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THE TRIADIC SETTING

� 3FCA was developed by Rudolf Wille and Fritz Lehman in
1995, by adding a third perspective to dyadic FCA, the so
called conditions

Definition
A triadic context (also: tricontext) is a quadruple (K1,K2,K3,Y),
where K1,K2 and K3 are sets and Y ⊆ K1 × K2 × K3 is a ternary
relation between them. The elements of K1,K2,K3 are called (formal)
objects, attributes and conditions, respectively. An element
(g,m, b) ∈ Y is read object g has attribute m under condition b.



EXISTING REPRESENTATIONS OF 3FCA

List of triconcepts
Using TRIAS algorithm one can generate the list of all
triconcepts or of the frequent ones.

Trilattice
Three quasiorders satisfying antiordinal dependencies; studied
by Klaus Biedermann
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DISADVANTAGES OF THE TRILATTICE

REPRESENTATION

� no automated tool to generate it
� difficult to read and to navigate in
� the underlying structure of the triconcepts cannot be read

from the trilattice



PROPOSED SOLUTION

A local navigation paradigm in the tricontexts:
� one can get from a triconcept to another if it is reachable
� once chosen a triconcept you can see all possible next steps



NAVIGATION EXAMPLE
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Choose T := ({g3, g4, g5}, {m0,m1,m2,m3,m5}, {c1, c2}) as the
triconcept wherefrom local navigation starts and consider
perspective 3 (i.e., modus). By projecting along {c1, c2}, we
obtain the following concept lattice.
Triconcept T corresponds to the leftmost dyadic concept.
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By choosing the rightmost concept of this lattice corresponding
to the triconcept ({g2, g3, g4}, {m2,m3,m4}, {c1, c2}) as a next
step and the first perspective the reachable triconcepts are:



REACHABLE TRICONCEPTS

Definition
For (A1,A2,A3) and (B1,B2,B3) triadic concepts, we say that
(B1,B2,B3) is directly reachable from (A1,A2,A3) using
perspective (1) and we write (A1,A2,A3) ≺1 (B1,B2,B3) if and
only if (B2,B3) ∈ B(K(23)

A1
). Analogously, we can define direct

reachability using perspectives (2) and (3).
We say that (B1,B2,B3) is directly reachable from (A1,A2,A3) if it
is directly reachable using at least one of the three perspectives, that
is, formally
(A1,A2,A3) ≺ (B1,B2,B3) :⇔ [(A1,A2,A3) ≺1 (B1,B2,B3)] ∨
[(A1,A2,A3) ≺2 (B1,B2,B3)] ∨ [(A1,A2,A3) ≺3 (B1,B2,B3)].

Remark

K(ij)
Ak

:= (Ki,Kj,Y
(ij)
Ak

), where (ai, aj) ∈ Y(ij)
Ak

if and only if
(ai, aj, ak) ∈ Y for all ak ∈ Ak.



MUTUALLY REACHABLE TRICONCEPTS

Proposition
Let (A1,A2,A3), (B1,B2,B3) be two triconcepts. If Ai = Bi for an
i ∈ {1, 2, 3} then (A1,A2,A3) ≺i (B1,B2,B3) and
(B1,B2,B3) ≺i (A1,A2,A3).



REACHABILITY FOR TRICONCEPTS

Definition
We define the reachability relation between two triconcepts as being
the transitive closure of the direct reachability relation ≺. We denote
this relation by /.

Definition
The equivalence class of a triconcept (A1,A2,A3) with respect to the
preorder / on T(K) will be called a reachability cluster and denoted
by [(A1,A2,A3)].



OBTAINING THE CLUSTERS OF TRICONCEPTS USING A

GRAPH

� Consider a directed graph with triconcepts as nodes and
with directed edges between the triconcepts for which the
reachability relation holds

� The strongly connected components of the graph represent
the clusters of triconcepts.



MORE THAN TWO CLUSTERS

α 1 2 3
a ×
b
c

β 1 2 3
a ×
b ×
c

γ 1 2 3
a ×
b ×
c ×

The triconcepts are partitioned in clusters the following way:
C1 = {({c}, {3}, {γ})}
C2 = {({b}, {2}, {β, γ})}
C3 = {({a}, {1}, {α, β, γ}), ({a, b, c}, {1, 2, 3}, ∅),
({a, b, c}, ∅, {α, β, γ}), (∅, {1, 2, 3}, {α, β, γ})}
C1 < C2 < C3

Remark
The triconcepts ({c}, {3}, {γ}) and ({b}, {2}, {β, γ}) have disjoint
extents and intents, but ({c}, {3}, {γ}) ≺3 ({b}, {2}, {β, γ}).



