidal-wind environment, not only the intrinsic
frequency but also the ground-based frequency of the GW
packet changes significantly. The tidal horizontal-wind ac-
celeration dominates the GW frequency variation. Positive
(negative) accelerations induce the frequency to increase
(decrease) with time. Compared with the tidal winds, the
nonlinearity-induced background wind has only negligible
effects on GW propagation characteristics.

Although both increases and decreases of the GW fre-
quency caused by time-variable tidal winds are possible,
tidal-wind acceleration near the critical layers always causes
the GW frequency to increase, no matter the initial phase of
the tidal field.

For GWs propagating in a tidal-wind field, the combina-
tion of their increased ground-based frequency and the tran-
sient nature of the critical layer induced by the time-variable
tidal zonal wind create favorable conditions for them to pen-
etrate their initial critical layer.

To verify the general applicability of our results, we cal-
culated four additional cases (G, H, I, and J), characterized
by almost the same parameters as case A, except that the
horizontal or vertical wavelength was changed. For cases G,
H, I, and J, the horizontal/vertical wavelengths are 60/6 km,
240/6 km, 120/3 km, and 120/9 km, respectively. The simu-
lation results show that, although the horizontal or vertical
wavelength changes over a wide range, the primary conclu-
sions remain unchanged (figures not shown): the ground-
based GW frequencies near the critical layers increase sig-
nificantly; the increased frequency and the transient nature
of the critical layers induced by a time-variable tidal zonal
wind are combined to create favorable conditions for energy
leakage of critical layers. That is to say, for the GWs in this
range of scales, i.e., 60–240 km in the horizontal wavelength
and 3–9 km in the vertical wavelength, the ground-based GW
frequencies are greatly affected by a time-variable tidal wind

and part of wave energy can penetrate the expected critical
layer.

Previous studies (Liu et al., 2008) have suggested that the
critical layer induced by a tidal wind could almost com-
pletely absorb the GW energy and prevent GWs from prop-
agating to greater heights. However, this assessment was
based on simulations in a frame of time-invariant tidal-wind
field. We note that our wave-energy analysis demonstrates
that part of the GW packet could penetrate the expected crit-
ical layer and carry energy to higher altitudes. That is to say,
GWs would reach much higher altitudes than expected and
accelerate the background atmosphere there. This indicates
that dynamical effects induced by tidal–GW interactions are
more complicated than commonly taken into account by GW
parameterizations in global models. These complex effects
should be included in GW drag parameterization schemes to
calculate a more realistic dynamical structure of the middle
and upper atmospheres.

On the other hand, GW perturbations in the mesosphere
are believed to be excited mainly in the lower atmo-
sphere. However, decades of observations have revealed that
GW perturbations in the lower and mid–upper atmosphere
are, respectively, dominated by low-frequency (Zhang and
Yi, 2007; Zhang et al., 2010, 2012) and high-frequency
(Diettrich et al., 2005; Dou et al., 2010; Li et al., 2011)
components. As discussed in this paper, the evidently higher
ground-based frequency of GWs observed in the mesosphere
may result from the significant time-variable tidal wind-
induced frequency increase of low-frequency GWs excited
in the lower atmosphere.
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Figure 8. Height and time variations of the ground-based GW frequency (solid curves) and the tidal 724 

horizontal-wind acceleration (dotted curves) for Case F. 725 

Fig. 8.Height and time variations of the ground-based GW frequency (solid curves) and the tidal horizontal-wind acceleration (dotted curves)
for case F.
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