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Problem Formulation

Constrained convex optimization problem

min
x∈D

f(x) (1)

where

1 f is a convex function,

2 D is a compact convex set.

A set is compact if it is closed and bounded.



Poor Man’s Approach

Since the function f is convex, its linear approximation must lie
below the graph of the function.3.1 Basic properties and examples 69

(x, f(x))

f(y)

f(x) + ∇f(x)T (y − x)

Figure 3.2 If f is convex and differentiable, then f(x)+∇f(x)T (y−x) ≤ f(y)
for all x, y ∈ dom f .

is given by

ĨC(x) =

{
0 x ∈ C
∞ x 6∈ C.

The convex function ĨC is called the indicator function of the set C.

We can play several notational tricks with the indicator function ĨC . For example
the problem of minimizing a function f (defined on all of Rn, say) on the set C is the
same as minimizing the function f + ĨC over all of Rn. Indeed, the function f + ĨC
is (by our convention) f restricted to the set C.

In a similar way we can extend a concave function by defining it to be −∞
outside its domain.

3.1.3 First-order conditions

Suppose f is differentiable (i.e., its gradient ∇f exists at each point in dom f ,
which is open). Then f is convex if and only if dom f is convex and

f(y) ≥ f(x) + ∇f(x)T (y − x) (3.2)

holds for all x, y ∈ dom f . This inequality is illustrated in figure 3.2.
The affine function of y given by f(x)+∇f(x)T (y−x) is, of course, the first-order

Taylor approximation of f near x. The inequality (3.2) states that for a convex
function, the first-order Taylor approximation is in fact a global underestimator of
the function. Conversely, if the first-order Taylor approximation of a function is
always a global underestimator of the function, then the function is convex.

The inequality (3.2) shows that from local information about a convex function
(i.e., its value and derivative at a point) we can derive global information (i.e., a
global underestimator of it). This is perhaps the most important property of convex
functions, and explains some of the remarkable properties of convex functions and
convex optimization problems. As one simple example, the inequality (3.2) shows
that if ∇f(x) = 0, then for all y ∈ dom f , f(y) ≥ f(x), i.e., x is a global minimizer
of the function f .

Define dual function w(x) as the minimum of the linear
approximation to f at point x over the domain D. Thus, we have
weak duality

w(x) ≤ f(y) (2)

for each pair x, y ∈ D.



Subgradient

dx ∈ ∂f(x) is called a subgradient to f at x, and belongs to

∂f(x) =

{
dx ∈ X

∣∣∣∣f(y) ≥ f(x) + 〈y − x, dx〉, for ∀y ∈ D
}

(3)

Subgradient of a function

g is a subgradient of f (not necessarily convex) at x if

f(y) ≥ f(x) + gT (y − x) for all y

(⇐⇒ (g,−1) supports epi f at (x, f(x)))

PSfrag replacements

x1 x2

f(x1) + gT
1 (x − x1)

f(x2) + gT
2 (x − x2)

f(x2) + gT
3 (x − x2)

f(x)

g2, g3 are subgradients at x2; g1 is a subgradient at x1
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Dual Function

For a given x ∈ D, and any choice of a subgradient dx ∈ ∂f(x),
we define a dual function as

w(x, dx) = min
y∈D

f(x) + 〈y − x, dx〉 (4)

The property of weak-duality is

Lemma 1 (Weak duality)

For all pairs x, y ∈ D, it holds that

w(x, dx) ≤ f(y). (5)

If f is differentiable, we have

w(x) = w(x,∇f(x)) = min
D

f(x) + 〈y − x,∇f(x)〉. (6)



Duality Gap

g(x, dx) is called the duality gap at x, for the chosen dx, i.e.

g(x, dx) = f(x)− w(x, dx) = max
y∈D
〈x− y, dx〉 (7)

which is a simple measure of approximation quality.
According to Lemma 1, we have

w(x, dx) ≤ f(x∗) (8)

f(x)− w(x, dx) ≥ f(x)− f(x∗) (9)

f(x)− w(x, dx) ≥ f(x)− f(x∗) (10)

g(x, dx) ≥ f(x)− f(x∗) ≥ 0. (11)

where f(x)− f(x∗) is primal error. If f is differentiable, we have

g(x) = g(x,∇f(x)) = max
y∈D
〈x− y,∇f(x)〉. (12)



Relation to Duality of Norms

Observation 1

For optimization over any domain D =

{
x ∈ X

∣∣∣∣‖x‖ ≤ 1

}
being

the unit ball of some norm ‖ · ‖, the duality gap for the
optimization problem minx∈D x is given by

g(x, dx) = ‖dx‖∗ + 〈x, dx〉 (13)

where ‖ · ‖∗ is the dual norm of ‖ · ‖.

Proof.
Since the dual norm is defined as ‖x‖∗ = sup‖y‖≤1〈y, x〉, consider
duality gap satisfies

g(x, dx) = max
y∈D
〈x− y, dx〉 = max

y∈D
〈−y, dx〉+ 〈x, dx〉. (14)



Frank-Wolfe Algorithm
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Abstract
We provide stronger and more general
primal-dual convergence results for Frank-
Wolfe-type algorithms (a.k.a. conditional
gradient) for constrained convex optimiza-
tion, enabled by a simple framework of du-
ality gap certificates. Our analysis also holds
if the linear subproblems are only solved ap-
proximately (as well as if the gradients are
inexact), and is proven to be worst-case opti-
mal in the sparsity of the obtained solutions.

