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We herein present the detailed results for the existence and uniqueness of mild solution for multifractional order impulsive
integrodifferential control equations with a nonlocal condition involving several types of semigroups of bounded linear operators,
which were established on probability density functions related with the fractional differential equation. Additionally, we present
the necessary and sufficient conditions to investigate Schauder’s fixed point theorem with Holder’s inequality ρ–mean continuity
and infinite delay parameter to guarantee the uniqueness of a fixed point.

1. Introduction

+e importance of investigating the solution for fractional
order derivatives in integrodifferential equations with
a nonlocal initial or boundary condition lies in the fact that
they include several classes of fractional order inte-
grodifferential equations, as presented in studies on the
existence and uniqueness of nonlocal initial fractional order
integrodifferential equations in [1–5] and in some other
studies with a nonlocal boundary condition [6], as well as
fractional order differential equations involving integral
conditions as a boundary condition, as found in multiple
papers, including those by [7, 8].

Additionally, existence and uniqueness investigated in
several studies for impulsive fractional order integrodiffer-
ential problems are presented in [3, 9–14]. Integral nonlocal
conditions for impulsive fractional order integrodifferential
equations are also presented in [15, 16].

We consider the impulsive multifractional order inte-
grodifferential equations with nonlocal conditions and finite
delay as follows:

c
D

α
x(t) � Ax(t) + Bu(t) + f t, xt, I

β1(x(t)), I
β2(x(t)) ,

t ∈ J � [0, b], t≠ ti,

(1)

Δx|t�ti
� Ii x ti( ( , i � 1, 2, . . . , s, (2)

x(t) � ∅(t) + g(x)(t), t ∈ [− r, 0], (3)

where cDα and Iβ1 and Iβ2 are the Caputo fractional de-
rivative and fractional integration, respectively, of order
0< α, β1, β2 < 1, the state x(·) is defined on the Banach space
X with the norm ‖·‖, u(·) is the control function in Banach
space L2(J, V) of admissible control functions, and V is
Banach space, where B: V⟶ X is a linear bounded op-
erator. T(t){ }t≥0 is a strongly continuous semigroup of
operators on X generated by A. PC(J, X) � x: [0, b]{

⟶ X, x(t) is continuous at t≠ tk and left continuous at
t � tk and x(t+

k )}, the impulsive functions Ii: D⟶ X,
i � 1, 2, . . . , s, 0< t1 < t2 < · · · < ts < ts+1 � b. +e functions
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f: J × D × X × X⟶ X and g: PC(J, X)⟶ X are con-
tinuous and satisfies some assumptions, where
D � ω: [− r, 0]⟶ X{ , ω(t) is continuous for all t ∈ J ex-
cept for a finite number of points ti at which ω(t+

i ) and ω(t−
i )

exist and ω(ti) � ω(t−
i )}, the impulsive functions

Ii: D⟶ X, i � 1, 2, . . . , s, 0< t1 < t2 < · · · < ts < ts+1 � b,
the jump of a function x at ti is denoted by Δx(ti), which is
defined by Δx(ti) � x(t+

i ) − x(t−
i ).

For x ∈ PC(J, X), we denote xt as the function in D

given by xt(θ) � x(t + θ), θ ∈ [− r, 0], and ∅ is a given
function in D.

Furthermore, PC([− r, b], X) is a Banach space of all
piecewise continuous functions with the norm
‖x‖ � sup ‖x(t)‖: t ∈ [− r, b]{ }.

+e scientific problem of these types of fractional
integrodifferential equations that have not easy solv-
ability even some time there are difficult to study also
their behaviours for their solutions on the certain space
and the description of the equation terms, however it is
need more effort and practise.when the solvability of
these problems have been investigated will be cover
all a particular results from this problem such as
[3, 10, 11].

In this paper, we first present the basic theory of
existence and uniqueness of mild solution for multi-
fractional order impulsive integrodifferential control
equations with a nonlocal condition and infinite delay
parameter (1) by defining several types of semigroups of
linear-bounded operators established on probability
density functions defined on (0,∞) and consider the
necessary and sufficient estimators conditions, which
play an important role in investigating Schauder’s fixed
point theorem with Holder’s inequality ρ–mean conti-
nuity to guarantee the existence and uniqueness of a fixed
point.

2. Preliminaries

Definition 1 (see [17]). LetAC[0,∞) be a space of absolutely
continuous function. +en, the fractional integral for
a function g ∈ AC[0,∞) of order α is defined as follows:

I
α
g(t) �

1
Γ(α)


t

0

g(s)

(t − s)1− α ds, t> 0, 0< α< 1, (4)

where Γ(·) is the gamma function.

Definition 2 (see [17]). +e Caputo derivative for a function
g ∈ AC[0,∞) of order α is defined as follows:

c
D

α
g(t) �

1
Γ(1− α)


t

0

g′(s)

(t− s)α
ds, t> 0, 0< α< 1, (5)

where Γ(·) is the gamma function.

Definition 3 (see [18]). +e family of bounded linear op-
erators T(t), 0≤ t<∞ defined on the Banach space X is
a semigroup if T(0) � I. Here, I is the identity operator on X
and T(t + s) � T(t)T(s), for every t, s≥ 0.

Definition 4 (see [18]). Let T(t) be a semigroup, then T(t) is
called strongly continuous and is denoted by C0 on a Banach
space X if ‖ lim

t↓0
T(t)x − Ix‖X � 0.

Definition 5 (see [18]). +e domain of the linear operator
A: D(A) ⊆X⟶ X is defined as follows. +e domain
D(A) � x ∈ X: limt↓0((T(t)x − x)/t) exists and
Ax �(dT(t)/dt)|t�0 � limt↓0((T(t)x − x)/t) for x ∈ D(A).
Here, A is the generator of the semigroup T(t).

Remark 1 (see [19]). We define the norm for measurable
functions n: J⟶ R as follows:

‖n‖Lp(J) �


J
|n(t)|pdt 

1/p
, 1≤p<∞,

infμ(J)�0 supt∈J− J|n(t)|  , p �∞,

⎧⎪⎪⎨

⎪⎪⎩
(6)

where μ(J) is the Lebesgue measure on J. +e Banach space
of all Lebesgue measurable functions is Lp(J,R).

Lemma 1 (see [20]). If f1 ∈ Lp(J,R) and f2 ∈ Lq(J,R),
then ‖f1f2‖≤ ‖f1‖‖f2‖ for p, q≥ 1 and (1/q) + (1/p) � 1,

and the inequality is called Holder’s inequality.

Lemma 2 (see [19]). Let h: [0, b]⟶ R be a measurable
function; if |h| is Lebesgue integrable, then h is called the
Bochner integrable.

Lemma 3 (see [20]). If D is a bounded, closed, and convex
subset of a Banach space X and F: D⟶ D is completely
continuous, then F has a fixed point in D.

Lemma 4 (see [21]). Let ω ∈ Lp(J, X), 1≤p< +∞, then
lim

t⟶ 0


b

0 ‖ω(t + r) − ω(t)‖pdt � 0, and ω(s) � 0 for s ∉ J.

In order to guarantee the existence and uniqueness of mild
solution of problem (1), we introduce the following assumptions.

