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1. Introduction
Models based on stochastic programming lend valuable solutions to many
types of problems. In the `standard' formulation of a stochastic program with
recourse, the distribution of the random parameters is independent of the decisions. When this is not the case, the problem is signi cantly more dicult to
solve. This paper deals with a class of such problems that are `manageable' and
proposes an algorithmic procedure for solving problems of this type.
Before getting down to speci cs, the issues can best be laid out in terms
of a `simple,' but general, formulation of this class of stochastic optimization
problems where the information that will be provided to the decision maker is
decision dependent. In order to introduce our new class of problems in the con-
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text of the current literature, we rst develop the following `standard' stochastic
programming problem:
min E ff ( ; x)g = Ef (x)

x2IRn

(1)

where f :   IRn ! IR = [?1; 1] is the `cost' associated with a decision x when
the random variable  takes on the value  ;  is a IRk -valued random variable
with possible values in   IRk , which is the support of the distribution, , of
the random variable; Ef : IRn ! IR, the function to be minimized, is de ned by

Ef (x) =

Z



f (; x) (d):

One can recast two stage stochastic programs with recourse so that they are seen
as special cases of the problem just formulated. Indeed, for the two stage recourse
problem with stage t variable indexes in the set N t :


min
f10 (x) + E minx22C 2 [ f20 (; x2 ) f2i (; x; x2 )  0; i 2 N 2 ]
x2C 1
such that
f1i (x)  0; i 2 N 1 ;
and the function f is de ned as follows:

1
1
f (; x) = f10 (x) + Q(; x) if x 2 C , f1i (x)  0 for i 2 N ,
1
otherwise
where
Q(; x) = 2inf 2 [ f20 (; x2 ) f2i (; x; x2 )  0; i 2 N 2 ]:
x 2C

Even multistage stochastic programs can be recast so as to t the general formulation. For example, in the case of a three stage problem, rede ne the function
Q as follows:

Q(; x) = x2inf
[ f ( ; x2 ) + E fQ2 (;  3 ; x; x2 )j g f2i ( ; x; x2 )  0; i 2 N 2 ];
2C 2 20
where  3 stands for the observations made after choosing x2 (but before selecting
x3 ), E fQ2 jg is the conditional expectation of Q2 given  and

Q2(;  3 ; x; x2 ) = x3inf
[ f (;  3 ; x3 ) f3i (;  3 ; x; x2 ; x3 )  0; i 2 N 3 ]:
2C 3 30

The same pattern is followed if there are more than three stages, i.e., in the
objective de ning Q2 , f30 is replaced by f30 + Q3 , and so on.
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This `standard' formulation of the problem implicitly assumes that the measure  is not a ected by the decision x. This assumption, satis ed for all practical
purposes by a very rich class of applications, makes possible the design of rather
ecient solution procedures for `real' size problems.
However, there are important decision making problems that do not t in
this mold, namely cases when the distribution of the random quantities will be
a ected by the decision selected. This can happen in many ways, but it seems
the following formulation would cover all such cases:
min E  f (x) =

Z



f (; x) (d) such that (; x) 2 K  M  IRn

where M is a subset of the probability measures on  and K are the constraints
linking the decision x to the choice of . In this formulation, the `decision'
x, a ecting the level at which certain activities will be conducted, is viewed
as disjoint from the choice of  which will a ect the information received and
the time (stage) at which certain realizations of the random quantities will be
observed. The constraints linking the choice, or inevitability, of  to certain
decisions x are modeled here through the linking constraints (; x) 2 K.
On particular in the literature devoted to discrete event dynamic systems
[10,14,16], the dependence of the probability measure on the decision(s) has often
received the following formulation:
min

Z

x2IRn 

f (; x) x (d):

In
such a situation, the set K is the graph of the mapping x 7! x , i.e., K =

(; x) x 2 IRn ;  = x ; observe that our framework also allows for set-valued
dependence between decisions and associated measures. In some other problems
the measures might depend on certain parameters that are costly to evaluate and
one can (should?) allocate some of the available resources to the estimation of
these parameters, see e.g. [1]. If we then include among the decision variables
those that will a ect the estimation process, the problem is of the same type as
here above and thus ts the general framework.
One advantage of our formulation is that it allows for a better classi cation
of problems of this types based on the properties of the set K of the linking
constraints and this should be helpful both in the design of computationally
schemes and for purposes of analysis (as in Section 6, for example).
If there are no linking constraints, the problem is relatively simple. Since
the `cost' function is linear in , it is known that the solution will occur at a
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measure ext that is an extreme point of the convex hull of the set M . And there
are results about generalized moment problems [3,15], and about optimization
techniques for nding optimal submeasures [8,9] that are useful for dealing with
such cases.
But beyond this, i.e., when there are nontrivial constraints linking  to x,
the problem becomes signi cantly more dicult to analyze and solve, and, not
surprisingly, the literature dealing with this class of problems is very sparse. In
fact, we only know of one such paper dealing with a `Markovian' case [14]; consult
also [5]. The relationship between x and  can be quite complex, and although
one might be able to write down quite general optimality conditions, at this stage
we are going to limit our attention to a class of problems that are `manageable.'
In our case the set M will be nite, and its elements can be indexed by a boolean
vector d = (d1 ; : : : ; dq ), i.e., each dj 2 f0; 1g, which will indicate if certain options
have or have not been selected. The problem can then be reformulated as follows:
min E d f (x) =

Z



f (; x) d (d) such that (d; x) 2 K  f0; 1gq  IRn: (2)

