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Abstract:  We simulate the remarkable changes that occur to the decay 
rates of a fluorescent molecule as a conical metal tip approaches.  A new 
and simple model is developed to reveal and quantify which decay channels 
are responsible.  Our analysis, which is independent of the method of 
molecular excitation, shows some universal characteristics.  As the tip-apex 
enters the molecule’s near-field, the creation of surface plasmon polaritons 
can become extraordinarily efficient, leading to an increase in the 
nonradiative rate and, by proportional radiative-damping, in the radiative 
rate.  Enhancements reaching 3 orders of magnitude have been found, which 
can improve the apparent brightness of a molecule.  At distances less than 
~5nm, short-ranged energy transfer to the nano-scale apex quickly becomes 
dominant and is entirely nonradiative.  
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1.  Introduction  

A surface nearby to a fluorescent molecule in its excited state can dramatically influence the 
rates of its decay transitions [1-3].  The interface can provide additional nonradiative decay 
channels, as well as alter the rate of radiative decay and its spatial distribution.  It is now 
widely appreciated that metallic nano-particles and scanning probes [4-14] can either quench 
fluorescence or beneficially enhance fluorescence, leading to brighter fluorescent molecules 
and improved stability [15, 16].  It has become clear that there exist enormous potential 
benefits of fluorescence engineering to technologies, such as fluorescence imaging and 
biochemical identification.  In this paper we enquire about an arrangement akin to that used in 
aperture-less Scanning Near-field Optical Microscopy (SNOM).  We study the decay of an 
excited molecule, independently of the illumination scheme.  Despite the widespread use of 
this microscopy, much is still unknown about the influence of the metal tip on fluorescence.  
In response, we simulate this system to reveal some of the physics of interaction between an 
excited molecule and a conical, infinitely long metal tip with nano-scale apex.  The dramatic 
fluorescence-lifetime changes we observe can be exploited to great effect. 

The important influence of Surface Plasmon Polaritons (SPPs) (both local and 
propagating) on fluorescence is increasingly being emphasized in current literature [17-20].   
Alterations to both radiative and nonradiative decay rates have been attributed to SPPs.  



However, to be quantitative about the role of SPPs in most systems has been very difficult in 
experiment and theory.  The exceptions are typically simple arrangements that permit analytic 
solutions [3, 17, 20].  Simulations of fluorescence lifetimes in SNOM have explored 
fluorescence spectra [14, 21], tip-molecule distance dependence [13, 22, 23] and imaging 
contrast [24-27].  These studies generally assume a truncated metal tip, which can lead to 
significant deviations from results obtained with real, elongated SNOM tips.  We present here 
a much more realistic analogue.  Most significantly, we present the first quantification of 
SPPs excited on the tip by near-fields of the molecule, which we find to be both radiative and 
nonradiative.  We also identify a rate of purely nonradiative energy transfer to the nano-apex 
of the tip.  The influence on the apparent quantum efficiency, radiative and nonradiative decay 
rates are explored in depth.  In addition to elucidating some underlying physics, our numerical 
results provide a reference for effective SNOM design, where molecule excitation can be 
achieved by single or multi-photon excitation, conventional far-field methods, or other recent 
methods employing nanofocusing SPP modes [28].   

2.  Background theory 

In this paper we use a phenomenological classical oscillating electric dipole p to represent our 
emitter, a two-level molecule.  The magnitude of the electric dipole is unchanged by its 
environment.  This theoretical treatment has consistently proven to be an excellent 
approximation [1-3].  The total decay rate γ is commonly measured experimentally by the 
inverse of the excited-state lifetime, and is given by γ = P/(ħω), where P is the total rate of 
energy dissipation and ω is the angular frequency (vacuum wavelength λ).  The total decay 
rate is proportional to the partial Local Density Of States (LDOS).  It can be separated as 

nrir γγγγ ++= .       (1) 