Assumptions

(A1) T(t){ }t≥0 is a strongly continuous semigroup
generated by A, that is, a compact operator for every
t≥ 0, and ‖T(t)‖ ≤M1.
(A2) Let M2 and M3 be the positive constants such that
‖B‖≤M2 and ‖u‖≤M3.
(A3) +e function f: J × D × X × X⟶ X satisfies
that for any t ∈ J, f(t, ·, ·, ·): D × X⟶ X is a con-
tinuous function and for all (∅, x) ∈ D × X,
f(·,∅, x, y): J⟶ X is strongly measurable, where
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D �
τ: [− r,∞]⟶ X: τ(t) is continous every where except for a finite number of

points ti at which τ t+
i(  and τ t−

i(  exist and τ ti(  � τ t−
i( 

 , (7)

and there is a positive function μ(·) ∈ Lp(J,R+) for
some p, 1<p<∞ such that

‖f(t, x, y, z)‖≤ μ(t)(‖x‖ +‖y‖ +‖z‖),

x, y, z ∈ PC(J, X), t ∈ J.
(8)

(A4) +e function g: PC(J, X)⟶ X is a continuous
compact function, satisfying

‖g(x)‖≤ L‖x‖ + L′, x ∈ PC(J, X), for constants, L, L′ > 0.

(9)

(A5) +e operator Ii: D⟶ X, i � 1, 2, . . . , s, is con-
tinuous and there is nondecreasing function
Ni: R

+⟶ R+ such that

Ii(x)
����

����≤Ni ‖x‖D( , i � 1, 2, . . . , s, x ∈ D. (10)

Let Dq � x ∈ PC(J, X), ‖x‖≤ q , where q a positive
constant. +erefore, Dq is a closed, bounded, and convex
subset in D.

Definition 6. +e function x(·) ∈ PC(J, X) is the mild
solution of problem (1), if x(t) � ∅(t) + g(x)(t) on
t ∈ [− r, 0] and Δx|t�ti

� Ii(x(ti)), i � 1, 2, . . . , s, the re-
striction of x(·) to the interval Ji, i � 1, 2, . . . , s, is contin-
uous and the following equation is satisfied:
x(t) � Sα(t)[∅ + g(x)]

+ 
t

0
(t − s)

α− 1
Tα(t − s) f s, xs, I

β1(x(τ)), I
β2(x(τ)) 

+ Bu(s)]ds

+ 
s

i�1
Sα t − ti( Ii x ti( ( ,

(11)

where

Sα(t) � 
∞

0
Φα(θ)T t

αθ( dθ, (12)

Tα(t) � α
∞

0
θΦα(θ)T t

αθ( dθ

Φα(θ) �
1
α
θ− 1− (1/α)

wα θ− (1/α)
 

wα(θ) �
1
π



∞

n�1
(− 1)

n− 1θ− αn− 1Γ(αn + 1)

n!
sin(αnπ), θ ∈ (0,∞),

(13)

and Φα is the probability density function on (0,∞), with
properties Φα(θ)≥ 0 and


∞

0
Φα(θ)dθ � 1,


∞

0
θΦα(θ)dθ �

1
Γ(α + 1)

.

(14)

3. Main Results

Theorem 1. Assume that the hypotheses (A1)–(A5) with the
condition M1[(αbα− (1/p)/(Γ(1+α))) ((p − 1)/(α − 1)p+p − 1)(p− 1)/p

(‖σ‖Lp(J,R+) +((bβ1+((p− 1)/p2))/(Γ(β1+1)))‖σ‖
Lp2(J,R+)

+((bβ2+

((p − 1)/p2))/(Γ(β1+1)))‖σ‖
Lp2(J,R+)

)+
s
i�1Li]<1 holds.

<us, for every nonlocal initial condition
x(t)�∅(t)+g(x)(t), t ∈[− r,0], the impulsive multifrac-
tional order integrodifferential equations with nonlocal
conditions (1) has a mild solution x∈Dq, where q is a positive
constant, for every control u∈ L2(J,V).

Proof. For any positive constant q and x ∈ Dq, from (A1)
and (A4), we have

Sα(t)[∅ + g(x)]
����

���� � 
∞

0
Φα(θ)T t

αθ( [∅ + g(x)]dθ
�������

�������

≤ 
∞

0
Φα(θ) T t

αθ( 
����

����[‖∅‖ +‖g(x)‖]dθ

≤M1(‖∅‖ + Lq + L).

(15)

+erefore, 
∞
0 Φα(θ)T(tαθ)[∅ + g(x)]dθ exists.

From (A1), (12)–(14), and (A3), we obtain
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t

0
(t − s)

α− 1
Tα(t − s) f s, ys + ∅s, I

β1(y(τ) + ∅(τ)), I
β2(y(τ) + ∅(τ))  + Bu(s) ds

�������

�������

≤ 
t

0

∞

0
αθΦα(θ)(t − s)

α− 1
T (t − s)

αθ( 
����

����

× f s, ys + ∅s, I
β1(y(τ) + ∅(τ)), I

β2(y(τ)s + ∅(τ)) 
�����

����� +‖Bu(s)‖ ds

≤
αM1

Γ(1 + α)


t

0
(t − s)

α− 1 σ(s) q +‖ ∅‖PC +
1
Γ β1( 


s

0
(s − τ)

β1− 1
q +‖ ∅‖PC dτ

+
1
Γ β2( 


s

0
(s − τ)

β2− 1
q +‖ ∅‖PC dτ + M2M3ds

≤
αM1 q +‖ ∅‖PC 

Γ(1 + α)


t

0
(t − s)

α− 1σ(s)ds +
1

Γ β1 + 1( 


t

0
(t − s)

α− 1σ(s)s
β1ds

+
1

β2Γ β2 + 1( 


t

0
(t − s)

α− 1σ(s) s
β2ds +

αM1

Γ(1 + α)


t

0
(t − s)

α− 1
M2M3ds

≤
αM1 q +‖ ∅‖PC 

Γ(1 + α)


t

0
(t − s)

((α− 1)p)/(p− 1)ds 

(p− 1)/p


t

0
(σ(s))

pds 

1/p
⎛⎝

+
1

Γ β1 + 1( 


t

0
(t − s)

((α− 1)p)/(p− 1)ds 

(p− 1)/p


t

0
s
β1σ(s) 

p
ds 

1/p

+
1

β2Γ β2 + 1( 


t

0
(t − s)

((α− 1)p)/(p− 1)ds 

(p− 1)/p


t

0
s
β2σ(s) 

p
ds 

1/p
⎞⎠

+
αM1M2M3

Γ(1 + α)


t

0
(t − s)

α− 1ds

≤
αM1 q +‖ ∅‖PC 

Γ(1 + α)

p − 1
(α − 1)p + p − 1

 

(p− 1)/p

t
((α− 1)p+p− 1)/p

‖σ‖Lp J,R+( )
⎛⎝

+
1

Γ β1 + 1( 

p − 1
(α − 1)p + p − 1

 

(p− 1)/p

t
((α− 1)p+p− 1)/p


t

0
s
β1p2/(p− 1)ds 

(p− 1)/p2


t

0
(σ(s))

p2
ds 

1/p2

+
1

Γ β1 + 1( 

p − 1
(α − 1)p + p − 1

 

(p− 1)/p

t
((α− 1)p+p− 1)/p


t

0
s
β2p2/(p− 1)ds 

(p− 1)/p2


t

0
(σ(s))

p2
ds 

1/p2

+
αM1M2M3

Γ(1 + α)


t

0
(t − s)

α− 1ds

≤
αM1 q +‖ ∅‖PC 

Γ(1 + α)

p − 1
(α − 1)p + p − 1

 

(p− 1)/p

t
((α− 1)p+p− 1)/p

‖σ‖Lp J,R+( ) +
1

Γ β1 + 1( 

1
1 + β1p2/(p − 1)( 

 