On the application side, this allows us to
unify a large variety of existing sparse greedy
methods, in particular for optimization over
convex hulls of an atomic set, even if those
sets can only be approximated, including
sparse (or structured sparse) vectors or ma-
trices, low-rank matrices, permutation matri-
ces, or max-norm bounded matrices.
We present a new general framework for con-
vex optimization over matrix factorizations,
where every Frank-Wolfe iteration will con-
sist of a low-rank update, and discuss the
broad application areas of this approach.

1. Introduction

Our work here addresses general constrained convex
optimization problems of the form

min
x∈D

f(x) . (1)

We assume that the objective function f is convex and
continuously differentiable, and that the domain D is a
compact convex subset of any vector space1. For such
optimization problems, one of the simplest and earliest
known iterative optimizers is given by the Frank-Wolfe
method (1956), described in Algorithm 1, also known
as the conditional gradient method.

1Formally, we assume that the optimization domain D
is a compact and convex subset of a Hilbert space X , i.e.
a Banach space equipped with an inner product 〈., .〉.
Proceedings of the 30 th International Conference on Ma-
chine Learning, Atlanta, Georgia, USA, 2013. JMLR:
W&CP volume 28. Copyright 2013 by the author. This
article builds upon the authors PhD thesis (Jaggi, 2011).

Algorithm 1 Frank-Wolfe (1956)

Let x(0) ∈ D
for k = 0 . . .K do

Compute s := arg min
s∈D

〈
s,∇f(x(k))

〉

Update x(k+1) := (1− γ)x(k) + γs, for γ := 2
k+2

end for

A step of this algorithm is illustrated in the inset fig-
ure: At a current position x, the algorithm considers
the linearization of the objective function, and moves

f(x)

D

f

x
s

g(x)

towards a minimizer of
this linear function (taken
over the same domain).

In terms of conver-
gence, it is known
that the iterates of
Algorithm 1 satisfy
f(x(k)) − f(x∗) ≤ O

(
1
k

)
,

for x∗ being an optimal
solution to (1) (Frank & Wolfe, 1956; Dunn & Harsh-
barger, 1978). In recent years, Frank-Wolfe-type
methods have re-gained interest in several areas, fu-
eled by the good scalability, and the crucial property
that Algorithm 1 maintains its iterates as a convex
combination of only few “atoms” s, enabling e.g.
sparse and low-rank solutions (since at most one new
extreme point of the domain D is added in each step)
see e.g. (Clarkson, 2010; Jaggi, 2011) for an overview.

Contributions. The contributions of this paper are
two-fold: On the theoretical side, we give a conver-
gence analysis for the general Frank-Wolfe algorithm
guaranteeing small duality gap, and provide efficient
certificates for the approximation quality (which are
useful even for other optimizers). This result is ob-
tained by extending the duality concept as well as the
analysis of (Clarkson, 2010) to general Fenchel duality,
and approximate linear subproblems. Furthermore,
the presented analysis unifies several existing conver-
gence results for different sparse greedy algorithm vari-
ants into one simplified proof. In contrast to existing
convex optimization methods, our convergence anal-
ysis (as well as the algorithm itself) are fully invari-
ant under any affine transformation/pre-conditioning

where we have

x(k+1) =(1− γ)x(k) + γs

=x(k) + γ(s− x(k)) (15)



Geometry Interpretation

D ⇢ Rd

f(x)

x

min
x2D

f(x)



Compare to Classical Gradient Descent

Define the descent direction as follows

〈y,∇f(x)〉 < 0 (16)

Frank Wolfe algorithm: always choose the best descent
direction over the entire domain D
Classical gradient descent:

x(k+1) = x(k) + α∇f(x(k)) (17)

where α ≥ 0 is the step size.

It only uses local information to determine the step-directions.
It faces the risk of walking out of the domain D.
It requires projection steps after each iteration.



Greedy on a Convex Set

22 Convex Optimization without Projection Steps

Algorithm 1 Greedy on a Convex Set

Input: Convex function f , convex set D, target accuracy ε
Output: ε-approximate solution for problem (2.1)
Pick an arbitrary starting point x(0) ∈ D
for k = 0 . . .∞ do

Let α := 2
k+2

Compute s := ExactLinear
(
∇f(x(k)), D

)

{Solve the linearized primitive problem exactly}
—or—

Compute s := ApproxLinear
(
∇f(x(k)), D, αCf

)

{Approximate the linearized primitive problem}
Update x(k+1) := x(k) + α(s− x(k))

end for

x
s D

f(x)

Figure 2.1.: Visualization of a step of Algorithm 1, moving from the current
point x = x(k) towards a linear minimizer s ∈ D. Here the two-
dimensional domain D is part of the ground plane, and we plot the
function values vertically. Visualization by Robert Carnecky.