The class of problems covered by this formulation includes those when the
choice of d, and consequently of x, will a ect the time at which the information
about the realizations of certain random elements will become available. In the
case of multistage problems, such as those described in the next sections, the
choice of d a ects the `timing' of the observation, i.e., at which stage certain
random variables will be observed. In contrast with the x-part of the problem which might involve `staged decisions' that depend on past realizations, the
choice of d will be a rst stage decision only. This is a de nite restriction, but
it simpli es notation greatly while preserving the important new concepts. The
resulting algorithms make inroads into this important class of problems, but full
generalization is left as future research.
The following simple example might be helpful in understanding the connection. Suppose a production line must meet the demand for a certain number of
products: P1 ; : : : ; Pq , but if demand for a given product can't be satis ed, it's always possible to substitute a better one. Assuming that the products are linearly
ordered, with Pq of the highest quality and P1 of the lowest, it is thus possible
to substitute Pk for Pj if k > j . However, there is quite a bit of uncertainty
about the actual production costs of these di erent products, and consequently
about the potential pro ts. Moreover, the production capacity available limits
the choice to only a few of these items in the rst stage. In the rst stage, the
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information available about the production costs is `probabilistic', i.e., all what
is known about the random variable  j is their joint distribution . The information available in the second stage is then the actual production costs of the items
produced in the rst stage, and for the remaining ones it remains `probabilistic.'
In this example, the decision vector x xes the production levels for P1 ; : : : ; Pq .
Each dj is a boolean variable that indicates if Pj will be produced or not in the
rst stage, which in turn determines the information that will become available
in the second stage.
The overall approach will be one of `reduced minimization': the overall goal
is to choose a `best' stochastic optimization problem in a certain collection of
such problems:
o
n
d 2 f0; 1gq
min x E d f (x) (d; x) 2 K
the one that yields the lowest possible value. Equivalently one could cast the
problem as follows,
o
n
d f (x) (d; x) 2 K :
(3)
min
min
E
x
d2f0;1gq

In the remainder of the paper, we are going to be interested in a class of
problems where d identi es the time at which certain information is going to
become available. More speci cally, the production costs of certain items will
be revealed either in stage two or stage three depending on d. The choice of a
particular d 2 f0; 1gq determines

d and Kd = x 2 IRn (d ; x) 2 K
where this last set describes the corresponding set of feasible x-decisions.
In x2 speci c notation is introduced for (stochastic) linear models that is
convenient when dealing with algorithmic issues. Bounds given in x3 are employed
in an implicit enumeration algorithm that is described in x4. Computational
experience is reported in x5. Certain direction of descent are identi ed in x6
by means of variational analysis and the paper concludes with a summary and
directions for further research.

2. Linear Models
The abstract de nitions given in the previous section are useful for indicating the scope of our new models and for analysis. However, for algorithmic
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development we need more speci c notation. We begin by developing notation for
stochastic linear programs, then we extend it to the case where there is decisiondependent information discovery. The bounds in x3 and the implicit enumeration
algorithm that we develop in x4 do not rely explicitly on any assumptions of linearity, but linear problems provide a concrete basis for discussion and solvers are
available for subproblems.
2.1. Stochastic Linear Programs

In order to give concrete de nition to the class of problems for which computational results are obtained, we outline a `standard' scenario-based, multistage,
linear (perhaps integer or mixed integer) stochastic programming version of the
problem given in expression (1). This formulation begins with the assumption
that each random variable will be realized at a predetermined time and that scenarios are speci ed giving a full set of random variable realizations. For each
scenario s, we are given the probability of occurrence of (or, more accurately, a
realization \near") scenario s as p(s). Each scenario s might actually correspond
to the aggregation of a certain number of the possible realizations of the random
parameters.
Decisions are made at times indexed by 1; : : : ; T and random variables in
a scenario are realized at times 1; : : : ; T + 1. Our modelling convention is that
information obtained up to time t is available for decisions at time t. Some
information is available at time t = 1 before the rst decision is selected, some
information becomes available during the decision process, and some information
may not become available until time T + 1 after all decisions have been made.
We assume that scenarios are given in the form of a scenario tree denoted
usually by S . Together with the probabilities ps attached to its scenarios, a scenario tree completely speci es the stochastic process associated with the random
quantities of the problem. The notion of a scenario tree is important for many
methods of solving stochastic programs and the notion that new information
becomes available only at certain times is central to the construction of `implementable' solutions. Each (terminal) leaf identi es a particular scenario. The
leaves are grouped for connection to nodes at time T . Each leaf is connected to
exactly one time T node and each of these nodes represents a unique realization
up to time T . The time T nodes are connected to time T ? 1 nodes so that for
each scenario connected to the same node at time T ? 1 has the same realization
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up to time T ? 1. This continues back until information available \now" (at
time index 1) constitutes the root node of the scenario tree. Variables that are
observed at time t generate the branches at time t ? 1.
For each scenario s and each stage t we are given a vector ct (s) of length nt ,
a mt  nt matrix At (s) and a column vector bt (s) of length mt . For notational
convenience let A(s) be (A1 (s); : : : ; AT (s)), let b(s) be (b1 (s); : : : ; bT (s)), and let
c(s) be (c1 (s); : : : ; cT (s)).
The decision variables are a set of nt -vectors xt ; one vector for each scenario;
notice that we reserve superscripts for the stage (or time) index.
Notice also that
? 1
the solution is allowed to depend on the scenario. Let X (s) = x (s); : : : ; xT (s) .
If we were prescient enough to know which scenario would actually occur,
call it s, the problem would be solved by minimizing

f (s; X (s)) =

T
X
t=1

hct (s); xt (s)i

subject to

A(s)X (s)  b(s);
xti (s) 2 f0; 1g; i 2 I t ; t = 1; : : : ; T
xti (s)  0; i 2 f1; : : : ; nt g n I t ; t = 1; : : : ; T