γr is the radiative decay rate, accounting for electromagnetic power in the far-field, i.e. 
photons.  γi is the decay rate intrinsic to the molecule and is associated with a nonradiative, 
intra-molecular energy dissipation.  An additional nonradiative rate γnr accounts for other 
forms of electromagnetic energy dissipation in the molecule’s surrounding.  With a metal tip 
nearby it describes processes of thermal dissipation, mediated primarily by the creation of 
electron-hole pairs (excitons), such as dissipated SPPs.  Classically, one can picture this 
dissipation as the resistive heating of the metal by lossy conduction currents j = ωIm(εmetal)εoE 
induced by the dipole field E, where the proportionality constant (conductivity) is related to 
the relative dielectric constant of the metal εmetal.  The nonradiative rate for an infinitely long 
tip is then 
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We argue that the system considered here permits us to further separate the nonradiative 
rate into two meaningful contributions:  

LETSPPnr γγγ += .      (3) 

γSPP is the nonradiative-SPP rate, i.e. the rate at which SPPs excited by the molecule are 
thermally dissipated in an infinite tip.  Since SPPs can propagate for distances over a few 
microns on the tip, this is a longer-ranged dissipation.  γLET is the rate of nonradiative energy 
transfer to the nano-apex of the tip.  This shorter-ranged dissipation is referred to as local 
energy transfer (LET).  The definitions and validations for both these terms are provided in 
Section 5.  Such a separation has been previously proposed for flat interfaces [2, 3, 29], but to 
our knowledge has never been applied  to non-planar geometries. 

The rate of electromagnetic energy dissipation PEM is calculated in our simulations by 
either integrating the Poynting vector over an surface enclosing the molecule, or equivalently 
by the expression PEM = ωIm[p*·E(ro)]/2, where E(ro) is the molecule’s emission field at 



precisely the position ro of the molecule [25].  It allows us to calculate the radiative decay rate 
by: γr = PEM/(ħω) - γnr. 

The radiative decay rate in the absence of the tip γo will depend on the surrounding 
medium and substrate nearby.  If the medium and substrate are lossless, we define the initial 
quantum efficiency as qo = γo/(γo+γi).  With the tip nearby, we define the apparent quantum 
efficiency and express it as a function of the initial quantum efficiency: 
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A reduction in q is commonly referred to as apparent quenching of fluorescence.  A table 
of most relevant terms used in this paper is provided in Appendix B for convenience. 

2.1.  Excitation and detection 

It is the photon detection rate γdet that is most directly measured experimentally, and which 
can be inferred from the results we present.  For a single molecule it is given by γdet = ξNγr, 
where ξ is the overall detection efficiency of the instrument and N is the probability of finding 
the molecule in its excited state.  In the absence of a triplet bottle-neck, it is instructive to 
consider two extremes of excitation intensity.  Near saturation N≈1 and the detection rate is 
proportional to the radiative decay rate.   More commonly, excitation is far below saturation, 
where γdet = ξ γexc q.  In this case the excitation rate γexc plays a role together with the apparent 
quantum efficiency.  We leave the system of excitation to the reader.  Furthermore, we have 
not considered the very important role of near-field excitation enhancement in this paper.  
Rather we will only outline that γexc ∝ |n⋅Eexc|

2, where n is the unit vector in the direction of 
the molecule’s absorption dipole moment and Eexc is the excitation electric field (at arbitrary 
wavelength), comprising the incident field and near-field of the tip.  

The rate for radiation directed into the lower half space is γ↓
r.  The ratio γ↓

r/γr can be used 
as an indicator of the change in the emission distribution, caused by the tip above the 
molecule.  It is also an important factor in the overall detection efficiency ξ of most common 
instruments.  The natural emission for a molecule on a glass substrate (oriented 
perpendicularly to the surface) gives γ↓

r/γr  ≈ 85%, determined from the analytic solution [1]. 

2.2.  Limitations of the model 
For molecule-tip separations much less than 10nm, the approximations in our ‘classical’ 

model are addressed in the modern review by Barnes [3].  The model notably excludes effects 
of non-locality and electron scattering at the interface.  It is known that the model may 
underestimate nonradiative rates for distances in the range from 0.5nm to 10nm, typically only 
at infrared wavelengths where the mean free path length for mobile electrons is ~10nm for 
most metals [30].  On the other hand, experimental results are always in semi-quantitative 
agreement with the classical model, which can be extended with more elaborate theory 
contingent on the initial agreement.  Experiments at visible wavelengths have generally been 
more agreeable, but there is currently insufficient experimental data to form a complete 
survey.  For this reason we find great value in reporting only the classical solutions, which, for 
this highly practical geometry, provides a new opportunity for experimental comparisons.  