We call a point x ∈ X an ε-approximation if g(x, dx) ≤ ε for some
choice of subgradient dx ∈ ∂f(x).



Linearized Optimization Primitive

In the above algorithm, ExactLinear(c,D) minimizes the linear
function 〈x, c〉 over D. It returns s by

s = arg min
y∈D

〈y, c〉 (18)

We search for a point s that realizes the current duality gap g(x),
that is the distance to the linear approximation, as follows

g(x, dx) = f(x)− w(x, dx) = max
y∈D
〈x− y, dx〉. (19)



Linearized Optimization Primitive

In the above algorithm, ApproxLinear(c,D, ε′) approximates the
minimum of the linear function 〈x, c〉 over D. It returns s such that

〈s, c〉 = arg min
y∈D

〈y, c〉+ ε′. (20)

For several applications, this can be done significantly more
efficiently than the exact variant.



The Curvature

The Curvature constant Cf of a convex and differentiable function
f , with respect to a compact domain D is defined as

Cf = sup
x,s∈D
α∈[0,1]

y=x+α(s−x)

1

α2
(f(y)− f(x)− 〈y − x,∇f(x)〉) (21)

It bounds the gap between f(y) and its linearization.

f(y)− f(x)− 〈y − x,∇f(x)〉 is known as the Bregman
divergence.

For linear functions f , it holds that Cf = 0.



Convergence in Primal Error

Theorem 1 (Primal Convergence)

For each k ≥ 1, the iterative x(k) of the exact variant of Algorithm
1 satisfies

f(x(k))− f(x∗) ≤ 4Cf
K + 2

, (22)

where x(∗) ∈ D is an optimal solution to problem (1). For the
approximate variant of Algorithm 1, it holds that

f(x(k))− f(x∗) ≤ 8Cf
K + 2

. (23)

In other words, both algorithm variants deliver a solution of primal
error at most ε after O(1

ε ) many iterations.



Duality Gap

Theorem 2 (Primal-Dual Convergence)

Let K =
⌈

4Cf

ε

⌉
. We run the exact variant of Algorithm 1 for K

iterations (recall that the step-sizes are given by
α(k) = 2

k+2 , 0 ≤ k ≤ K), and then continue for another K + 1

iterations, now with the fixed step-size α(k) = 2
K+2 for

K ≤ k ≤ 2K + 1.
Then the algorithm has an iterate x(k̂), K ≤ k̂ ≤ 2K + 1, with
duality gap bounded by

g(x(k̂)) ≤ ε (24)

The same statement holds for the approximate variant of

Algorithm 1, when setting K =
⌈

8Cf

ε

⌉
instead.



Choose Step-Size by Line-Search

Instead of the fixed step-size α = 2
k+2 , we can find the optimal

α ∈ [0, 1] by line-search.

α = arg min
α∈[0,1]

f
(
x(k) + α(s− x(k))

)
. (25)

If we define

fα = f
(
x

(k+1)
(α)

)
= f

(
x(k) + α(s− x(k))

)
. (26)

The optimal α is

∂

∂α
fα =

〈
s− x(k),∇f

(
x

(k+1)
(α)

)〉
= 0. (27)



Greedy on a Convex Set using Line-Search

A Projection-Free First-Order Method for Convex Optimization 29

Algorithm 2 Greedy on a Convex Set, using Line-Search

Input: Convex function f , convex set D, target accuracy ε
Output: ε-approximate solution for problem (3.1)
Pick an arbitrary starting point x(0) ∈ D
for k = 0 . . .∞ do

Compute s := ExactLinear
(
∇f(x(k)), D

)

—or—
Compute s := ApproxLinear

(
∇f(x(k)), D,

2Cf
k+2

)

Find the optimal step-size α := arg min
α∈[0,1]

f
(
x(k) + α(s− x(k))

)

Update x(k+1) := x(k) + α(s− x(k))
end for

If this equation can be solved for α, then the optimal such α can directly
be used as the step-size in Algorithm 1, and the convergence guarantee of
Theorem 2.3 still holds. This is because the improvement in each step will
be at least as large as if we were using the older (potentially sub-optimal)
fixed choice of α = 2

k+2 . Here we have assumed that α(k) ∈ [0, 1] always
holds, which can be done when using some caution, see also [Cla10].

Note that the line-search can also be used for the approximate variant
of Algorithm 1, where we keep the accuracy for the internal primitive
method ApproxLinear

(
∇f(x(k)), D, ε′

)
fixed to ε′ = αfixedCf =

2Cf
k+2 .

Theorem 2.3 then holds as as in the original case.

2.3.4. The Curvature Measure of a Convex Function

For the case of differentiable f over the space X = Rn, we recall the
definition of the curvature constant Cf with respect to the domainD ⊂ Rn,
as stated in (2.7),

Cf := sup
x,s∈D,
α∈[0,1],

y=x+α(s−x)

1
α2

(
f(y)− f(x)− (y − x)T∇f(x)

)
.

An overview of values of Cf for several classes of functions f over do-
mains that are related to the unit simplex can be found in [Cla10].