(4)
(5)
(6)

where AX  b includes the usual sorts of single period and period linking constraints that one typically nds in multistage linear programming formulations.
We use I t to identify the integer variables in each time stage. For most of the literature, this set is empty. However, approaches for some classes of stochastic programming problems with integer variables in the rst stage have been discussed
(see, e.g., [2]) or for classes of two stage problems with integers [12,17,18,20]. Recently, there has been some work on various forms of multistage integer stochastic
problems [4,6,13,19].
Since humans are not prescient, we must require solutions that do not require foreknowledge and that will be feasible no matter which scenario is realized.
We refer to solution systems that satisfy constraints with probability one as admissible. We refer to a system of solution vectors as implementable if for scenario
pairs s and s0 that are indistinguishable up to time t, it is true that xr (s) = xr (s0 )
for all 1  r  t. For a given scenario tree S , the set of implementable solutions
will be denoted by NS ; one writes E S to indicate that expectation is with re-
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spect to the measure associated with the scenario tree S . This brings us to the
following formulation for stochastic linear programs:
min
subject to

X

s2S

p(s)f s; X (s) = E S f ; X ()
?



 ?



A(s)X (s)  b(s); s 2 S
xti (s) 2 f0; 1g; i 2 I t ; t = 1; : : : ; T; s 2 S
xti (s)  0 i 2 f1; : : : ; nt g n I t ; t = 1; : : : ; T; s 2 S
X () 2 NS :

(7)
(8)
(9)
(10)
The expectation here can be expressed as a nite sum since we are dealing with
only a nite number of scenarios (in S ).
2.2. Discoveries as a Result of Decisions

In x1 the `standard' stochastic programming model was extended to allow
for situations when the probability measure is decision dependent. The problems
that we are going to consider are stochastic linear programs that t into the class
of problems identi ed by the formulation in (3). In such models the decisions have
been split into a (boolean) vector d specifying a probability measure d , and the
usual vector X that determines the activity levels; the relationship between these
decision being expressed through the constraint (d; X ) 2 K.
In our formulation of (multistage) stochastic linear programs, the probability measure of the random elements was identi ed with a scenario tree S with
probabilities ps attached to each individual scenario s 2 S . Since each d corresponds to a di erent measure, this now translates into (di erent) scenario trees
S (d), indexed by d with p(d; s) as the probabilities attached to the scenarios s of
S (d).
Similarly, the constraints of the stochastic program will depend on the choice
of d. For d 2 f0; 1gq , let
K(d) = x (d; x) 2 K :
To stay in the linear framework, we have to assume that for all d, the set K(d)
is itself determined by a nite number of linear equations and linear inequalities,
i.e., is a convex polyhedral set.
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Thus to each choice of d corresponds a (standard) stochastic linear program
of the form:
min

X 

s2S (d)

?



 ?

p(d; s)f s; X (s) = E d f ; X ()



subject to

A(s)X (s)  b(s); s 2 S (d)
xti (s) 2 f0; 1g; i 2 I t; t = 1; : : : ; T; s 2 S (d)
xti (s)  0 i 2 f1; : : : ; nt g n I t ; t = 1; : : : ; T; s 2 S (d)
X 2 K(d)
X () 2 N (d)

(11)
(12)
(13)
(14)
(15)

using here the shorthand notation N (d) to denote NS (d) .
Since implementability depends on the timing at which information will
become available, the constraint imposing implementability must also be formulated in terms of the scenario tree S (d). As already indicated in x1, in the class
of problems we have chosen to illustrate our approach, the vectors d |recall that
they are rst stage decisions| specify at which time information about the values
taken by certain random variables becomes available.
2.3. Example

In the introduction we illustrated our notation with a small example that is
an extension of the model given by Jorjani et al. [11] for the optimal selection of
subsets of sizes under demand uncertainty. We continue that example with more
detail here. A product is available in a nite number of sizes, and demand for a
smaller size can be met by substituting a larger size. However, this substitution
comes at a certain cost. The objective is to minimize the expected cost of satisfying the demand for all di erent sizes. Binary variables model the selection of
sizes, while production and substitution quantities are represented by continuous
variables. Details for the formulation are summarized in Appendix A.
In addition to the demand uncertainty, we introduce uncertainty regarding
the production costs. When we choose to produce a size, we will learn about its
production costs. So q matches the number of sizes to be produced and vectors
in f0; 1gq have an element for each size and correspond directly to the decision
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variable that indicates production of the size. In this way a production decision
can also be viewed as an investment in information as well as production.
In Appendix A, we present the data for an instance with two periods and
three di erent sizes. Because the demand has to be met, we know that the largest
size always has to be produced, and in the problem considered here the cost of
producing the largest size is deterministic. If we neglect the cost uncertainty and
use the expected production costs for the two smallest sizes, the optimal rststage decision is to produce either size 1 or size 2 (size 3 is always produced).
Both these decisions have a total cost of 25140.
When uncertain production costs are introduced, we get di erent results.
The four feasible rst-stage production decisions and associated total costs are
reported in Table 1. The vector d gives the production decision for the sizes 1
and 2 where \0" represents not produce while \1" is produce. We see that by

d

0, 0
1, 0
0, 1
1, 1

d
E

nMinimum

o
f

()

; X 

$25180
25130
25115
25220

Table 1
Production costs, Fixed rst stage decisions

producing size 2 (and 3), the expected cost has been reduced to 25115. Even
though the reduction in total cost is not large, it is interesting to see that the
optimal production policy has been dramatically altered by introducing the cost
uncertainty in the problem.