3.  Model geometry 

In this section we describe the geometry of our model, illustrated in Fig. 1(a).  The model is 
rotationally symmetric, with the metal tip and point-like electric dipole p positioned on the 
rotational axis.  The dipole is oriented parallel to this axis and is placed 2nm above a glass 
substrate (refractive index of 1.5).  The apex of the conical metal tip, which has been rounded 
to a sphere of radius = 10nm, is positioned at a variable distance D from the dipole.  The cone 
radius at the top of the tip is Ro=3μm and the half-angle of the taper is 25 degrees (length of 
6.43μm).  The shape of the metal tip is kept constant throughout this paper.  A Perfectly 
Matched Layer (PML) of thickness equal to the free-space wavelength λ surrounds the region 



of interest to ensure negligible back-reflections from impinging radiation.  The PML at the top 
of the computational domain was tested to ensure that there is also negligible back-reflection 
from SPPs on the tip.  In this way, an infinitely long tip is simulated, and we know that SPPs 
leaving our computational domain are only nonradiative (refer to Appendix A).  The PML on 
the right starts at a distance of 3tmedium away from the top of the tip, where tmedium is the 1/e 
evanescent tail length of the SPP mode on the tip (defined in appendix A). 

We sought only a Transverse Magnetic (TM) solution, which is sufficient for the present 
problem.  The magnetic field, having only an azimuthal component (Hφ), was solved and 
subsequently used to calculate the only two electric field components (radial Er and axial Ez).  
Post-processing of the solution, as described in Sections 2 and 5, provides the desired rates. 

 
Fig. 1. (a) Example solution, Re(Hφ), with diagram overlay of the model geometry.   This 
cross-section view is symmetric about indicated axis of rotation.  In this figure, the tip (silver) 
is at a distance D=100nm from the dipole and λ =550nm.  The metal tip supports a propagating 
SPP that is clearly visible.  The power in propagating SPPs remaining at the top of the tip is 
measured prior to the top PML, and is counted as nonradiative.  (b) Example FEM meshing 
near the tip showing adaptation and fine mesh near nano-scale features:  D=10nm. (c) Diagram 
illustrating different parts of the tip where the integrated resistive losses are attributed to SPP 
losses (volume 1) and local energy transfer (volume 2). 

4.  Details of the finite element method (FEM) 

We use a FEM to numerically solve Maxwell’s equations in the frequency domain.  
Experimentally measured dielectric constants are used for metals at visible wavelengths, 
which can be found in published literature [31, 32].  The numerical model was defined, solved 
and analyzed in MATLAB employing the scripting functions ‘COMSOL Multiphyiscs’ (v3.3b 
with RF module).  Adaptive meshing and re-meshing was essential to ensure accuracy in the 
solution involving vastly differing length scales, given the available computer memory.  
Initial meshing was coarse and inhomogeneous to resolve fine features in the model geometry 
and to give an approximate first solution.  The final meshing was achieved through 2 
iterations of re-solving with a finer triangulation that adapted to the previous solution.  
Convergence of the solution with mesh refinement shows that the rates presented are accurate 
to better than 3%.  A typical mesh for the tip and dipole is shown in Fig. 1(b).  The mesh is 
everywhere much finer than the free space wavelength and the final meshes typically resulted 



in O(106) degrees of freedom.  The triangulation near the dipole can be as small as 10-15m to 
capture rapidly varying features in the near-field.   

The dipole is implemented as a small loop of fictitious magnetic current Im, the 
equivalence of which can be straightforwardly derived from Maxwell’s equations.  Radii of 
Rm ≤ 2×10-2 nm were chosen, which relates to the electric dipole moment by |p| = Imεoεmediumπ 
Rm

2.  Note that p is independent of the tip and substrate. 
The correctness and accuracy of our numerical model has been rigorously tested, 

including a comparison with the analytic solution for decay rates above a flat metallic surface.   

5.  Results: Empirical validation of the model 

Having already introduced some background theory, we will now define and validate some 
novel terms that will be frequently used (also be found in Appendix B). 