Asymptotic Curvature. As Algorithm 1 converges towards some optimal
solution x∗, it also makes sense to consider the asymptotic curvature C∗f ,



Relating the Curvation to the Hessian Matrix

Hessian matrix of f : is the second derivative of f , i.e. ∇2f .

Second order Taylor-expansion of function f at point x is

f(x+ α(s− x)) =f(x) + α(s− x)T∇f(x)

+
α2

2
(s− x)T∇2f(z)(s− x) (28)

where z ∈ [x, y] ⊆ D and

y = x+ α(s− x) (29)

α(s− x) = y − x, (30)

Thus, we have

f(y) = f(x) + (y − x)T∇f(x) +
1

2
(y − x)T∇2f(z)(y − x)

(31)



Relating the Curvation to the Hessian Matrix

f(y)− f(x)− 〈y − x,∇f(x)〉 =
1

2
(y − x)T∇2f(z)(y − x) (32)

According to the definition of Cf

Cf = sup
x,s∈D
α∈[0,1]

y=x+α(s−x)

1

α2
(f(y)− f(x)− 〈y − x,∇f(x)〉), (33)

we have

Cf ≤ sup
x,y∈D

z∈[x,y]⊆D

1

2
(y − x)T∇2f(z)(y − x) (34)



Relating the Curvation to the Hessian Matrix

Lemma 2
For any twice differentiable convex function f over a compact
convex domain D, it holds that

Cf ≤
1

2
diam(D)2 · sup

z∈D
λmax(∇2f(z)) (35)

where diam(·) is the Euclidean diameter of the domain.



Relatinig the Curvation to the Hessian Matrix

Proof.
According to Cauchy-Schwarz inequality

|〈a, b〉| ≤ ‖a‖ · ‖b‖ (36)

we have

(y − x)T∇2f(z)(y − x) ≤ ‖y − x‖2‖∇2f(z)(y − x)‖2 (37)

≤ ‖y − x‖22
‖∇2f(z)(y − x)‖2
‖y − x‖2

(38)

≤ ‖y − x‖22‖∇2f(z)‖spec (39)

≤ diam(D)2 · sup
z∈D

λmax(∇2f(z)) (40)

where ‖A‖spec = supa6=0
‖Aa‖2
‖a‖2 is the spectral norm, which is the

largest eigenvalue for a positive-semidefinite A.



VS. Lipschitz-Continuous Gradient

Lemma 3
Let f be a convex and twice differential function, and assume that
the gradient ∇f is Lipschitz-continuous over the domain D with
Lipschitz-constant L > 0. Then

Cf ≤
1

2
diam(D)2L (41)

where Lipschitz-continuous means there exits L > 0 satisfies

‖∇f(y)−∇f(x)‖2 ≤ L‖y − x‖2 (42)



Optimizing over Convex Hulls

24 2 Convex sets

Figure 2.2 Some simple convex and nonconvex sets. Left. The hexagon,
which includes its boundary (shown darker), is convex. Middle. The kidney
shaped set is not convex, since the line segment between the two points in
the set shown as dots is not contained in the set. Right. The square contains
some boundary points but not others, and is not convex.

Figure 2.3 The convex hulls of two sets in R2. Left. The convex hull of a
set of fifteen points (shown as dots) is the pentagon (shown shaded). Right.
The convex hull of the kidney shaped set in figure 2.2 is the shaded set.

Roughly speaking, a set is convex if every point in the set can be seen by every other
point, along an unobstructed straight path between them, where unobstructed
means lying in the set. Every affine set is also convex, since it contains the entire
line between any two distinct points in it, and therefore also the line segment
between the points. Figure 2.2 illustrates some simple convex and nonconvex sets
in R2.

We call a point of the form θ1x1 + · · · + θkxk, where θ1 + · · · + θk = 1 and
θi ≥ 0, i = 1, . . . , k, a convex combination of the points x1, . . . , xk. As with affine
sets, it can be shown that a set is convex if and only if it contains every convex
combination of its points. A convex combination of points can be thought of as a
mixture or weighted average of the points, with θi the fraction of xi in the mixture.

The convex hull of a set C, denoted convC, is the set of all convex combinations
of points in C:

convC = {θ1x1 + · · · + θkxk | xi ∈ C, θi ≥ 0, i = 1, . . . , k, θ1 + · · · + θk = 1}.

As the name suggests, the convex hull convC is always convex. It is the smallest
convex set that contains C: If B is any convex set that contains C, then convC ⊆
B. Figure 2.3 illustrates the definition of convex hull.

The idea of a convex combination can be generalized to include infinite sums, in-
tegrals, and, in the most general form, probability distributions. Suppose θ1, θ2, . . .

The convex hull of a set V , denoted conv(V ), is the set of all
convex combination of points in V :

conv(V ) =

{
θ1x1 + · · ·+ θkxk

∣∣∣∣xi ∈ V, θi ≥ 0, i = 1, · · · , k,

θ1 + · · ·+ θk = 1

}
. (43)

The convex hull conv(V ) is always convex.

It is the smallest convex set that contains V .



Optimizing over Convex Hulls

Consider the case where domain D is the convex hull of a set
V , i.e. D = conv(V ).