3. Bounds
In this section we develop bounds to be used in an implicit enumeration
algorithm. There is no universal scenario tree attached to a stochastic (linear)
program when the distribution of (some of) the random parameters is decision
dependent. However, once a timing of discovery for the values realized by the
random variables has been speci ed (or assumed) a scenario tree can be drawn.
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Armed with a scenario tree, we can search for solutions for the associated optimization problem and use the result as a bound of some sort.
The bounds that we derive are based on the use of branching (or partial)
vectors, denoted d# , in f0; 1; #gq . The components d#j of such vectors take on
the values 0, 1 or #. The interpretation we attach to these values is as follows:

d#j = 1 means that information about the j -th (family of) random variable(s)

will come as early as possible (here in stage two);
d#j = 0 means that information about the j -th (family of) random variable(s)
will come as late as possible (in our examples, this will be stage three);
d#j = # means that there has been no decision yet about this particular
variable.
We refer to vector elements with a 0 or 1 as determined and those with # as
undetermined.
To each branching vector d# is associated a collection, say D(d# ), of decision vectors d obtained by replacing all # entries in d# by either 1 or 0; these
correspond one-to-one with a set of `standard' stochastic optimization problems
that we will call P (d# ). Within the collection D(d# ), let's denote by (d# )e the
vector in f0; 1gq obtained by replacing every (undetermined) entry # in d# by
1, and by (d# )e the vector obtained by replacing every (undetermined) entry #
in d# by 0. The two vectors correspond respectively to the cases when information associated with the variables dj for which d#j = # is received as early as
possible (the index e stands for early) or late (the index l stands for late). Since
(d#j )e = (d#j )l for all j for which d#j 6= #, it follows that the scenario trees

S e := S ((d#)e );

S l := S ((d#)l )

have common components, but di er in those parts that correspond to the families
of random variables associated with d#j = #. Because discovery at a later time
imposes more restrictions on implementable solutions, for all d 2 D(d# ), one has

N ((d# )e)  N (d)  N ((d# )l ) 8d 2 D(d#);
recall that N (d) is shorthand for NS (d) .
In the calculation of bounds for the collection P (d# ) of stochastic programs
associated with d 2 D(d# ), we want to impose the constraints on X from among
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those generated by the restriction (d; X ) 2 K only if they come from the already
determined components of d# . So, we let
[
K(d# ) = d2D(d# ) K(d):
We shall only deal with problems where this set is a nonempty convex polyhedral
set. So, the linear program,
X 
?

pe(s)f s; X (s)
min
s2S e

subject to

A(s)X (s)  b(s); s 2 S e
xti (s) 2 f0; 1g; i 2 I t ; t = 1; : : : ; T; s 2 S e
xti (s)  0 i 2 f1; : : : ; nt g n I t; t = 1; : : : ; T; s 2 S e
X 2 K(d# )
X () 2 N e

(16)
(17)
(18)
(19)
(20)
provides a lower bound for the values of all stochastic programs in P (d# ). Let's
denote this lower bound by L(d# ). It is also important to note that one can
always replace L(d# ) by quantities that provide lower bounds for the minimization involved in its de nition. This is particularly relevant for integer and mixed
integer problems where lower bounds are often readily available via relaxation
even when exact minimization might be quite dicult.
If the superscripts e in the linear program above is replaced with superscripts
l (late branching), we get a program that provides an upper bound, U (d# ), for the
values of all stochastic programs in P (d# ) provided that certain restrictions hold
on the structure of K(d). This fact is not exploited in our algorithms because
they use full vectors when calculating upper bounds. An upper bound computed
by a full decision vector, U (d), is globally valid, at least as tight and requires no
greater computational e ort.
3.1. Example

To illustrate the notation, we continue with the example of x2.3. Upper
and lower bounds for branching vectors are displayed in Table 2. The two vector
elements shown correspond to xing the decisions to produce or not produce the
two parts that have an uncertain, but discoverable, cost. We can see that using
the best upper bound given in the table we are able to fathom the partial vector
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d

0, #
1, #
#, 0
#, 1

( #)
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( #)

U d

L d

25140
25130
25140
25115

25080
25056
25130
25095

Table 2
Bounds for the Example Given in 2.3
x

(#,0). The upper bounds U (d# ) are valid because K() is completely separable.
When comparing to the results in Table 1, we see that the upper bound for the
vector (#,1) is the same as the minimum cost reported for the full vector (0,1),
the optimal d-vector for this problem.