(p− 1)/p2

⎛⎝

· t
β1p2+p− 1( )/p2

‖σ‖
Lp2 J,R+( )

+
1

Γ β1 + 1( 

1
1 + β2p2/(p − 1)( 

 

(p− 1)/p2

t
β2p2+p− 1( )/p2

‖σ‖
Lp2 J,R+( )

⎞⎠ +
M1M2M3b

α

Γ(1 + α)
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≤
αM1 q +‖ ∅‖PC bα− (1/p)

Γ(1 + α)

p − 1
(α − 1)p + p − 1

 

((p− 1)/p)

‖σ‖Lp J,R+( ) +
bβ1+ (p− 1)/p2( )

Γ β1 + 1( 
 ‖σ‖

Lp2 J,R+( )

+
bβ2+ (p− 1)/p2( )

Γ β1 + 1( 
‖σ‖

Lp2 J,R+( ) +
M1M2M3b

α

Γ(1 + α)
, (16)

for all t ∈ J. +us, ‖ 
t

0 (t − s)α− 1Tα(t − s)[f(s, ys +
∅s, Iβ1(y(τ) + ∅(τ)), Iβ2(y(τ) + ∅(τ))) + Bu(s)]ds‖ is
Lebesgue integrable with respect to s ∈ [0, t], for all t ∈ J.

By Lemma 1, we get ‖ 
t

0 (t − s)α− 1Tα(t − s)[f(s, ys +
∅s, Iβ1(y(τ) + ∅(τ)), Iβ2(y(τ) + ∅(τ))) + Bu(s)]ds‖ is
Bochner’s integrable, for s ∈ [0, t], t ∈ J.

Now, we define the operators F on Dq as follows:

(Fx)(t) �

∅(t), t ∈ [− r, 0],

Sα(t)[∅ + g(x)] + 
t

0 (t − s)α− 1Tα(t − s) f s, xs, Iβ1(x(τ)), Iβ2(x(τ))(  + Bu(s) ds + 
s

i�1
Sα t − ti( Ii x ti( (  , t ∈ J.

⎧⎪⎪⎨

⎪⎪⎩

(17)

For ∅ ∈ D, we define ∅ ∈ PC by

∅(t) �
∅(t), t ∈ [− r, 0],

Sα(t)[∅ + g(x)], t ∈ J.
 (18)

Let x(t) � y(t) + ∅(t), the operator G: PC⟶ PC

defined as

(Gy)(t) �

0, t ∈ [− r, 0],


t

0 (t − s)α− 1Tα(t − s) f s, ys + ∅s, Iβ1(y(τ) + ∅(τ)), Iβ2(y(τ) + ∅(τ))  + Bu(s) ds

+ 
s

i�1
Sα t − ti( Ii y ti(  + ∅ ti(  , t ∈ J.

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(19)

Clearly, since operator F has one fixed point and thus G

too. So, we have

(Gy)(t) � 
t

0
(t − s)

α− 1
Tα(t − s) f s, ys + ∅s, I

β1(y(τ)

+ ∅(τ)), I
β2(y(τ) + ∅(τ)) + Bu(s)ds

+ 
s

i�1
Sα t − ti( Ii y ti(  + ∅ ti(  , t ∈ J.

(20)

where y ∈ PC. Let

q � αM1‖
∅‖PCb

α− (1/p)
 /(Γ(1 + α)) ((p − 1)/((α − 1)p + p − 1))

(p− 1)/p
‖σ‖Lp J,R+( ) + b

β1+ (p− 1)/p2( )/ Γ β1 + 1( (   ‖σ‖
Lp2 J,R+( )

+ b
β2+ (p− 1)/p2( )/ Γ β1 + 1( (  ‖σ‖

Lp2 J,R+( ) + M1M2M3b
α

( /(Γ(1 + α))(  + M1 

s

i�1
Li‖

∅‖PC

· 1 − M1 αb
α− (1/p)/Γ(1 + α) ((p − 1)/((α − 1)p + p − 1))

(p− 1)/p
‖σ‖Lp J,R+( ) + b

β1+ (p− 1)/p2( )/ Γ β1 + 1( (   ‖σ‖
Lp2 J,R+( )

+ b
β2+ (p− 1)/p2( )/ Γ β1 + 1( (  ‖σ‖

Lp2 J,R+( ) + 
s

i�1
Li

⎤⎦⎞⎠

− 1

.

(21)
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In the following, we will prove that G has a fixed point on
Dq, and then we get F has a fixed point on Dq. □

Step 1. ‖Gy‖≤ q, then ‖Fx‖≤ q, where y ∈ PC and x ∈ Dq.

By using a method similar to the one used in (15) and
(16), we have

‖(Gy)(t)‖ � 
t

0
(t − s)

α− 1
Tα(t − s) f s, ys + ∅s, I

β1(y(τ) + ∅(τ)), I
β2(y(τ) + ∅(τ))  + Bu(s) ds

���������

+ 
s

i�1
Sα t − ti( Ii y ti(  + ∅ ti(  

���������

‖(Gy)(t)‖ � 
t

0

∞

0
αθΦα(θ)(t − s)

α− 1
T (t − s)

αθ( 

���������

× f s, ys + ∅s, I
β1(y(τ) + ∅(τ)), I

β2(y(τ) + ∅(τ))  + Bu(s) ds

+ 
s

i�1

∞

0
Φα(θ)T t − ti( 

αθ( Ii y ti(  + ∅ ti(  

���������

≤
αM1 q +‖ ∅‖PC bα− (1/p)

Γ(1 + α)

p − 1
(α − 1)p + p − 1

 

p− 1/p

‖σ‖Lp J,R+( ) +
bβ1+ p− 1/p2( )

Γ β1 + 1( 
 ‖σ‖

Lp2 J,R+( )

+
bβ2+ p− 1/p2( )

Γ β1 + 1( 
‖σ‖

Lp2 J,R+( ) +
M1M2M3b

α

Γ(1 + α)
+ M1 

s

i�1
Li q +‖ ∅‖PC  � q.

(22)

Hence, if ‖Gy‖ ≤ q, then ‖Fx‖≤ q, where y ∈ PC and
x ∈ Dq.

Step 2. G is a completely continuous operator.
Firstly, we will show that G is continuous on Dq.
For any yn, y⊆Dq, n � 1, 2, . . ., with

limn⟶∞‖yn⟶ y‖ � 0, we get lim
n⟶∞

yn(t) � y(t), t ∈ J.
By (A3), we obtain

lim
n⟶∞

f t, ytn
+ ∅t, I

β1 yn(τ) + ∅(τ) , I
β2 yn(τ) + ∅(τ)  

� f t, yt + ∅t, I
β1(y(τ) + ∅(τ)), I

β2(y(τ) + ∅(τ)) , for t ∈ J.

(23)
+en,

sup
s∈[0,b]

f s, ysn
+ ∅s, I

β1 yn(τ) + ∅(τ) , I
β2 yn(τ) + ∅(τ)  

�����

− f s, ys + ∅s, I
β1(y(τ) + ∅(τ)), I

β2(y(τ) + ∅(τ)) 
�����⟶ 0,

n⟶∞,

(24)

and from (A5), we obtain

lim
n⟶∞

Ii yn ti(  + ∅ ti(   � Ii y ti(  + ∅ ti(  , i � 1, 2, . . . , s,

sup
s∈[0,b]

Ii yn si(  + ∅ si(   − Ii y si(  + ∅ si(  ⟶ 0
�����

�����,

n⟶∞.