Lemma 4 (Linear Optimization over Convex Hulls)

Let D = conv(V ) for any subset V ⊂ X , and D compact. Then
any linear function y 7→ 〈y, c〉 will attain its minimum and
maximum over D at some “vertex”v ∈ V .

In many applications, the set V is often much easier to
describe than the full compact domain D, the result in the
above lemma will be usefull to solve the linearized subproblem
ExactLinear() more efficiently.
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Sparse Approximation (SA) over the Simplex

The unit Simplex is defined as

∆n = {x ∈ Rn|x ≥ 0, ‖x‖1 = 1} (44)

Then, optimization on Simplex is

min
x∈∆n

f(x) (45)

Sparse Approximation over the Simplex 39

and lower bounds on the coreset size for convex optimization over the
simplex, analogous to what we have found in the geometric problem setting
of Chapter 5.

3.1.1. Upper Bound: Sparse Greedy on the Simplex

Here we will show how the general algorithm and its analysis from the
previous Section 2.3 do in particular lead to Clarkson’s approach [Cla10]
for minimizing any convex function over the unit simplex. The algorithm
follows directly from Algorithm 1, and will have a running time of O

(
1
ε

)

many gradient evaluations. We will crucially make use of the fact that
every linear function attains its minimum at a vertex of the simplex ∆n.
Formally, for any vector c ∈ Rn, it holds that min

s∈∆n

sT c = min
i
ci . This

property is easy to verify in the special case here, but is also a direct
consequence of the small Lemma 2.8 which we have proven for general
convex hulls, if we accept that the unit simplex is the convex hull of the
unit basis vectors. We have obtained that the internal linearized primitive
can be solved exactly by choosing

ExactLinear (c,∆n) := ei with i = arg min
i

ci .

Algorithm 3 Sparse Greedy on the Simplex

Input: Convex function f , target accuracy ε
Output: ε-approximate solution for problem (3.1)
Set x(0) := e1

for k = 0 . . .∞ do
Compute i := arg mini

(
∇f(x(k))

)
i

Let α := 2
k+2

Update x(k+1) := x(k) + α(ei − x(k))
end for

Observe that in each iteration, this algorithm only introduces at most
one new non-zero coordinate, so that the sparsity of x(k) is always upper
bounded by the number of steps k, plus one, given that we start at a
vertex. Since Algorithm 3 only moves in coordinate directions, it can be
seen as a variant of coordinate descent. The convergence result directly
follows from the general analysis we gave in the previous Section 2.3.



SA over the Simplex

Theorem 3 (Convergence of Sparse Greedy on the Simplex)

For each k ≥ 1, the iterate x(k) of the above algorithm satisfies

f(xk)− f(x∗) ≤ 4Cf
k + 2

(46)

where x∗ ∈ ∆n is an optimal solution to problem in (45).

Furthermore, for any ε > 0, after at most 2
⌈

4Cf

ε

⌉
+ 1 = O(1

ε )

many steps, it has an iterate x(k) of sparsity O(1
ε ), satisfying

g(x(k)) ≤ ε.



SA over the Simplex

Its duality gap is

g(x, dx) = f(x)− w(x, dx) (47)

= f(x)−
(

min
y∈D

f(x) + 〈y − x, dx〉
)

(48)

= max
y∈D
〈x− y, dx〉 (49)

= xTdx −min
y∈D

yTdx (50)



SA over the Simplex
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Figure 2.2 Some simple convex and nonconvex sets. Left. The hexagon,
which includes its boundary (shown darker), is convex. Middle. The kidney
shaped set is not convex, since the line segment between the two points in
the set shown as dots is not contained in the set. Right. The square contains
some boundary points but not others, and is not convex.

Figure 2.3 The convex hulls of two sets in R2. Left. The convex hull of a
set of fifteen points (shown as dots) is the pentagon (shown shaded). Right.
The convex hull of the kidney shaped set in figure 2.2 is the shaded set.

Roughly speaking, a set is convex if every point in the set can be seen by every other
point, along an unobstructed straight path between them, where unobstructed
means lying in the set. Every affine set is also convex, since it contains the entire
line between any two distinct points in it, and therefore also the line segment
between the points. Figure 2.2 illustrates some simple convex and nonconvex sets
in R2.

We call a point of the form θ1x1 + · · · + θkxk, where θ1 + · · · + θk = 1 and
θi ≥ 0, i = 1, . . . , k, a convex combination of the points x1, . . . , xk. As with affine
sets, it can be shown that a set is convex if and only if it contains every convex
combination of its points. A convex combination of points can be thought of as a
mixture or weighted average of the points, with θi the fraction of xi in the mixture.

The convex hull of a set C, denoted convC, is the set of all convex combinations
of points in C:

convC = {θ1x1 + · · · + θkxk | xi ∈ C, θi ≥ 0, i = 1, . . . , k, θ1 + · · · + θk = 1}.

As the name suggests, the convex hull convC is always convex. It is the smallest
convex set that contains C: If B is any convex set that contains C, then convC ⊆
B. Figure 2.3 illustrates the definition of convex hull.

The idea of a convex combination can be generalized to include infinite sums, in-
tegrals, and, in the most general form, probability distributions. Suppose θ1, θ2, . . .