4. An Algorithm
The bounds introduced in the preceding discussion can be directly used
to create a branch and bound algorithm. In this section we introduce a more
memory intensive implicit enumeration algorithm that relies on an ability to store
information about each full vector in f0; 1gq . The algorithm is developed only
for situations where there are two decision stages (three realization times). This
algorithm is clearly not appropriate for large q, but given present (and projected
near term) computer capabilities, exact solutions for such problems will require
further developments. The advantage of retaining information in this fashion is
that we are able to make good branching decisions and we are able to quickly
reduce the search space for good upper bounds.
In order to compress the space required to present the algorithms, we make
use of the following notation:
means assignment. For example, j j + 1 means that the value of j is
incremented.
d#j i means that branching vector d# is modi ed so that element j takes
the value i.
(d#j = i) refers to a branching vector for which element j is equal to i and all
other elements are undetermined.
d#  d is true if the determined values in d# match the corresponding vector
elements in d. For example, (#; 1; #)  (0; 1; 1), but (#; 1; 0) 6 (0; 1; 1).
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A conceptual version of the algorithm called i1 is shown in Figure 2. This is
not written to convey the most ecient computer implementation, but to display
the concepts.
Necessary initialization of variables are done in step 1. The list of lower
bounds, L[d] has all elements set to zero, the branching vector d# is assigned undetermined vector elements, the set D is assigned the set of all possible d-vectors,
J and J 0 are index sets with q elements and B is an index set for branching decisions. In step 2 the algorithm calculates lower bounds for all possible branching
vectors where only one decision is xed and the others are undetermined. These
calculated bounds are incorporated in the list L[d], that represents the highest
lower bound for each full vector, d 2 f0; 1gq , which serves as the index set for
the list. The list V is of length q and is used in step 5 for deciding branching
order. In step 3 the full vector with lowest lower bound, argmin L[d], is used for
computing a global upper bound. Thus U represents the best feasible solution
found so far to the overall minimization problem. This upper bound is in step 4
used to prune full vectors for which the best lower bound is higher than the upper
bound. The set D thus represents all full vectors in f0; 1gq that have not yet
been bounded out.
Step 5 essentially repeats these steps in a slightly more general way to consider branching with a smaller number of undetermined components. While the
number of possible full vectors is greater than one or we have not branched on
all possible decisions (in the case with non-unique optimal solution), the algorithm continues the branching. The remaining elements in D are investigated,
and decisions that are identical for all vectors in D are xed. The determined
elements of the branching vector d# , are the decisions proven to be a part of the
optimal full vector. The set B represents the variables for which the algorithm
branches, and indexes for xed decisions are removed from B . The index set
J 0 represents all decisions not yet xed. The order in which the branching is
performed (i.e., assignment of j 0 to B ) is determined heuristically, using Vj to
estimate the relative eciency of variable changes. The set B gives the list of
indexes for which full factorial branching is to be done. The mechanics of this
branching is described by the function as shown in Figure 1. The function
returns a set of 2jBj branching vectors, and this set represents all possible branching vectors that are undetermined for the elements (J 0 n B ), and determined for
the xed decisions and the branching variables. A lower bound is calculated for
the branching vectors d^# and the list L is updated. An upper bound is calcu-
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ForEach i 2 f0; : : : ; (2jBj ? 1)g
d~# d#

j

15

(i have a binary representation)

1

ForEach b 2 B
d~#b ij

(ij is the j -th digit in i)

j ?j +1
  [ fd~# g
Return 

Figure 1. De nition of the function ( # )
d

;B

lated for the full vector with lowest lower bound, and all decision vectors, d, for
which the lower bound is higher than the global upper bound, is removed from
the set D . Algorithm i1 terminates when the set D has just one element, the
optimal full vector, or we have a non-unique optimal solution (i.e., the V 's are
all negative). Upon termination, D must be the optimal set.

5. Computational Experience
5.1. The Subcontracting Problem

The problem of selecting an optimal subset of sizes that we have used as
an example has limited usefulness for computational experiments because we can
solve only small instances to optimality. This is due to the fact that the problem
has both integer and continuous variables and has complicated constraints. In
this section we introduce a problem for which we develop a continuous and a pure
integer version.
In the subcontracting problem we consider a situation where a manufacturer
must use a number of di erent components in the production of some new items.
The components may be produced \in house" or purchased from a foreign subcontractor. The subcontractor o ers these components at a given price, but in
the future it is possible that an import tax will be added to the price. Hence, the
subcontract cost is uncertain and the timing of realization is not in uenced by the
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# #;
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1. L 0;
f0 1gq ;
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2. ForEach 2
ForEach 2 f0 1g
ForEach 2 f0 1gq
If [ (( #j = )  ) and (L[ ] ( #j = ))]
L[ ] ( #j = )
( ( #j = 0) ? ( #j = 1))
j
3. U
(argmin L[ ])
4. ForEach 2 f0 1gq
If U L[ ]
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V
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If [( #j = )  8 2
j

J

i
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;
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#
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j

If (  )
0
0nf g
j
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B

J

B

B

D

nf g
j

V

B

V

]

j

f 0 g = argmax j
f 0g
j = ?1
ForEach ^# 2 ( # )
ForEach 2 
If [ ( ^#  ) and (L[ ]
L[ ] ( ^# )
U min(U (argmin L[ ]))
ForEach 2 
If U L[ ]

nf g
j



j

0

d

d

d

d

D

d

d

d

;U

D

( ^# ) )]

< L d
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<
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d

D

d

D

d

Figure 2. De nition of Algorithm i1.
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values of the decision variables in this model. Since the manufacturer has no cost
history for these new components the in-house production costs are uncertain;
however, prior probabilities can be given. The uncertainty for a given component can be resolved by producing that component, or a similar one. Each of
the components belongs to some family of components, with family membership
de ned by the property that the discovery of cost information is shared within a
family, but not between families. We present two models for this problem: one
continuous and the other discrete.
5.1.1. A Continuous Problem
To model a learning curve for costs in a very simple way, we assume that if
there is a decision to produce at least a certain threshold fraction, f , the in-house
production costs for family f will be known. There are n di erent components,
and we de ne e to be a vector of length n whose elements are all 1. Further ef is a
vector of the same length whose elements are 1 for those indexes that are members
of family f and 0 for all other elements. The in-house production is constrained
by the availabilty of production capacity, and there are m constrained resources
(21). There is also a limit on maximum increase in in-house production from one
period to the next (22). We also include constraints to enforce X 2 K(d) (24).
The problem we want to optimize can formally be written as:

min min E d
d2f0;1gq X
subject to:



(
T h
X

t=1


hc(s); xt (s)i + hh(s); (e ? xt (s)i

i

)

;

A e ? xt (s)  b; t = 1; : : : ; T; s 2 S (d)
he; xt (s) ? xt+1(s)i  t = 1; : : : ; T ? 1; s 2 S (d)
0  xtj (s)  1; j = 1; : : : ; n; t = 1; : : : ; T; s 2 S (d)
`f (d)  hef ; (e ? x1 (s))i < uf (d); f = 1; : : : ; q; s 2 S (d)
X 2 N (d)

(21)
(22)
(23)
(24)
(25)

where we have introduced the following notation:
1; : : : ; n
the set of component indexes
1; : : : ; q
the set of family indexes
1; : : : ; m
the set of resource indexes
t
quantity (a decision) of component j to subcontract in time
xj (s)
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(1 ? xtj (s))
cj (s)
hj (s)
aij

t under scenario s

quantity (a decision) of component j to produce in-house
the uncertain cost of subcontracting component j
the uncertain, discoverable cost of producing component j
capacity requirement for component j on resource i
A
aij matrix
b1 ; : : : ; bm available production capacities
maximum increase in in-house production
[`f (d); uf (d)) equals [0; f ) or [ f ; 1) if df = 0 or = 1, respectively

We consider a problem with two decision stages (T = 2). Each element of
a vector d is a one if there will be enough in-house production (during the rst
stage) in the family to learn the cost and zero otherwise. To create the lower
bounding problem associated with a branching vector d# , the constraints (24)
for X 2 K(d) are replaced by:
0  hef ; (e ? x1 (s))i < f ; if d#f = 0; s 2 S (d)
#
1
f  hef ; (e ? x (s))i; if df = 1; s 2 S (d):

(26)
(27)

Note that there are no constraints associated with the elements of d# that are `undetermined', i.e., for those families f for which d#f = # the interval [`f (d); uf (d))
equals [0; 1).
5.1.2. A Problem with 5 Families and 12 Components
We consider a problem with 12 components that belong to 5 di erent families, and f = 0:5 for all f 2 1; : : : ; q. The uncertain costs can be found in
the rst part of Table 3. The fact that the scenario set depends on the decision
values, and furthermore the fact that it is the cross product of the c and h space,
makes it dicult to index the scenarios. We have used prime and double prime
to distinguish the (equally likely, in this example) possibilities in each space.
The in-house capacity is 9 units of each resource and each component's resource
requirements are listed in the aj;k -columns in Table 3.
When ignoring the decision dependent information discovery and using the
expected costs for the in-house production, we nd the minimum expected total
cost to be 226.53. In the rst period components 1 and 3, and 2% of component
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j
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j

h

00

j

1j

a

2j

a

3j

1

1
2
3

5
6
7

6.25
7.5
8.75

4.8
5.8
6.8

5.5
6.5
7.5

1.8 2.0 2.0
1.8 1.7 2.0
2.0 1.5 1.5

2

4
5
6
7

8
9
8
9

10
6.25
10
11.25

7
4.8
6
7.5

9.5
5.5
10.5
11

1.0
1.2
1.0
1.2

8
9

10
12

12.5
15

8.5
11

12 1.2 1.4 1.9
13.5 1.2 1.7 1.0

5 10 10
11 12
12 14

12.5
15
17.5

8.5 12 1.2 1.2 2.0
10.5 14 1.5 1.6 2.0
12 16.5 2.0 1.8 1.4

6 13
14

7.5
8.75

5
6

8
8

1.2 1.4 1.6
1.8 1.7 1.3

7 15 8
10
16 9 11.25
17 10 12.5

7
8
9

10
11
12

1.2 1.2 2.0
1.5 1.6 1.7
2.0 2.0 1.4

6
7

h

j

j

4

c

0

f

3

c

1.3
1.1
2.0
1.5
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a

1.7
1.1
1.5
1.5

Table 3
Input data, subcontracting, continuous problem

2 are produced in-house. In other words, all components in the families 2, 3, 4
and 5 are subcontracted.
When the uncertain production costs are included in the model, we nd
it optimal to produce one member from all of the families in the rst period.
The expected cost of this decision is 222.41. By taking the uncertain production
costs into consideration, the optimal rst period decisions have changed dramatically. When solving this problem by use of the i1 algorithm, it was necessary to
solve 12 subproblems before the provable optimal solution was found. Complete
enumeration would have required solution of 32 subproblems.
5.1.3. A Problem with 7 Families and 17 Components
In this example we consider 17 components belonging to 7 di erent families.
The cost coecients and capacity requirements are those listed in Table 3, and
there are 9 units of capacity available of each resource.
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When solving the deterministic problem with expected cost coecients, we
nd it optimal to produce all of components 3 and 14, and 2 % of component 1 inhouse. This decision policy has an expected cost of 311.38. When the uncertain
production costs are included in the model, the optimal policy is to produce a
member of all but the rst family in the rst period. This gives an expected
cost of 305.81. By using the i1 algorithm, the optimal solution is found after
solving 26 subproblems. Complete enumeration would have required solution of
128 subproblems.
5.2. An Integer Problem

In this example we let the production decisions be represented by integer
variables, and as soon as one of the family members is produced the production
costs for all of the family members are known. The formal model is the same as
for the continuous case except that the learning threshold value f = 1 for all f ,
and the constraint (23) is written as

xj (s; t) 2 f0; 1g; j 2 J; t 2 1; : : : ; T; s 2 S (X ):