REACHABILITY IN COMPOSED TRICONTEXTS

There is a way of composing several tricontexts such that the
reachability clusters of the composed tricontext coincide with
the union of the reachability clusters of the constituents, except
for the greatest cluster.

Definition
Given tricontexts
K1 := (K1

1,K
1
2,K

1
3,Y

1), . . . ,Kn := (Kn
1 ,K

n
2 ,K

n
3 ,Y

n), with Kj
i and Kk

i
being disjoint for all j 6= k and all i ∈ {1, 2, 3}, their composition
K1 ] . . . ]Kn is the tricontext K := (K1,K2,K3,Y) with
Ki :=

⋃n
k=1 Kk

i and Y :=
⋃n

k=1 Yk.



SIZE OF THE TRICONTEXT VS. NUMBER OF

REACHABILITY CLUSTERS

We can find qubic tricontexts (i.e., |K1| = |K2| = |K3| = n),
where the number of clusters equals n + 1:

Proposition
Let K = (K1,K2,K3,Y) be a tricontext of size n× n× n with
K1 = {k1

i | 1 ≤ i ≤ n}, K2 = {k2
i | 1 ≤ i ≤ n},

K3 = {k3
i | 1 ≤ i ≤ n}. Let the relation Y be the spatial main

diagonal of the tricontext, meaning that a triple (k1
i , k

2
j , k

3
l ) ∈ Y

iff i = j = k. Then there are n+1 clusters, n minimal clusters and
the maximal cluster.



THE NUMBER OF MINIMAL CLUSTERS IS NOT
BOUNDED BY THE DIMENSION OF THE CONTEXT

Consider the following 6× 6× 4 tricontext K664.

Besides the maximal cluster, we have six minimal ones which
are all singletons consisting of the following triconcepts,
respectively:
C1 := ({a}, {1}, {α, β}), C2 := ({b}, {2}, {α, γ}),
C3 := ({c}, {3}, {α, δ}), C4 := ({d}, {4}, {β, γ}),
C5 := ({e}, {5}, {β, δ}), C6 := ({f}, {6}, {γ, δ}).



Consider the 16× 16× 16 context built by composing the
previous context with its rotations: K163 := K664 ]K646 ]K466.

We can prove that K163 has 19 clusters, the maximal one and
6 + 6 + 6 = 18 minimal ones, respectively.



THE CONTEXT OF REACHABLE TRICONCEPTS

Definition
Let K := (K1,K2,K3,Y) be a triadic context. We denote by T(K) the
set of all triconcepts. Then, the formal context of reachable triconcepts
is defined as K/ := (T(K),T(K), /).

Remark
We denote with C the set of clusters of triconcepts from K and
with I the following set: I = {A ∩ B|(A,B) ∈ K/} \ {∅},

Assumption
I = C



STRUCTURE OF THE CLUSTERS

Proposition
Let (A,B) ∈ K/ be a concept and denote by C := A ∩ B. If C 6= ∅,
then C is a set of mutually reachable concepts, i.e., C× C is a
rectangle of crosses in K/.

Proof of I = C:
� Every intersection A ∩ B of a concept (A,B) ∈ K/ is part of

a cluster
� An intersection is also maximal⇒ an intersection is equal

to a cluster
� For every cluster C there is a concept with the intersection

equal to the cluster: (C//,C/)

Conclusion
The set of clusters covers only a part of a lattice, the concepts
(A,B) ∈ K/ which have a nonempty intersection.



OPEN QUESTIONS

� What is the depth of the graph of triconcepts?
� What is the maximal number of clusters that a tricontext

can have in relation with its dimensions? Current upper
bound is the number of triconcepts, which is exponential.

� What is the number of minimal clusters that a tricontext
can have in relation with its dimensions?

� If we use the reachability relation as a navigation
paradigma, which is a suitable starting point? Obviously
the starting point should be in a minimal cluster, but
which is the right minimal cluster?
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