5.1.  Partitioning of the tip 

Separation of the total nonradiative rate into the contributions of γSPP and γLET (see Eq.3) is 
done in a simplified but effective manner, by separately integrating the resistive losses in two 
different parts of the tip.  As is illustrated in Fig. 1(c), the tip is partitioned by a sphere of 
radius x, centered at the apex of the tip.  We propose that x should be larger than the 
characteristic length for LET, and less than the characteristic length associated with a 
propagating SPP near the tip apex:  

xLET < x < xSPP.          (5) 
Prior literature frequently reports that very efficient (nonradiative) energy transfer from a 

molecule to a flat metallic surface occurs for separations of < ~5nm.  It is understood that the 
near-field of the molecule penetrates the metal and excites electron-hole pairs (excitons) that 
quench fluorescence [2, 3].  Classically, the process is described by induced charge-density 
oscillations (also called ‘lossy surface waves’), which can be interpreted as dipole-dipole 
energy transfer (analogous to FRET) to a volume of dipoles below the surface.  For a flat 
interface, the resulting distance dependence for the energy transfer rate γLET is [2]   
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where γ�o = ω3εmedium
-1/2|p|2/(12πεoħc3) is the radiative decay rate of an isolated molecule (no 

substrate). 
Equation 6 is derived by neglecting retardation effects (i.e. in the electrostatic limit).  

Thereby the contribution of propagating SPPs to this loss is excluded, leaving a purely local 
loss mechanism.  By choosing the condition γLET/γ�o >> 1, we get D << ~15nm for typical 
dielectric constants, suggesting that xLET ~ 7nm is a reasonable choice for our LET 
characteristic length scale. 

For the characteristic SPP length scale we have used xSPP ~ 1/Re(k’SPP), where k’SPP is the 
hypothetical SPP wave-vector near the tip apex.  It is obtained by finding the analytic solution 
of the propagating TM SPP mode on a cylindrical metal wire of radius 10nm [28, 33].  This 
length is significantly shorter than that of a SPP on a flat interface and was found to be in the 
range between 16nm and 50nm for a variety of metals and wavelengths.   

Subsequent to the above considerations, we have chosen x = 10nm to be constant for all 
simulations.  We have found that the outcome is changed negligibly by varying the value of x 
up to 20nm, and in some cases up to 40nm. 

5.2.  Local energy-transfer (LET) rate:  γLET 

Our relation for calculating the LET rate is γLET = P(2)/(ħω), where P(2) is the power thermally 
dissipated within 10nm of the tip apex (integrated over volume 2):  

∫ ⋅= ∗
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The example shown in Fig. 2 compares a numerical solution with Eq.6.  The agreement is 
excellent for D < ~10nm, above which retardation effects become important and the geometry 
of the tip becomes noticeably different to a flat interface.  It clearly demonstrates that our 
simple procedure, based on a heuristically determined value for x, correctly separates the LET 
rate from the total nonradiative rate. 

 
Fig. 2. Comparison of the numerical solution of γLET/γ�o with the analytic solution (Eq.6) that 
neglects retardation effects.  The numerical solution is for a silver tip using the geometry of 
Fig. 1(a) (without glass substrate) and λ =550nm.  The analytic solution assumes the molecule 
is at distance D from a flat silver substrate (no tip).  For comparison, the normalized total 
nonradiative rate γnr/γ�o is shown. 

5.3.  Nonradiative surface plasmon polariton rate:  γSPP 

Our metal tip is capable of supporting propagating and localized SPPs.  Due to symmetry, 
only transverse magnetic SPP can be excited, and then only efficiently when the tip enters the 
near-field of the molecule.  It is important to emphasize that in lossy (realistic) metals, these 
SPP are always damped, with a probability of being either radiative or nonradiative (thermal).  
Since we are interested in simulating an infinitely long tip, and our computational domain is 
only finite, we cannot simply apply Eq.2.  Our procedure for calculating the nonradiative-SPP 
rate is detailed in Appendix A.  In summary, it is the sum of two contributions:  

γSPP = γ(1) + γprop.   

γ(1) is the rate at which SPPs are thermally dissipated into volume 1 of our finite tip and is 
simply calculated by integrating the resistive losses in this volume.  γprop is related to the 
power remaining in propagating SPPs at the top of the metal tip, which is unambiguously 
calculated using modal methods.  These SPPs are absorbed by the top PML in our 
computational domain, but would otherwise be thermally dissipated in an infinite tip, as 
discussed in Appendix A. 