The convex hull of a set V , denoted conv(V ), is the set of all
convex combination of points in V :

conv(V ) =

{
θ1x1 + · · ·+ θkxk

∣∣∣∣xi ∈ V, θi ≥ 0, i = 1, · · · , k,

θ1 + · · ·+ θk = 1

}
. (51)

The convex hull conv(V ) is always convex.

It is the smallest convex set that contains V .
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Lemma 5 (Linear Optimization over Convex Hulls)

Let D = conv(V ) for any subset V ⊂ X , and D compact. Then
any linear function y 7→ 〈y, c〉 will attain its minimum and
maximum over D at some “vertex”v ∈ V .

Proof.

1 Assume s ∈ D satisfies 〈s, c〉 = maxy∈D〈y, c〉.
2 Represent s =

∑
i αivi, where

∑
i αi = 1.

3 We have

〈s, c〉 =

〈∑

i

αivi, c

〉
=
∑

i

αi〈vi, c〉 (52)
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Its duality gap is

g(x, dx) = f(x)− w(x, dx) (53)

= f(x)−
(

min
y∈D

f(x) + 〈y − x, dx〉
)

(54)

= max
y∈D
〈x− y, dx〉 (55)

= xTdx −min
y∈D

yTdx (56)

Because, here we have

D = ∆n = {x ∈ Rn|x ≥ 0, ‖x‖1 = 1} (57)

then

g(x) = g(x,∇f(x)) = xT∇f(x)−min
i

(∇f(x))i (58)



SA over the Simplex: Example

Consider the following problem

min
x∈∆n

f(x) = ‖x‖22 = xTx, (59)

whose gradient is ∇f(x) = 2x. Then, we have

f(y)− f(x)− 〈y − x,∇f(x)〉 = yT y − xTx− 2(y − x)Tx (60)

= ‖y − x‖22 (61)

= ‖x+ α(s− x)− x‖22 (62)

= α2‖s− x‖22 (63)

According to the definition of Cf

Cf = sup
x,s∈D
α∈[0,1]

y=x+α(s−x)

1

α2
(f(y)− f(x)− 〈y − x,∇f(x)〉) (64)

= sup
x,s∈∆n

‖x− s‖22 = diam(∆n)2 = 2 (65)



SA with Bounded `1-Norm

The `1-ball is defined as

♦n = {x ∈ Rn
∣∣‖x‖1 ≤ 1}. (66)

Then, optimization with bounded `1-norm is

min
x∈♦n

f(x) (67)

Observation 2
For any vector c ∈ Rn, it holds that

ei · sgn(ci) ∈ arg max
y∈♦n

yT c (68)

where i ∈ arg maxj |cj |.
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Observation 3.4. For any vector c ∈ Rn, it holds that

ei · sign(ci) ∈ arg max
y∈♦n

yT c

where i ∈ [n] is an index of a maximal coordinate of c measured in absolute
value, or formally i ∈ arg maxj |cj |.

Using this observation for c = −∇f(x) in our general Algorithm 1, we
therefore directly obtain the following simple method for `1-regularized
convex optimization, as depicted in the Algorithm 4.

Algorithm 4 Sparse Greedy on the `1-Ball

Input: Convex function f , target accuracy ε
Output: ε-approximate solution for problem (3.3)
Set x(0) := 0
for k = 0 . . .∞ do

Compute i := arg maxi
∣∣(∇f(x(k))

)
i

∣∣,
and let s := ei · sign

((
−∇f(x(k))

)
i

)

Let α := 2
k+2

Update x(k+1) := x(k) + α(s− x(k))
end for

Observe that in each iteration, this algorithm only introduces at most
one new non-zero coordinate, so that the sparsity of x(k) is always upper
bounded by the number of steps k. This means that the method is again
of coordinate-descent-type, as in the simplex case of the previous Sec-
tion 3.1.1. Its convergence analysis again directly follows from the general
analysis from Section 2.3.

Theorem 3.5 (Convergence of Sparse Greedy on the `1-Ball). For each k ≥ 1,
the iterate x(k) of Algorithm 4 satisfies

f(x(k))− f(x∗) ≤ 4Cf
k + 2

.

where x∗ ∈ ♦n is an optimal solution to problem (3.3).

Furthermore, for any ε > 0, after at most 2
⌈

4Cf
ε

⌉
+ 1 = O

(
1
ε

)
many

steps, it has an iterate x(k) of sparsity O
(

1
ε

)
, satisfying g(x(k)) ≤ ε.

Proof. This is a corollary of Theorem 2.3 and Theorem 2.5.
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Theorem 4 (Convergence of Sparse Greedy on the `1-Ball)

For each k ≥ 1, the iterate x(k) of the above algorithm satisfies

f(xk)− f(x∗) ≤ 4Cf
k + 2

(69)

where x∗ ∈ ♦n is an optimal solution to problem in (67).

Furthermore, for any ε > 0, after at most 2
⌈

4Cf

ε

⌉
+ 1 = O(1

ε )

many steps, it has an iterate x(k) of sparsity O(1
ε ), satisfying

g(x(k)) ≤ ε.