(25)

Additionally, from (A2), we obtain

lim
n⟶∞

un(t) � u(t),

sup
s∈[0,b]

un(s) − u(s)
����

����⟶ 0, n⟶∞.
(26)

Subsequently, we have that
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Gyn − G y
����

����≤ 
t

0
(t − s)

α− 1
Tα(t − s) f s, ysn

+ ∅s, I
β1 yn(τ) + ∅(τ) , I

β2 yn(τ) + ∅(τ)  

�������

− f s, ys + ∅s, I
β1(y(τ) + ∅(τ)), I

β2(y(τ) + ∅(τ)) ds
�����

+ 
t

0
(t − s)

α− 1
Tα(t − s)B un − u ds

�������

�������

+ 

s

i�1
Sα t − ti(  Ii yn ti(  + ∅ ti(   − Ii y ti(  + ∅ ti(   

���������

���������

≤ 
t

0

∞

0
αθΦα(θ)(t − s)

α− 1
T (t − s)

αθ(  f s, ysn
+ ∅s, I

β1 yn(τ) + ∅(τ) , I
β2 yn(τ) + ∅(τ)  

�������

− f s, ys + ∅s, I
β1(y(τ) + ∅(τ)), I

β2(y(τ) + ∅(τ)) dθds
�����

+ 
t

0

∞

0
αθΦα(θ)(t − s)

α− 1
T (t − s)

αθ( B un − u dθds

�������

�������

+ 

s

i�1

∞

0
Φα(θ)T t − ti( 

αθ(  Ii yn ti(  + ∅ ti(   − Ii y ti(  + ∅ ti(   dθ

���������

���������

≤
αM1b

α

Γ(1 + α)
sup

s∈[0,b]

f s, ysn
+ ∅s, I

β1 yn(τ) + ∅(τ) , I
β2 yn(τ) + ∅(τ)  

�����

− f s, ys + ∅s, I
β1(y(τ) + ∅(τ)), I

β2(y(τ) + ∅(τ)) 
����� +

αM1M2b
α

Γ(1 + α)
sup

s∈[0,b]

un − u
����

���� + M1 

s

i�1
Ii yn ti( (

����

+ ∅ ti(  − Ii y ti(  + ∅ ti(  
�����.

(27)

Hence, by (16), (22), and (24), we have

Gyn − Gy
����

����⟶ 0, n⟶∞. (28)

+us, G is continuous.

Now, we will prove that Gy, y ∈ Dq  is equicontinuous
on Ji, i � 1, 2, . . . , s. For any y ∈ Dq and 0≤ t1 < t2 ≤ b, we
have

Gy t2(  − Gy t1( 
����

����

≤ 
t1

0

∞

0
αθΦα(θ) t2 − s( 

α− 1
− t1 − s( 

α− 1
 T t2 − s( 

αθ(  × f s, ys + ∅s, I
β1(y(τ)

�������

+ ∅(τ)), I
β2(y(τ) + ∅(τ)) + Bu(s)dθds

�����

+ 
t1

0

∞

0
αθΦα(θ) t1 − s( 

α− 1
T t2 − s( 

αθ(  − T t1 − s( 
αθ(   × f s, ys + ∅s, I

β1(y(τ)

�������

+ ∅(τ)), I
β2(y(τ) + ∅(τ)) + Bu(s)dθds

�����

+ 
t2

t1


∞

0
αθΦα(θ) t2 − s( 

α− 1
T t2 − s( 

αθ(  × f s, ys + ∅s, I
β1(y(τ) + ∅(τ)), I

β2(y(τ) + ∅(τ))  + Bu(s) dθds

��������

��������

+ 

s

i�1

∞

0
Φα(θ) S t2 − ti( 

α
− S t1 − ti( 

α
 Ii y ti(  + ∅ ti(  dθ

���������

���������

� α I1 + I2 + I3(  + 
s

i�1

∞

0
Φα(θ) S t2 − ti( 

α
− S t1 − ti( 

α
 Ii y ti(  + ∅ ti(  dθ

���������

���������
,

(29)
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where

I1 � 
t1

0

∞

0
θΦα(θ) t2 − s( 

α− 1
− t1 − s( 

α− 1
 T t2 − s( 

αθ(  × f s, ys + ∅s, I
β1(y(τ) + ∅(τ)), I

β2(y(τ) + ∅(τ))  + Bu(s) dθds

�������

�������

I2 � 
t1

0

∞

0
θΦα(θ) t1 − s( 

α− 1
T t2 − s( 

αθ(  − T t1 − s( 
αθ(   × f s, ys + ∅s, I

β1(y(τ) + ∅(τ)), I
β2(y(τ) + ∅(τ))  + Bu(s) dθds

�������

�������

I3 � 
t2

t1


∞

0
θΦα(θ) t2 − s( 

α− 1
T t2 − s( 

αθ(  × f s, ys + ∅s, I
β1(y(τ) + ∅(τ)), I

β2(y(τ) + ∅(τ))  + Bu(s) dθds

��������

��������

I1 ≤
M1

Γ(1 + α)


t1

0
t2 − s( 

α− 1
− t1 − s( 

α− 1
  × f s, ys + ∅s, I

β1(y(τ) + ∅(τ)), I
β2(y(τ) + ∅(τ)) 

�����

����� +‖Bu(s)‖ ds

≤
M1 q +‖ ∅‖PC 

Γ(1 + α)


t1

0
t2 − s( 

α− 1
− t1 − s( 

α− 1
 

p
ds 

(1/p)

‖σ‖Lp/(p− 1) J,R+( )
⎛⎝

+
1

Γ β1 + 1( 


t1

0
t2 − s( 

α− 1
− t1 − s( 

α− 1
 

p
ds 

1/p


t1

0
s
β1p2/(p− 1)2ds 

(p− 1)/p2


t1

0
(σ(s))

p2/p− 1ds 

(p− 1)/p2

+
1

Γ β1 + 1( 


t1

0
t2 − s( 

α− 1
− t1 − s( 

α− 1
 

p
ds 

1/p


t1

0
s
β2p2/(p− 1)2ds 

(p− 1)2/p2


t1

0
(σ(s))

p2/(p− 1)ds 

(p− 1)/p2

+
M1M2M3

Γ(1 + α)


t1

0
t2 − s( 

α− 1
− t1 − s( 

α− 1
 ds

≤
M1 q +‖ ∅‖PC 

Γ(1 + α)
‖σ‖L(p/p− 1) J,R+( ) +

bβ1+ (p− 1)2/p2( )

Γ β1 + 1( 

1
1 + β1p2/(p − 1)2 

⎛⎝ ⎞⎠

(p− 1)2/p2

‖σ‖
Lp2/p− 1 J,R+( )

⎛⎜⎜⎜⎝

+
bβ2+ (p− 1)2/p2( )

Γ β2 + 1( 

1
1 + β2p2/(p − 1)2 

⎛⎝ ⎞⎠

(p− 1)2/p2

‖σ‖
Lp2/p− 1 J,R+( )

⎞⎟⎟⎟⎠ × 
t1

0
t2 − s( 

α− 1
− t1 − s( 

α− 1
 

p
ds 

1/p

+
M1M2M3

Γ(1 + α)


t1

0
t2 − s( 

α− 1
− t1 − s( 

α− 1
 ds.