Using an example simulation with a silver tip, Fig. 3 highlights a number of very 
important characteristics.  We emphasize that these characteristics are common for all cases 
presented in this paper.   

Firstly, we demonstrate in Fig. 3(b) that γprop/γSPP ≅ constant for the full range of distances 
considered, particularly when D < ~20nm.  This empirically validates our interpretation of 
γSPP as the nonradiative-SPP rate.  Since γSPP/γnr reduces sharply when D < ~5nm, we have 
additionally shown that our partitioning of tip into two parts based on x, meaningfully 
separates the SPP losses from all others.  The analysis of Section 5.2 shows that the remaining 
losses are associated with LET, as proposed in Eq.3.  The increase in γprop/γSPP as the tip is 
retracted is not a numerical error.  Since the SPPs on the tip have a probability of radiating, it 
is reasonable to assume that these SPPs can weakly couple from the far-field of the molecule.  
Therefore, launching of SPPs higher on the tip by radiation from the molecule can account for 
this behavior. 



 
Fig. 3. Numerical solution for a silver tip using the geometry of Fig. 1(a).  (a) All calculated 
rates shown.  γLET approximates well Eq.6 when D < ~10nm.  Γsc is defined in Section 6.  (b) 
Validation of the tip portioning: γprop/γSPP ≅ constant when D < ~20nm and γSPP/γnr ≠ constant.   

6.  Relationship between the nonradiative-SPP and radiative decay rates 

In Fig. 3(a), the correlation between the nonradiative-SPP and radiative decay rates for D < 
40nm is very clear.  In Fig. 4 we see that γr is proportional to γSPP when D < 40nm.  The 
proportionality is very accurately preserved although the rates individually increase by 3 
orders of magnitude.  This proportionality is characteristic of a coupling between the charge-
density oscillations relating to SPPs on the tip and far-field radiation.  We shall refer to the 
resulting proportionality simply as radiative-damping of SPPs.  It is non-trivial to evaluate the 
details of this process and identify the locations on the tip where the SPPs are radiating.  It is 
likely to be a distributed radiation from the tip apex and nearby.  Additional scattering by the 
tip cannot be completely excluded as contributing to a change in the radiative rate.  Further 
insight is provided in the following analysis. 

 
Fig. 4. Relationship between the radiative rate and the nonradiative-SPP rate.  A chance the 
emission spatial distribution is observed.  

 

We make a common decomposition of the total fields: E = Eo + Es, where is Eo is the 
solution for a molecule above the substrate (without tip) and Es is the light scattered by the tip.  
Equivalently, Es can be considered the radiation from the tip which is ‘sourced’ by the 
currents j = iω(εmetal - εmedium)εoE induced within the tip by the molecule’s electric field.  The 
rate of radiation scattered from the entire tip is therefore obtained by integrating the related 
Poynting vector over a surface enclosing the finite tip and subtracting the rate of propagating 
SPP leaving the top of the tip 
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Γsc is plot in Fig. 3(a) for comparison with the other rates.  There is good agreement with 
the radiative decay rate for D < ~40nm, confirming that the far-field photons at such distances 
are due to emission scattered by tip.  In this regime γr ≈ Γsc ∝ γSPP, consistent with our model 
of radiative-damping among SPPs.  However, Γsc is not strictly proportional to γSPP over the 
entire range of D.  In the case of silver, this is only noticeable when D > ~80nm, but is more 
prominent for other dielectric constants.  These accurate results are expected to represent a 
real physical process that becomes most visible when SPP radiative-damping is weak.  The 
additional scattering may be consistent with an image-dipole model, as discussed in prior 
literature.  The interpretation of this process is open for further investigation. 

  Within a linear approximation, we propose the probability of SPP radiative-damping σ 
can then be inferred from the nonradiative-SPP and radiative rates when the tip is near contact 
(D << 10nm).  We define this probability as 
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Using Eq.9 we can obtain the (linearised) total SPP rate by adding the radiative and 
nonradiative components: ΓSPP = γSPP/(1-σ). 