Optimization with Bounded `∞-Norm

The `∞-ball is defined as

�n = {x ∈ Rn
∣∣‖x‖∞ ≤ 1}. (70)

Then, optimization with bounded `1-norm is

min
x∈�n

f(x) (71)

Observation 3
For any vector c ∈ Rn, it holds that

sc ∈ arg max
y∈�n

yT c (72)

where (sc)i = sgn(ci) ∈ {−1, 1}.
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Algorithm 5 Sparse Greedy on the Cube

Input: Convex function f , target accuracy ε
Output: ε-approximate solution for problem (3.4)
Set x(0) := 0
for k = 0 . . .∞ do

Compute the sign-vector s of ∇f(x(k)), such that
si = sign

((
−∇f(x(k))

)
i

)
, i = 1..n

Let α := 2
k+2

Update x(k+1) := x(k) + α(s− x(k))
end for

Theorem 3.7. For each k ≥ 1, the iterate x(k) of Algorithm 5 satisfies

f(x(k))− f(x∗) ≤ 4Cf
k + 2

.

where x∗ ∈ �n is an optimal solution to problem (3.4).

Furthermore, for any ε > 0, after at most 2
⌈

4Cf
ε

⌉
+ 1 = O

(
1
ε

)
many

steps, it has an iterate x(k) with g(x(k)) ≤ ε.

Proof. This is a corollary of Theorem 2.3 and Theorem 2.5.

The Duality Gap, and Duality of the Norms. We recall the definition
of the duality gap (2.5) given by the linearization at any point x ∈ �n,
see Section 2.2. Thanks to our Observation 2.2, the computation of the
duality gap in the case of the `∞-ball here becomes extremely simple, and
is given by the norm that is dual to the `∞-norm, namely the `1-norm of
the used subgradient, i.e.,

g(x, dx) = ‖dx‖1 + xT dx, and

g(x) = ‖∇f(x)‖1 + xT∇f(x) .

Alternatively, the same expression can also be derived directly (without
explicitly using duality of norms) by applying the Observation 3.6.

Sparsity and Compact Representations. The analogue of “sparsity” as
in Sections 3.1 and 3.2 in the context of our Algorithm 5 means that we
can describe the obtained approximate solution x as a convex combination
of few (i.e. O( 1

ε ) many) cube vertices. This does not imply that x has few
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Theorem 5 (Convergence of Sparse Greedy on the `1-Ball)

For each k ≥ 1, the iterate x(k) of the above algorithm satisfies

f(xk)− f(x∗) ≤ 4Cf
k + 2

(73)

where x∗ ∈ �n is an optimal solution to problem in (71).

Furthermore, for any ε > 0, after at most 2
⌈

4Cf

ε

⌉
+ 1 = O(1

ε )

many steps, it has an iterate x(k) with g(x(k)) ≤ ε.



Semidefinite Optimization (SDO) with
Bounded Trace

The set of positive semidefinite (PSD) matrices of unit trace is
defined as

S = {X ∈ Rn×n|X � 0,Tr(X) = 1}. (74)

Then, optimization of PSD with bounded trace is

min
x∈S

f(x) (75)
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trix M ∈ Sn×n. We will see that in practice for example Lanczos’ or the
power method can be used as the internal optimizer ApproxLinear().

Algorithm 6 Hazan’s Algorithm / Sparse Greedy for Bounded Trace

Input: Convex function f with curvature Cf , target accuracy ε
Output: ε-approximate solution for problem (3.5)
Set X(0) := vvT for an arbitrary unit length vector v ∈ Rn.
for k = 0 . . .∞ do

Let α := 2
k+2

Compute v := v(k) = ApproxEV
(
∇f(X(k)), αCf

)

Update X(k+1) := X(k) + α(vvT −X(k))
end for

Here ApproxEV(A, ε′) is a subroutine that delivers an approximate
smallest eigenvector (the eigenvector corresponding to the smallest eigen-
value) to a matrix A with the desired accuracy ε′ > 0. More precisely, it
must return a unit length vector v such that vTAv ≤ λmin(A) + ε′. Note
that as our convex function f takes a symmetric matrix X as an argument,
its gradients ∇f(X) are given as symmetric matrices as well.

If we want to understand this proposed Algorithm 6 as an instance
of the general convex optimization Algorithm 1, we just need to explain
why the largest eigenvector should indeed be a solution to the internal
linearized problem ApproxLinear(), as required in Algorithm 1. For-
mally, we have to show that v := ApproxEV(A, ε′) does approximate the
linearized problem, that is

vvT •A ≤ min
Y ∈S

Y •A+ ε′

for the choice of v := ApproxEV(A, ε′), and any matrix A ∈ Sn×n.

This fact is formalized in Lemma 3.8 below, and will be the crucial
property enabling the fast implementation of Algorithm 6.

Alternatively, if exact eigenvector computations are available, we can
also implement the exact variant of Algorithm 1 using ExactLinear(),
thereby halving the total number of iterations.