(30)

By Lagrange’s mean value theorem, we have (t2 − s)α− 1 −

(t1 − s)α− 1⟶ 0 as t2⟶ t1 for s ∈ J. Using Lemma 4, we
obtain 

t1

0 [(t2 − s)α− 1 − (t1 − s)α− 1]pds⟶ 0 as t2⟶ t1.
+us, lim

t2⟶ t1
Ι1 � 0.
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Now, for t1 � 0, 0< t2 ≤ b, clearly, I2 � 0 for t1 > 0 and
ε> 0 is sufficiently small. +erefore,

I2 ≤ 
t1− ε

0

∞

0
θΦα(θ) t1 − s( 

α− 1
T t2 − s( 

αθ(  − T t1 − s( 
αθ(   × f s, ys + ∅s, I

β1(y(τ)

�������

+ ∅(τ)), I
β2(y(τ) + ∅(τ)) + Bu(s)dθds

�����

+ 
t1

t1− ε

∞

0
θΦα(θ) t1 − s( 

α− 1
T t2 − s( 

αθ(  − T t1 − s( 
αθ(  

��������

× f s, ys + ∅s, I
β1(y(τ) + ∅(τ)), I

β2(y(τ) + ∅(τ))  + Bu(s) dθds
�����

≤
q +‖ ∅‖PC 

Γ(1 + α)
sup

s∈ 0,t1− ε[ ]
T t2 − s( 

αθ(  − T t1 − s( 
αθ( 

����
���� 

t1− ε

0
t1 − s( 

α− 1σ(s)ds

+ 
t1− ε

0
t1 − s( 

α− 1σ(s)
sβ1

β1Γ β1( 
ds + 

t1− ε

0
t1 − s( 

α− 1σ(s)
sβ2

β2Γ β2( 
ds

+
1
Γ(1 + α)


t1− ε

0
t1 − s( 

α− 1 sup
s∈ 0,t1− ε[ ]

T t2 − s( 
αθ(  − T t1 − s( 

αθ( 

����������

����������
M2M3ds

+
2M1 q +‖ ∅‖PC 

Γ(1 + α)


t1

t1− ε
t1 − s( 

α− 1σ(s)ds + 
t1

t1− ε
t1 − s( 

α− 1σ(s)
sβ1

β1Γ β1( 
ds

+ 
t1

t1− ε
t1 − s( 

α− 1σ(s)
sβ2

β2Γ β2( 
ds +

2M1

Γ(1 + α)


t1

t1− ε
t1 − s( 

α− 1
M2M3ds

≤
q +‖ ∅‖PC 

Γ(1 + α)
sup

s∈ 0,t1− ε[ ]
T t2 − s( 

αθ(  − T t1 − s( 
αθ( 

����
���� 

t1− ε

0
t1 − s( 

((α− 1)p)/(p− 1)ds 

(p− 1)/p

· ‖σ‖Lp J,R+( ) +
1

Γ β1 + 1( 


t1− ε

0
s
β1p2/(p− 1)ds 

(p− 1)/p2


t1− ε

0
(σ(s))

p2
ds 

1/p2

⎡⎢⎣

+
1

Γ β2 + 1( 


t1− ε

0
s
β2p2/(p− 1)ds 

(p− 1)/p2


t1− ε

0
(σ(s))

p2
ds 

1/p2

⎤⎥⎦

+
M2M3

Γ(1 + α)


t1− ε

0
t1 − s( 

α− 1 sup
s∈ 0,t1− ε[ ]

T t2 − s( 
αθ(  − T t1 − s( 

αθ( 
����

����ds

+
2M1 q +‖ ∅‖PC 

Γ(1 + α)


t1

t1− ε
t1 − s( 

((α− 1)p)/(p− 1)ds 

(p− 1)/p

‖σ‖Lp J,R+( ) +
1

Γ β1 + 1( 


t1

t1− ε
s
β1p2/(p− 1)ds 

(p− 1)/p2

⎡⎢⎣

× 
t1

t1− ε
(σ(s))

p2
ds 

1/p2

+
1

Γ β2 + 1( 


t1

t1− ε
s
β2p2/(p− 1)ds 

(p− 1)/p2


t1

t1− ϵ
(σ(s))

p2
ds 

1/p2

⎤⎥⎦

+
2M1

Γ(1 + α)


t1

t1− ε
t1 − s( 

α− 1
M2M3ds

Journal of Mathematics 9



≤
q +‖ ∅‖PC 

Γ(1 + α)
sup

s∈ 0,t1− ε[ ]
T t2 − s( 

αθ(  − T t1 − s( 
αθ( 

����
����

p − 1
(α − 1)p + p − 1

 

(p− 1)/p

· t
(((α− 1)p+p− 1)/(p− 1))
1 − ε(((α− 1)p+p− 1)/(p− 1))

 
(p− 1)/p

‖σ‖Lp J,R+( ) +
1

Γ β1 + 1( 
t1 − ε( 

β1p2+p− 1( )/p2


·
1

1 + β1p2/(p − 1)( 
 

(p− 1)/p2

‖σ‖
Lp2 J,R+( )

+
1

Γ β2 + 1( 
t1 − ε( 

β2p2+p− 1( )/p2 1
1 + β2p2/(p − 1)( 

 

(p− 1)/p2

‖σ‖
Lp2 J,R+( )

⎤⎥⎦

+
M2M3

αΓ(1 + α)
t
α
1 − εα(  sup

s∈ 0,t1− ε[ ]
T t2 − s( 

αθ(  − T t1 − s( 
αθ( 

����
����

+
2M1 q +‖ ∅‖PC 

Γ(1 + α)

p − 1
(α − 1)p + p − 1

 

(p− 1)/p

ε((α− 1)p+p− 1)/p
‖σ‖Lp J,R+( ) +

ε β1p2+p− 1( )/p2

Γ β1 + 1( 


·
1

1 + β1p2/(p − 1)( 
 

(p− 1)/p2

‖σ‖
Lp2 J,R+( )

+
ε β2p2+p− 1( )/p2

Γ β2 + 1( 

1
1 + β2p2/(p − 1)( 

 

(p− 1)/p2

‖σ‖
Lp2 J,R+( )

⎤⎥⎦ +
2M1

αΓ(1 + α)
εαM2M3, (31)

from (A1) implies the continuity of T(t){ }t≥0 in the uniform
operator topology, and it is clear that Ι2⟶ 0 independent
of y ∈ Dq as t2 − t1⟶ 0, ϵ⟶ 0.

Notably,

I3 ≤
M1

Γ(1 + α)


t2

t1

t2 − s( 
α− 1

f s, ys + ∅s, I
β1(y(τ) + ∅(τ)), I

β2(y(τ) + ∅(τ)) 
�����

����� +‖Bu(s)‖ ds

≤
M1

Γ(1 + α)


t2

t1

t2 − s( 
α− 1 σ(s) ys + ∅s

����
���� +

1
Γ β1( 


s

0
(s − τ)

β1− 1
‖y(τ) + ∅(τ)‖dτ

+
1
Γ β2( 


s

0
(s − τ)

β2− 1
‖y(τ) + ∅(τ)‖dτ +‖B‖‖u(s)‖ds

≤
M1 q +‖ ∅‖PC 

Γ(1 + α)


t2

t1

t2 − s( 
((α− 1)p)/(p− 1)ds 

(p− 1)/p


t2

t1

(σ(s))
pds 

1/p
⎛⎝

+
1

Γ β1 + 1( 


t2

t1

t2 − s( 
((α− 1)p)/(p− 1)ds 

(p− 1)/p


t2

t1

s
β1σ(s) 

p
ds 

1/p

+
1

Γ β2 + 1( 


t2

t1

t2 − s( 
((α− 1)p)/(p− 1)ds 

(p− 1)/p


t2

t1

s
β2σ(s) 

p
ds 

1/p
⎞⎠ +

M1M2M3

Γ(1 + α)


t2

t1

t2 − s( 
α− 1ds
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≤
M1 q +‖ ∅‖PC 