It is also shown in Fig. 4 that the onset of the proportionality is simultaneous with a 
change in the spatial distribution of radiation.  It is noteworthy for experimental 
considerations that the change in γ↓

r/γr is minor.   

7.  Results: Exploratory simulations 

The results presented in this section use the geometry shown in Fig. 1(a).  Only the initial 
quantum efficiency, the metal (εmetal) and wavelength are varied. 

7.1.  Influence of initial quantum efficiency – example with silver 

Fig. 5 shows a comparison of two molecules of very different initial quantum efficiency.  For 
D < 10nm the similarity in the efficiencies is clear.  This useful trend is obvious from Eq.4: 
when γr +γnr >> (1/qo-1)γo  (i.e. γr +γnr >> γi) the apparent quantum efficiency of any molecule 
approximates the apparent quantum efficiency of a molecule with no intrinsic energy 
dissipation.  The same is true for all other efficiencies.  The significance is that this condition 
is easily satisfied in the system considered here and is one means by which the apparent 
brightness of fluorescence can be enhanced close to a metal tip. 

 
Fig. 5. Comparison of efficiencies for two different initial quantum efficiencies.  The curves 
are nearly identical for D < ~10nm (see text). 



7.2.  Losses 

It is interesting to repeat the above calculation with the simple alteration of eliminating losses 
in the metal, setting Im(εmetal) = 0.  The result is shown in Fig. 6.  Here γSPP ≡ γprop as there are 
no other losses.  Since Re(εmetal) >> Im(εmetal) we can expect the nonradiative-SPP rate to be 
weakly effected by the change, which is indeed demonstrated.  Quenching by local energy 
transfer is completely eliminated, providing non-zero quantum efficiency for arbitrary 
separations.   

 

 
Fig. 6. A hypothetical silver tip without loss 

7.3.  Comparison with aluminum and gold 

Comparative simulations for aluminum and gold tips are shown in Fig. 7.  The emission 
wavelength remains 550nm to explore the influence of substantially different metal dielectric 
constants.  The same characteristics are found universally.  Quantitatively, the rates and 
efficiencies are different however, providing a useful reference.  It is important to note that 
γLET approximates well Eq.6 when D < ~10nm for both metals, despite being a higher rate than 
in the case of silver.  We find again that SPP radiative-damping is the dominant contribution 
to the radiative decay rate for D < ~40nm.  The probabilities for radiative-damping are σ 
=27%, σ =45% and σ =4.1% for silver, aluminum and gold respectively at λ = 550nm.  The 
rate increases are enormous for all three metals.   

Gold in particular shows a pronounced dip in the radiative rate around D = 30nm.  A 
radiative rate reduction was observed in experiments with gold nano-particles, which is 
attributed to phase induced suppression of the radiative decay rate [34].  In our simulations the 
radiative rate reduction is coincident with the rise of the nonradiative-SPP rate, γSPP.  The 
reduction is most visible in the case of gold due to the low probability of radiative-damping, 
σ.  However, we note that a rate of radiative-damping linearly proportional to γSPP is not large 
enough at D  = 30nm to cause the radiative rate suppression by out-of-phase interference.  At 
this dip the linearised SPP radiative-damping rate σ ΓSPP/γo is ~0.3 while Γsc/γo is ~1.  As 
discussed in section 6, the physical interpretation of additional scattering from the tip is open 
for future study.  It is worthwhile to highlight that the partial LDOS (or total decay rate) 
actually increases, despite the substantial radiative rate reduction.  For a gold tip surrounded 
by water we have found γr/γo to dip below 0.05.  However, we have never observed the total 
rate γ reduced by a significant amount. 



 

 
Fig. 7. Simulations for exploring the influence of metal dielectric constant.  γLET approximates 
well Eq.6 when D < ~10nm for both metals. 

 

 
Fig. 8. Animation showing the approach of a gold tip (λ = 565nm).  |Re(H)| is plotted, which 
has been normalized at each frame (excitation is distance independent).  The value of D is 
stated above.  The prevalence of the radiative, SPP and LET rates at different distances is 
distinct.  File size: 3.7 Mb. 