(28)

5.2.1. A Problem with 5 Families and 12 Components
Also here we rst look at a problem with 12 components that belong to 5
di erent families. The uncertain costs can be found in the rst part of Table 3.
There is one in-house resource and it has a capacity of 8 units; utilizations (bj )
are 2 for parts in families 1 and 5 and 1 for families 2,3, and 4.
When using the expected costs for the in-house production, we nd an optimal solution with an expected cost of 226.32, and in the rst period, all members
of the rst family are produced in-house, but all others are subcontracted. When
the uncertain production costs are included in the model, the optimal policy is
to produce one member from each of the families 2, 3, 4 and 5 in the rst period
in-house and subcontract all members of family 1. The expected cost of this decision is 222.41. The optimal rst period decisions have been altered considerably.
None of the components now produced would have been produced if production
uncertainty was not included in the model.
When solving this problem by use of the i1 algorithm, it was necessary to
solve 16 subproblems before the provable optimal solution was found (a 50%
savings over enumeration.)
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5.2.2. A Problem with 7 Families and 17 Components
When considering 17 components belonging to 7 di erent families we use
the same cost coecients as used in x5.1.3. All components require 1 unit of
capacity, and the total capacity is 8 units.
Also in this example we nd it optimal to produce only the rst family, if
only the expected in-house costs are used. This decision policy has an expected
cost of 309.58. When the uncertain production costs are included in the model,
the optimal policy is to produce a member from all but the rst family. This
gives an expected cost of 303.58. By using the i1 algorithm, the optimal solution
is found after solving 30 subproblems, which is a large saving over enumeration.
5.2.3. Harder Capacity Constraints
The problem we are considering here is rather similar to the one in 5.2.1, but
here there is a second capacity constraint for a resource with 9 units of capacity.
For this resource the utilizations are 1 for parts in families 1, 2 and 2 for parts
in families 3,4, and 5.
This instance is just beyond the envelope of solution using our implementation that solves subproblems using CPLEX version 3 [7] (the subproblems also
could not be solved using version 4). Most of the subproblems generated could
not be solved to optimality within a reasonable amount of time so the lower
bounds were generated using lower bounds given by the relaxations solved by the
branch and bound algorithm used to solve the integer subproblems. At termination algorithm i1 was able to bound out all decisions except in-house production
of all ve families or in-house production of all families except family 1.

6. Variational Analysis
Thus far we have introduced a new modelling concept and outlined methods for nding exact solutions to instances of small to moderate size. In order to
enhance our understanding of the model and to facilitate future work on heuristics for it, we describe methods for estimating the e ects of perturbations of an
optimal d vector, d .
It is easier at this point to return to the `abstract' formulation of the problem
featured in the Introduction. More precisely,
minx;d

E d f (x) =

Z



f (; x) d (d) such that (d ; x) 2 K  M  IRn ;
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where d = (d1 ; : : : ; dq ) 2 f0; 1gq is a boolean vector identifying certain options
xing in the process the probability measure d , and K determines the constraints
linking the decision x to the choice of . For a given d, or equivalently d , let
xd 2 argminf E d f (x) j x 2 Kd g
where Kd = fx j (d ; x) 2 K g.
Without going through a detailed analysis of the structure of K it is not
possible to obtain computationally useful optimality conditions for xd that would
identify xd as the optimal solution of the overall problem. Our goal here will be
much more limited, viz. to state necessary optimality conditions that can also be
used to pass from xd to a potentially better option/solution combination. Let's
begin with the following observation.

Lemma 1. Let M 0 be the space of (nonnegative) measures de ned on , and
suppose that for all  2 M 0 , the function
Z
 7! E  f = f (; ) (d)


is well-de ned; set E f (x) = 1 whenever the function  7! f ( ; x) is not bounded
above by a -summable function. Then  7! E  f is linear.
This is an immediate consequence of the properties of the integral. We are
going to exploit this as follows: Let M as before denote the space of probability
measure on . This set M is convex, i.e., given any pair of probability measures
0 ; 1 and  2 [0; 1], one has
 := (1 ? )0 + 1 2 M
and
E  f is well-de ned.
This will allow us to compute a directional derivative of E  f at a point d in
a direction c ? d where c is another probability measure. It is convenient to
introduce the following notation:
F (; x) := E  f (x)
and, with  = (1 ? )0 + 1 ,
dF (0 ; x)(1 ? 0 ) = lim
inf ?1 F ( ; x)
&0
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as the `directional derivative' of F at (0 ; x) in direction 1 ? 0 . This directional
derivative re ects the incremental change in the optimal value of the problem
if rather than working with 0 we are going to let 1 dictate the choice of an
optimal x. This (sub) derivative is computed for a xed x.
Usually it is not too dicult to compute this directional derivative. Indeed,
under the integrability conditions speci ed in Lemma 1,

dF (0 ; x)(1 ? 0 ) =

Z

lim f ( ; x)?1 [ (1 ? )0 (d ) + 1 (d ) ]:

 &0

If 0 ; 1 are absolutely continuous, i.e., one can associate with 0 , 1 density
functions h0 , h1 de ned on , then

dF (0 ; x)(1 ? 0 ) =

Z



?



f (; x) h1 () ? h0 () d:

On the other hand, if 0 , 1 are discretely distributed, say  = f  ` ; ` = 1; : : : g
and 0 ( ` ) = p0` , 1 ( ` ) = p1` , then
X
dF (0 ; x)(1 ? 0 ) = f ( `; x)(p1` ? p0` ):
`

Thus, if xd 2 argmin E d f on Kd and
for all c 2 f0; 1gq : dF (d ; xd )(c ? d )  0
it follows from the linearity of  7! E  f that xd is locally an optimal solution.
On the other hand, if
for some c 2 f0; 1gq : dF (d ; xd )(c ? d ) < 0
there is a potential decrease that could result from going from option `d' to
option `c'. Note however that this cost reduction might not be realizable because
the constraints (; x) 2 K might actually exclude (c ; xd ) from the feasible set.
Nonetheless, the calculation of the directional derivative suggests directions of
descent, and thus can be exploited algorithmically.