Γ(1 + α)
‖σ‖Lp J,R+( ) +

1
Γ β1 + 1( 

1
1 + β1p2/(p − 1)( 

 

(p− 1)/p2

t
β1p2/(p− 1)( )+1

2 − t
β1p2/(p− 1)( )+1

1 
(p− 1)/p2

‖σ‖
Lp2 J,R+( )

⎛⎝

+
1

Γ β2 + 1( 

1
1 + β2p2/(p − 1)( 

 

p− 1/p2

t
β2p2/(p− 1)( )+1

2 − t
β2p2/(p− 1)( )+1

1 
(p− 1)/p2

‖σ‖
Lp2 J,R+( )

⎞⎠

× 
t2

t1

t2 − s( 
((α− 1)p)/(p− 1)ds 

(p− 1)/p

+
M1M2M3

Γ(1 + α)


t2

t1

t2 − s( 
α− 1ds

≤
M1 q +‖ ∅‖PC 

Γ(1 + α)
‖σ‖Lp J,R+( ) +

1
Γ β1 + 1( 

1
1 + β1p2/(p − 1)( 

 

(p− 1)/p2

t
β1p2/(p− 1)( )+1

2 − t
β1p2/(p− 1)( )+1

1 
(p− 1)/p2

‖σ‖
Lp2 J,R+( )

⎛⎝

+
1

Γ β2 + 1( 

1
1 + β2p2/(p − 1)( 

 

(p− 1)/p2

t
β2p2/(p− 1)( )+1

2 − t
β2p2/(p− 1)( )+1

1 
(p− 1)/p2

‖σ‖
Lp2 J,R+( )

⎞⎠

·
p − 1

(α − 1)p + p − 1
 

(p− 1)/p

t2 − t1( 
α− (1/p)

+
M1M2M3

αΓ(1 + α)
,

(32)

We have that limt2⟶ t1
I3 � 0. +us, Gy(t2) − Gy(t1)

tends to zero independent of y ∈ Dq as t2 − t1⟶ 0, which
means that Gy, y ∈ Dq  is equicontinuous.

Now, we need to show that W(t) � (Gy)(t), y ∈ Dq  is
relatively compact in X and t ∈ [0, b]. So, we define an
operator Gε,δ on Dq for all ε ∈ (0, t) and δ > 0 as follows:

Gε,δy (t) �

0, t ∈ [− r, 0],


t− ε
0 
∞
δ αθ(t − s)α− 1Φα(θ)T (t − s)αθ( ) f s, ys + ∅s, Iβ1(y(τ) + ∅(τ)), Iβ2(y(τ) + ∅(τ))  + Bu(s) dθds

+ 
s
i�1 
∞
δ Φα(θ)T t − ti( 

αθ( Ii y ti(  + ∅ ti(  , t ∈ J.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

�

0, t ∈ [− r, 0],

T ϵαδ( ) 
t− ϵ
0 
∞
δ αθ(t − s)α− 1Φα(θ)T (t − s)αθ − ϵαδ( ) f s, ys + ∅s, Iβ1(y(τ) + ∅(τ)), Iβ2(y(τ) + ∅(τ))

+ Bu(s)]dθds + 
s

i�1

∞
δ Φα(θ)T t − ti( 

αθ − ϵαδ( Ii y ti(  + ∅ ti(  , t ∈ J.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(33)

Subsequently, from the compactness of T(ϵαδ), ϵαδ > 0,

we obtain the set Wϵ,δ(t) � (Gϵ,δy)(t), y ∈ Dq  is relatively
compact in X. Obviously, W(0) is relatively compact in X, for
all ε ∈ (0, t) and δ > 0. Furthermore, for ∈ Dq, we obtain
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(Gy)(t) − Gε,δy (t)
�����

�����≤ α 
t

0

δ

0
θ(t − s)

α− 1Φα(θ)T (t − s)
αθ(  × f s, ys + ∅s, I

β1(y(τ) + ∅(τ)) , I
β2(y(τ) + ∅(τ)) + Bu(s)dθds

��������

��������

+ α 
t

0

∞

δ
θ(t − s)

α− 1Φα(θ)T (t − s)
αθ(  f s, ys + ∅s, I

β1(y(τ) + ∅(τ)),

�������

I
β2(y(τ) + ∅(τ)) + Bu(s)dθds − 

t− ϵ

0

∞

δ
θ(t − s)

α− 1Φα(θ)T (t − s)
αθ( 

f s, ys + ∅s, I
β1(y(τ) + ∅(τ)), I

β2(y(τ) + ∅(τ)) + Bu(s)dθds

+ 

s

i�1

δ

0
Φα(θ)T t − ti( 

αθ( Ii y ti(  + ∅ ti(  dθ

���������

���������

≤ αM1 q +‖ ∅‖PC  
t

0
(t − s)

α− 1 σ(s) 1 +
sβ1

Γ β1 + 1( 
+

sβ2

Γ β2 + 1( 
  + M2M3 ds  

δ

0
θΦα(θ)dθ

+ αM1 q +‖ ∅‖PC  
t

t− ε
(t − s)

α− 1 σ(s) 1 +
sβ1

Γ β1 + 1( 
+

sβ2

Γ β2 + 1( 
  + M2M3 ds  

∞

0
θΦα(θ)dθ

+ M1 

s

i�1
Li q +‖ ∅‖PC  

δ

0
Φα(θ)dθ

≤ αM1 q +‖ ∅‖PC  
t

0
(t − s)

α− 1 σ(s) 1 +
sβ1

Γ β1 + 1( 
+

sβ2

Γ β2 + 1( 
  + M2M3 ds  

δ

0
θΦα(θ)dθ

+ αM1 q +‖ ∅‖PC  
t

t− ϵ
(t − s)

α− 1 σ(s) 1 +
sβ1

Γ β1 + 1( 
+

sβ2

Γ β2 + 1( 
  + M2M3 ds 

+ M1 

s

i�1
Li q +‖ ∅‖PC  

δ

0
Φα(θ)dθ

≤ αM1 q +‖ ∅‖PC  
t

0
(t − s)

α− 1σ(s)ds + 
t

0
(t − s)

α− 1σ(s)
sβ1

Γ β1 + 1( 
ds

+ 
t

0
(t − s)

α− 1σ(s)
sβ2

Γ β2 + 1( 
ds + 

t

0
(t − s)

α− 1
M2M3ds 

δ

0
θΦα(θ)dθ

+ αM1 q +‖ ∅‖PC  
t

t− ϵ
(t − s)

α− 1σ(s)ds + 
t

t− ε
(t − s)

α− 1σ(s)
sβ1

Γ β1 + 1( 
ds

+ 
t

t− ϵ
(t − s)

α− 1σ(s)
sβ2

Γ β2 + 1( 
ds + 

t

t− ϵ
(t − s)

α− 1
M2M3ds

+ M1 

s

i�1
Li q +‖ ∅‖PC  

δ

0
Φα(θ)dθ
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≤ αM1 q +‖ ∅‖PC 
p − 1

(α − 1)p + p − 1
 

(p− 1)/p

t
((α− 1)p+p− 1)/p

‖σ‖Lp J,R+( )
⎛⎝

+
1

Γ β1 + 1( 

p − 1
(α − 1)p + p − 1

 