7.4.  Spectra with a gold tip 

The electromagnetic response of gold at visible frequencies is known to exhibit a variety of 
useful properties.  For this reason we show in Fig. 9 spectra for a gold tip at a fixed distance 
of 30nm.  The figure demonstrates that a metal tip can significantly alter the observed spectral 
emission of a molecule.  This distance was chosen where the peak in SPP efficiency occurs in 



Fig. 6.  Interestingly, we find peaks in the spectra at wavelengths of 560nm and 630nm for air 
and water respectively. Around these wavelengths the efficiency of creating SPPs is close to 
100%.  The origin of these peaks is not fully explained, as we will see from the following 
comparison.  A planar interface between gold and one of these dielectrics permits a SPP 
resonance when Re(εmetal) = -εmedium.  A thin metal rod has an identical resonance condition, as 
does Eq.6.  Considering the possible dielectrics of air, water and glass (because of the 
substrate), a resonance at wavelengths longer than 520nm does not occur.  For a sub-
wavelength gold sphere, the plasmon resonance occurs where Re(εmetal) = -2εmedium.  In this 
case, no resonances at wavelengths longer than 540nm occur.  Neither of these phenomena 
explain the observed peaks nor the size of the shift with different surrounding media.  A 
reverse process of nanofocusing, as studied in [28], also does not exhibit matching peaks.   

Detailed analysis of the rates (not presented) shows that to the right of the peaks ΓSPP/γ  ≅ 
1, but σ increases rapidly to 0.7 and 0.56 in the case of air and water.  To the left of the peak, 
ΓSPP/γ  ~ 0.6 and σ < 0.05 in both cases.  This indicates an explanation related to a trade-off 
between a high probability of SPP radiative-damping at longer wavelengths, and inefficient 
SPP launching at shorter wavelengths due to a lack of high spatial-frequencies at D=30nm.   

 
Fig. 9. Spectra for gold tips in air and water surrounding medium, with fixed D=30nm. 

8.  Discussion 

The novel method of tip partitioning to calculate LET and nonradiative-SPP rates was 
proposed and validated empirically.  With the above selection of results and numerous 
additional simulations not presented here, we have found the validation to be highly consistent 
for a variety of metals and wavelengths spanning the visible and near-infrared.  We are 
therefore confident to state that the method is highly successful at quantifying SPP and LET 
rates in this geometry.  We believe the method can be applied to many other problems 
involving fluorescence near metal particles and extended structures.   A comparison with 
results for a flat interface [2, 3], where LET and SPP contributions are determined in the 
spatial-frequency domain, shows some similarity in the overall trends.  An analogous spatial-
frequency method may be possible for this geometry and others. 

The nonradiative-SPP rate (and radiative rate when D<40nm) was often found to be well 
fitted by an expression with (D+Do)

-a, where a varied around the value 2 and Do ranged 
between 1nm and 10nm.  The origin of this trend is presently unclear, but may lend itself to 
analytic study in the future.  We note that the distance dependencies are distinctly different to 
those for nano-particles in the dipole limit [35], further advocating our full numerical study. 

The scope of this paper has been limited to molecules with emission dipoles oriented 
parallel to the tip axis.  This alone has provided a rich variety of physical phenomena.  We 



expect that perpendicularly oriented dipoles will give only a quantitatively different behavior 
for the nonradiative-SPP rate.  So too will be off-axis alignment of the dipole and tip, as 
experienced in scanning probe microscopy.  An extension of the present work to simulate both 
these effects is computationally intensive, but straightforward.  The goal of the present work 
has been to introduce the method, and elucidate the basic physical processes observed.  Future 
work can also include the evaluation of shifts in emission frequency expected for molecules 
near interfaces.  They have been neglected so far as they are generally very small relative to 
the emission frequency. 

9.  Conclusion 

We have proposed, empirically validated and applied a simple and robust method for 
determining the SPP and LET rates for a molecule near to a metal tip.  A number of universal 
physical processes are observed.  At separations less than ~5nm, energy transfer to the tip 
apex (the lowest 10nm) quickly becomes the dominant decay mechanism, which is 
nonradiative and unavoidable for lossy metals.  This process is found to be accurately 
predicted by an analytic expression for the decay rate, having D-3 dependence.  When the apex 
is in the near-field of the molecule, decay via SPP creation can occur at rates 3 orders of 
magnitude higher than the natural decay rate.  Under such circumstances the apparent 
quantum efficiency of the molecule becomes independent of the initial quantum efficiency.  
For separations ranging from ~10nm to ~100nm, the efficiency of (thermally dissipated) SPP 
creation has been sometimes observed to reach near 100%.   A correlation between the SPP 
and radiative rates in this range suggests that, in general, the SPP decay channel is both 
radiative and nonradiative.   We argue that the radiative-damping of SPPs accounts for the 
dramatic radiative rate enhancement at these separations and therefore determines the spatial 
distribution.  The results presented can be directly applied to the design of scanning probe 
microscopes and interpretation of images. 
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Appendix A:  Calculation of γSPP 