7. Conclusions and Directions for Further Research
In this paper we have extended the range of models considered by researchers
in stochastic programming by explicitly recognizing that a scenario speci es not
only the realized values of random variables, but also that the timing of the
realization and the timing of information discovery can be in uenced by decisions.
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We have proposed bounds and algorithms for the case where the distributions and
the variables controlling information discovery are all zero-one and only a ect rst
stage decisions. We then illustrated that these algorithms can be used to solve
instances of integer, mixed integer, and continuous problems of moderate size.
The instances also demonstrated using three di erent examples the intuitively
obvious idea that inclusion of the information discovery e ects of decisions can
have a dramatic qualitative e ect on the optimal decision.
Development of good heuristics will improve the performance of exact algorithms such as i1 by providing better upper bounds. Also, heuristics must
be used in order to attack larger instances. This is particularly true for integer
and mixed integer problems. For the problem introduced in x2.3 we are not able
to solve realistic sized instances to optimality, and for the integer version of the
subcontracting problem introduced in x5, only small to moderate sized instances
can be solved. The development of heuristics is left as future research, but we
have provided assistance in the form of variational analysis that can be used to
guide the search.
In terms of applications, one can quickly imagine many possibilities in addition to the production planning examples that we have given here. The abstract
model, solution methods, and variational analysis open up these possibilities,
which we leave as our primary contribution to modelling stochastic programs.
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Appendix A | The Sizes Problem
Complete details of the problem and larger instances are provided by Jorjani
et al. [11]; here we give a summary and the data that we used. The notation
from that paper is retained to the extent possible.
Single Period Deterministic Model

Suppose a product is available in a nite number N of sizes where 1 is the
smallest size and N is the largest size. Further, suppose size i is substitutable
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for size j if i > j , i.e., larger sizes may ful ll demand for a smaller size. Let Di ,
i = 1; : : : ; N denote the demand for size i.
We introduce a cost structure for the production of the product. Let pi ,
i = 1; : : : ; N be the unit production cost for size i. Generally pi > pj for i > j .
Let  be the set up cost for producing units of any size and  be the unit penalty
cost of meeting demand for size j with a larger size i.
We need the following decision variables:
(

zi = 1 if we produce size i

0 otherwise
yi = number of units of size i produced
xij = number of units of size i cut to meet demand for size j; j < i:
Hence, in order to nd the optimal subset of the N sizes to produce so as to
satisfy demand, we solve the following integer linear program.
min

N
X
i=1

(zi + pi yi) + 

X

j<i

xij

subject to

yi = Di ?

X

k>i

xki +

X

l<i

xil i = 1; : : : ; N;

yi ? Mzi  0 i = 1; : : : ; N;
zi 2 f0; 1g i = 1; : : : ; N;
xi ; yi 2 fnon-negative integersg i = 1; : : : ; N;

(29)
(30)
(31)
(32)

Multiperiod, Stochastic Formulation

To produce a multiperiod formulation variables and data are subscripted
with a period index t and we add an index for the scenario.
To model the idea that items produced in one period can be used as-is or
reduced in subsequent periods, we use xijt to indicate that product i is to be used
without reduction in period t if i = j and with reduction otherwise. The y vector
gives production quantities for each product in each period without regard to the
period in which they will be used (and perhaps reduced for use). The formulation
is essentially an extension of the single period formulation except that a capacity
constraint must be added in the multiple period formulation.
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min
subject to
2
X X
4

t t j i
0

X

s2S

Pr(s)

X

j i

2
 X
N
X
4

t=1 i=1

(zits + pi yits ) + 

X

j<i

3

xijts 5

xijts  Dits s 2 S ; i = 1; : : : ; N; t = 1; : : : ; 

(33)

3

xijt s ? yit s5  0 s 2 S ; i = 1; : : : ; N; t = 1; : : : ; 

(34)

yits ? Mzits  0 s 2 S ; i = 1; : : : ; N; t = 1; : : : ; 

(35)

0

0

N
X
i=1

yits  cts s 2 S ; t = 1; : : : ; 

(36)

zits 2 f0; 1g s 2 S ; i = 1; : : : ; N; t = 1; : : : ; 

(37)

Data

For illustration purposed we made use of a small version of this problem,
where we consider two decision stages (and a third stage for realization of undiscovered costs) and production of three di erent sizes. The setup cost for producing each size is $ 453. The deterministic unit production costs for size 3 , the
largest size, is $ 0.54. For the smallest size the discrete probability distribution
has two values: $ 0.48 and $ 0.52, each with a 0.5 probability. For size number
two the uncertain costs are $ 0.50 and $ 0.54, also here each has a 0.5 probability.
The unit cutting cost, for substituting a smaller size with a larger, is $ 0.008.
The demand in the rst period is 7500 for each of the three sizes. The uncertain
demand is modeled by use of two scenarios, each with a probability of 0.5. The
scenarios are 5000 of each size in the low demand case, and 10000 of each size
in the high demand case. The total production capacity in each period is 30000
units.
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