(p− 1)/p

t
((α− 1)p+p− 1)/p


t

0
s
β1p2/(p− 1)ds 

(p− 1)/p2


t

0
(σ(s))

p2
ds 

1/p2

+
1

Γ β1 + 1( 

p − 1
(α − 1)p + p − 1

 

(p− 1)/p

t
((α− 1)p+p− 1)/p


t

0
s
β1p2/(p− 1)ds 

(p− 1)/p2


t

0
(σ(s))

p2
ds 

1/p2

+ M2M3 
t

0
(t − s)

α− 1ds⎞⎠

× 
δ

0
θΦα(θ)dθ  + αM1 q +‖ ∅‖PC 

p − 1
(α − 1)p + p − 1

 

(p− 1)/p

ε((α− 1)p+p− 1)/p
‖σ‖Lp J,R+( )

⎛⎝

+
1

Γ β1 + 1( 

p − 1
(α − 1)p + p − 1

 

(p− 1)/p

ε((α− 1)p+p− 1)/p


t

t− ε
s
β1p2/(p− 1)ds 

(p− 1)/p2


t

t− ε
(σ(s))

p2
ds 

1/p2

+
1

Γ β1 + 1( 

p − 1
(α − 1)p + p − 1

 

(p− 1)/p

ε((α− 1)p+p− 1)/p


t

t− ε
s
β1p2/(p− 1)ds 

(p− 1)/p2


t

t− ε
(σ(s))

p2
ds 

1/p2

+ M2M3 
t

t− ε
(t − s)

α− 1ds⎞⎠

+ M1 

s

i�1
Li q +‖ ∅‖PC  

δ

0
Φα(θ)dθ≤M1 q +‖ ∅‖PC 

p − 1
(α − 1)p + p − 1

 

(p− 1)/p

t
((α− 1)p+p− 1)/p

‖σ‖Lp J,R+( )
⎛⎝

+
1

Γ β1 + 1( 

p − 1
(α − 1)p + p − 1

 

(p− 1)/p

t
((α− 1)p+p− 1)/p p − 1

β1p2 + p − 1
t
β1p2/(p− 1)

 

(p− 1)/p2

‖σ‖
Lp2 J,R+( )

+
1

Γ β2 + 1( 

p − 1
(α − 1)p + p − 1

 

(p− 1)/p

t
((α− 1)p+p− 1)/p p − 1

β2p2 + p − 1
t

β2p2+p− 1( )/p− 1
 

(p− 1)/p2

‖σ‖
Lp2 J,R+( )

+ M2M3t
α⎞⎠

× 
δ

0
θΦα(θ)dθ  + M1 q +‖ ∅‖PC 

p − 1
(α − 1)p + p − 1

 

(p− 1)/p

ε((α− 1)p+p− 1)/p
‖σ‖Lp J,R+( )

⎛⎝

+
1

Γ β1 + 1( 

p − 1
(α − 1)p + p − 1

 

(p− 1)/p

ε((α− 1)p+p− 1)/p p − 1
β1p2 + p − 1

ϵ β1p2+p− 1( )/p− 1
 

(p− 1)/p2

‖σ‖
Lp2 J,R+( )

+
1

Γ β2 + 1( 

p − 1
(α − 1)p + p − 1

 

(p− 1)/p

ε((α− 1)p+p− 1)/p p − 1
β2p2 + p − 1

ϵ β2p2+p− 1( )/p− 1
 

(p− 1)/p2

‖σ‖
Lp2 J,R+( )

+ M2M3t
α⎞⎠

+ M1 

s

i�1
Li q +‖ ∅‖PC  

δ

0
Φα(θ)dθ

≤M1 q +‖ ∅‖PC 
p − 1

(α − 1)p + p − 1
 

(p− 1)/p

t
((α− 1)p+p− 1)/p

‖σ‖Lp J,R+( ) +
1

Γ β1 + 1( 

p − 1
β1p2 + p − 1

t
β1p2+p− 1( )/p− 1

 

(p− 1)/p2

⎡⎢⎣⎛⎝

×‖σ‖
Lp2 J,R+( )

+
1

Γ β2 + 1( 

p − 1
β2p2 + p − 1

t
β2p2+p− 1( )/p− 1

 

(p− 1)/p2

‖σ‖
Lp2 J,R+( )

⎤⎥⎦ + M2M3t
α⎞⎠ 

δ

0
θΦα(θ)dθ 

+ M1 q +‖ ∅‖PC 
p − 1

(α − 1)p + p − 1
 

(p− 1)/p

ε((α− 1)p+p− 1)/p⎛⎝ ‖σ‖Lp J,R+( ) +
1

Γ β1 + 1( 

p − 1
β1p2 + p − 1

ϵ β1p2+p− 1( )/p− 1
 

(p− 1)/p2

⎡⎢⎣

×‖σ‖
Lp2 J,R+( )

+
1

Γ β2 + 1( 

p − 1
β2p2 + p − 1

ϵ β2p2+p− 1( )/p− 1
 

(p− 1)/p2

‖σ‖
Lp2 J,R+( )

⎤⎥⎦ + M2M3t
α⎞⎠

+ M1 

s

i�1
Li q +‖ ∅‖PC  

δ

0
Φα(θ)dθ.

(34)

+us, the sets Wε,δ(t) � (Gε,δy)(t), y ∈ Dq  are rela-
tively compact and arbitrarily close to the set
W(t) � (Gy)(t), y ∈ Dq , for t ∈ (0, b].

+e set W(t) � (Gy)(t), y ∈ Dq  is uniformly boun-
ded from (22), and therefore, according to the Ascoli–Arzela
theorem, it is relatively compact. Because G is continuous on
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Dq considered G has been completely continuous. Sub-
sequently, by Schauder’s fixed point theorem, G has a fixed
point ∈ Dq. +us, x � y + ∅ is a fixed point of F inDq, and
multifractional nonlocal impulsive control system (1) has
a mild solution and completes the proof.

Now, let us obtain a unique result for the impulsive
nonlocal control fractional system (1) by using the Banach
contraction principle.

Theorem 2. We assume that the hypotheses (A1)–(A5) with
the condition [(M1Lbα / α)(1 + (sβ1 / Γ(β1 + 1)) + (sβ2 /
Γ(β2 + 1)))+ M1 

s
i�1 Ni]< 1 holds. <us, for every nonlocal

initial condition x(t) � ∅(t) + g(x)(t), t ∈ [− r, 0], the
impulsive multifractional order integrodifferential equations
with nonlocal conditions (1) have a unique mild solution
x ∈ Dq, where q is a positive constant, for every control u ∈
L2(J, V).

Proof. Consider the operator F on Dq defined as follows:

(Fx)(t) �

∅(t), t ∈ [− r, 0],

Sα(t)[∅ + g(x)] + 
t

0 (t − s)α− 1Tα(t − s) f s, xs, Iβ1(x(τ)), Iβ2(x(τ))(  + Bu(s) ds

+ 
s
i�1 Sα t − ti( Ii x ti( ( , t ∈ J.

⎧⎪⎪⎨

⎪⎪⎩
(35)

Let x(t) � y(t) + ∅(t). We define the operator
G: PC⟶ PC as follows:

(Gy)(t) �

0, t ∈ [− r, 0],


t

0 (t − s)α− 1Tα(t − s) f s, ys + ∅s, Iβ1(y(τ) + ∅(τ)), Iβ2(y(τ) + ∅(τ))  + Bu(s)]ds

+ 
s
i�1 Sα t − ti( Ii y ti(  + ∅ ti(  , t ∈ J.