We are able to directly calculate the nonradiative-SPP rate γSPP from our numerical solution 
by summing two contributions: γSPP = (P(1) + Pprop)/(ħω).  The first term is the SPP power 
which is thermally dissipated in the finite tip 

∫ ⋅= ∗
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where the volume of integration is indicated in Fig. 1(c), excluding the PML. 
The second term is the power in propagating SPPs reaching the top of the metal tip, 

which will be fully absorbed in the top PML.  This power would be thermally dissipated in the 
tip if it was infinite and should therefore be considered nonradiative.  This is justified since 
any propagating SPP near the top of the tip closely approximates that of an SPP mode on a 
flat interface, where the radius is substantially larger than the wavelength (Ro >> λ) [33, 36].  
It is well known that attenuation of such bound modes is purely absorptive and without 
radiation leakage. 

Pprop is determined by first taking an inner-product [37] of the numerical solution with an 
analytic solution of the normalized SPP mode Ē to obtain the amplitude of the SPP mode:   

∫ ′′⋅×=
S
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where the line integral is performed over the line S indicated in Fig. 1(a) and the coordinates 
are defined in Fig. 1(b).  For the Ē we use, as an excellent approximation, the well known 



analytic solution of a SPP mode on a flat metal/dielectric interface. The propagation constant 
is kSPP = ko [εmetalεmedium /(εmetal+εmedium)]1/2.   

Using to the 1/e tail-length of the mode-fields in the medium tmedium, and the skin depth in 
the metal tmetal, where tX = (kSPP

2 - εX ko
2)-1/2.  S is chosen to extend a distance of 3tmedium into 

the medium and a distance of 3tmetal into the metal.  We use the unconjugated form of the 
inner product, which ensures orthogonality of the mode Ē to all other bound and radiation 
modes, for both absorbing and non-absorbing waveguides.  Since orthogonality is also 
ensured for all backward traveling modes (including any small back-reflection of the SPP 
mode from the PML layer), we are able to uniquely determine the amplitude of the forward-
propagating mode only.  The final expression for the remaining propagating SPP power is 
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where P  is the power of the analytic mode, normalized with the unconjugated inner-product 
(Eq.11).  Our implementation of the above method was checked by varying Ro in a trial 
simulation, thereby changing the contributions of P(1) and Pprop.  The tests show that the 
method is accurate to better than 10%. 

Appendix B:  Table of terms 

Symbol Quantity 

D Molecule-tip separation 

γ Total decay rate: γr + γnr +γi 

γo Radiative decay rate with the tip absent (D → ∞) 

γ�o Radiative decay rate of isolated molecule (no substrate): ω3εmedium
-1/2|p|2/(12πεoħc3) 

γi Intrinsic decay rate due to intra-molecular energy dissipation 

γnr Total nonradiative decay rate:  γSPP + γLET 

γr Radiative decay rate 

γ↓
r Radiative decay rate directed in the lower half space 

γSPP Nonradiative-SPP rate: γ(1) + γprop 

γ(1) Rate at which SPPs are thermally dissipated into volume 1. 

γprop Rate of propagating SPPs reaching the top of the metal tip.  This is nonradiative.  

γLET Local Energy Transfer rate.  Nonradiative dissipation in the tip apex (volume 2) 

q Apparent quantum efficiency: γr/γ 

qo Initial quantum efficiency: γo/(γo+γi) 

σ Probability of SPP radiative-damping: γr/(γr + γSPP) evaluated when D << 10nm 

ΓSPP Total SPP rate (radiative and nonradiative): γSPP/(1-σ) 

Γsc Rate of light scattering by the tip 

 