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(36)

Clearly, the operator F has a unique fixed point and so as
G. +us, it can be seen that, for y1, y2 ∈ PC([− r, b],R) and

for all t ∈ [− r, 0], we get (Gy1)(t) − (Gy2)(t) � 0. For
t ∈ [tk, tk+1], we have the following:

Gy1( (t) − Gy2( (t)
����

���� � 
t

0
(t − s)

α− 1
Tα(t − s) f s, y1s + ∅s, I

β1 y1(τ) + ∅(τ) ,

�������

I
β2 y1(τ) + ∅(τ)  + Bu(s)ds + 

s

i�1
Sα t − ti( Ii y1 ti(  + ∅ ti(  

− 
t

0
(t − s)

α− 1
Tα(t − s) f s, y2s + ∅s, I

β1 y2(τ) + ∅(τ) ,

I
β2 y2(τ) + ∅(τ)  + Bu(s)ds − 

s

i�1
Sα t − ti( Ii y2 ti(  + ∅ ti(  

���������

≤M1 
t

0
(t − s)

α− 1
L y1 − y2

����
���� + I

β1 y1(τ) − y2(τ)( 
�����

�����

+ I
β2 y1(τ) − y2(τ)( 

�����

�����ds + M1 

s

i�1
Ni y1 ti(  − y2 ti( 

����
����

≤M1L 
t

0
(t − s)

α− 1
y1 − y2

����
���� +

sβ1

Γ β1 + 1( 
y1(s) − y2(s)

����
����

+
sβ2

Γ β2 + 1( 
y1(s) − y2(s)

����
����ds + M1 

s

i�1
Niy1 ti(  − y2 ti( 

����
����

≤ M1L 
t

0
(t − s)

α− 1 1 +
sβ1

Γ β1 + 1( 
 +

sβ2

Γ β2 + 1( 
ds + M1 

s

i�1
Ni

⎡⎣ ⎤⎦ sup
t∈[− r,b]

y1(t) − y2(t)
����

����

≤
M1Lbα

α
1 +

sβ1

Γ β1 + 1( 
 +

sβ2

Γ β2 + 1( 
 + M1 

s

i�1
Ni

⎡⎣ ⎤⎦ y1(t) − y2(t)
����

����.

(37)

14 Journal of Mathematics



Subsequently, G is a contraction operator on
t ∈ (tk, tk+1], k � 0, 1, 2, . . . , s, and by Banach contraction
principle, G has a unique fixed point on Dq, which means
that F has a unique fixed point on Dq. □

4. Illustrative Example

Consider the impulsive multifractional order inte-
grodifferential equations with nonlocal conditions and finite
delay of the form:

zα

ztα
z(t, τ) �

zβ

ztβ
z(t, τ) + n

∗
(τ)u(t, τ)

+ f(t, z(t − t, τ), I
β1k1(t, w(s, τ − t))ds, I

β2k2

· (t, w(s, τ − t)),

(38)

For τ ∈ [0, π], t ∈ [0, b], 0< α, β, β1, β2 ≤ 1,
z t

+
, τ(  − z t

−
, τ( ) � Ii z t

−
, τ( )( ), τ ∈ (0, π], i � 1, . . . , k,

(39)

z0(τ) � ∅(τ) + 
b

0
h(s)log(1 +|z(s, τ)|)ds, t ∈ [− r, 0],

τ ∈ [0, π],

(40)

where r> 0, Ii > 0, i � 1, . . . , k,

∅ ∈ D � φ: [− r, b]⟶ R,φ is continous every where except for a countablenumber of points at whichφ s
−

( ),

φ s
+

( exist withφ s−
( ) � φ s

+
( }

0 � t0 < t1 < t2 < · · · < tk+1 � b, z t
+
i(  � lim

(k,τ)⟶ 0+ ,τ( )
z ti + h, τ( ,

(41)

z(t−
i ) � lim(k,τ)⟶(0− ,τ)z(ti + h, τ). Let X� L2[0, π] and

A: X⟶ X be defined by Aw � wβ with the

D(A) �
w ∈ X: w is absolutely continuouswβ ∈ X,

w(τ) � w(0) � 0 ,

which satisfies the following:

(A1) It is well known that A is an infinitesimal gen-
erator of a semigroup T(t) defined by
T(t)w(s) � w(t + s) for each w ∈ X and t≥ 0, T(t) is
a compact strongly continuous semigroup on X.
(A2) B:X⟶ X is a bounded linear control operator
which is defined by (Bu) (τ) � n∗(τ)u(τ) for τ ∈ [0, π].

u ∈ L2(J, X) and ‖B‖≤M2, ‖u‖≤M3.

A3(  F t, z, h1, h2( (τ) � f t, z(τ, t), h1(τ, t), h2(τ, t)( 

h1(τ, t) � I
β1k1(t, w(s, τ − t))ds

h2(τ, t) � I
β2k2(t, w(s, τ − t))ds.

(42)

Take f(t, z(τ, t), h1(τ, t), h2(τ, t)) � c0 sin(z(t)), c0 is
a constant, F is continuous and for all z, h1 ∈ D×

X , F(., z, h1, h2): J⟶ X is strongly measurable:

F t, z, h1, h2( (τ)
����

���� � c0‖sin(z(t))‖≤ c0,

where μ(t) ‖z‖ + h1
����

���� + h2
����

����  � c0, z, h1, h2 ∈ PC(J, X).

(43)

(A4) g: PC([a, b]: X)⟶ X is a continuous function
which is defined by

g(σ)(τ) � 
b

0
h(s)log(1 +|σ(s)(τ)|)ds,

σ ∈ PC([0, b]: X)σ(s)(τ) � z(s, τ).

(44)

+en, g is a compact operator and ‖g(σ)(τ)‖ �

‖ 
b

0 h(s)log(1 + |σ(s)(τ)|)ds‖ ≤ |h(s)|log1 + |σ(s)(τ)|

≤ ‖σ(s)(τ)‖. Hence, L � 1 and L′ � 0.
(A5) Ii: D⟶ X is a continuous for each i� 1, . . ., k
such that
Ii(z)(τ) � 

[0,π]
ρi(τ, y)cos2(z(y)dy, z ∈ X for each

i� 1, ..., k. +en,


[0,π]

ρi(τ, y)cos2(z(y)dy

�������

�������
≤ 

[0,π]
ρi(τ, y)dy

�������

�������
‖z(y)‖.

(45)

Let Ni: R+⟶ R+ Li(‖z(y)‖D) � ‖
[0,π]

ρi(τ, y)dy‖ ,

i� 1, ..., k, nondecreasing function.
(A6) Choose the Condition

M1b
α

α
1 +

bβ1

Γ β1 + 1( 
 +

bβ2

Γ β2 + 1( 
 + M1 

k

i�1
Ni

⎡⎣ ⎤⎦< 1,

0< α, β1, β2 ≤ 1.

(46)
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+erefore, the nonlocal multifractional partial impulsive
differential systems (38)–(40) can be written in the abstract
forms (1)–(3), and all conditions of +eorems 1 and 2 are
satisfied.

5. Conclusion

+e existence and uniqueness of multifractional order im-
pulsive integrodifferential equations with nonlocal condi-
tions and infinite delay using Schauder’s fixed point theorem
required certain types of semigroups defined on probability
density functions and Holder’s inequality ρ-mean continuity
as well as some necessary and sufficient estimators condi-
tions that play an important role in guaranteeing the
solution.
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