Observe that an approximate eigenvector here is significantly easier to
compute than a projection onto the feasible set S. If we were to find the
‖.‖Fro-closest PSD matrix to a given symmetric matrix A, we would have
to compute a complete eigenvector decomposition of A, and only keep-
ing those corresponding to positive eigenvalues, which is computationally

ApproxEV(A, ε′) returns v, which satisfies

vTAv ≤ λmin(A) + ε′ (76)
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Theorem 6
For each k ≥ 1, the iterate X(k) of the above algorithm satisfies

f(Xk)− f(X∗) ≤ 8Cf
k + 2

(77)

where X∗ ∈ S is an optimal solution to problem in (75).

Furthermore, for any ε > 0, after at most 2
⌈

8Cf

ε

⌉
+ 1 = O(1

ε )

many steps, it has an iterate X(k) of rank O
(

1
ε

)
, satisfying

g(x(k)) ≤ ε.



Nuclear Norm Regularization

We consider the following problem

min
Z∈Rm×n

f(Z) + µ‖Z‖∗ (78)

which is equivalent to

min
Z∈Rm×n,‖Z‖∗≤ t

2

f(Z) (79)

where f(Z) is any differentiable convex function. ‖ · ‖∗ is the
nuclear norm (trace norm, Schatten 1-norm, the Ky Fan r-norm) of
a matrix

‖Z‖∗ =

r∑

i=1

σi(Z) (80)

where σi is the i-th largest singular value of Z, r is the rank of Z



Nuclear Norm ≈ Low Rank

Frobenius norm:

‖Z‖F =
√
〈Z,Z〉 =

√
Tr(ZTZ)

=




m∑

i=1

n∑

j=1

X2
ij




1
2

=

(
r∑

i=1

σ2
i

) 1
2

(81)

Operator norm (induced 2-norm):

‖Z‖ =
√
λmax(ZTZ) = σ1(Z) (82)

Nuclear norm:

‖Z‖∗ =

r∑

i=1

σi(Z) (83)



Nuclear Norm ≈ Low Rank

According to the definitions of

‖Z‖F =

(
r∑

i=1

σ2
i

) 1
2

, ‖Z‖ = σ1(Z), ‖Z‖∗ =

r∑

i=1

σi(Z),

we have following inequalities

‖Z‖ ≤ ‖Z‖F ≤ ‖Z‖∗ ≤
√
r‖Z‖F ≤ r‖Z‖ (84)



Nuclear Norm ≈ Low Rank

C is a given convex set.

The convex envelop of a (possible nonconvex) function
f : C ↔ R is the largest convex function g such that
g(z) ≤ f(z) for all z ∈ C.

g is the best pointwise approximation to f .

According to the above inequalities, if ‖Z‖ ≤ 1, we have

rank(Z) ≥ ‖Z‖∗‖Z‖ =⇒ rank(Z) ≥ ‖Z‖∗ (85)

Nuclear norm is the tightest convex lower bound of the rank
function.

Theorem 7
The convex envelop of rank(Z) on the set {Z ∈ Rm×n : ‖Z‖ ≤ 1}
is the nuclear norm ‖Z‖∗.



Corollary 1

Any nuclear norm regularized problem

min
Z∈Rm×n,‖Z‖∗≤ t

2

f(Z) (86)

is equivalent to a bounded trace convex problem

min
X∈S(m+n)×(m+n)

f̂(X)

s. t. Tr(X) = t

X � 0 (87)

where f̂ is defined by f̂(X) = f(Z) and

X =

(
V Z
ZT W

)
(88)

where V ∈ Sm×m, W ∈ Sn×n.
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Any optimization problem over bounded nuclear norm matrices (4.2) is
in fact equivalent to a standard bounded trace semidefinite problem (3.5).
The same transformation also holds for problems with a bound on the
weighted nuclear norm, as given in (4.7).

Corollary 4.4. Any nuclear norm regularized problem of the form (4.2) is
equivalent to a bounded trace convex problem of the form (3.5), namely

minimize
X∈S(m+n)×(m+n)

f̂(X)

s.t. Tr(X) = t ,
X � 0

(4.10)

where f̂ is defined by f̂(X) := f(Z) for Z ∈ Rm×n being the upper
right part of the symmetric matrix X. Formally we again think of X ∈
S(n+m)×(n+m) as consisting of the four parts X =:

(
V Z
ZT W

)
with V ∈

Sm×m,W ∈ Sn×n and Z ∈ Rm×n.

Here “equivalent” means that for any feasible point of one problem, we
have a feasible point of the other problem, attaining the same objective
value. The only difference to the original formulation (3.5) is that the
function argument X needs to be rescaled by 1

t in order to have unit
trace, which however is a very simple operation in practical applications.
Therefore, we can directly apply Hazan’s Algorithm 6 for any max-norm
regularized problem as follows:

Algorithm 8 Nuclear Norm Regularized Solver

Input: A convex nuclear norm regularized problem (4.2),
target accuracy ε

Output: ε-approximate solution for problem (4.2)

1. Consider the transformed symmetric problem for f̂ ,
as given by Corollary 4.4

2. Adjust the function f̂ so that it first rescales its argument by t
3. Run Hazan’s Algorithm 6 for f̂(X) over the domain X ∈ S.

Using our analysis of Algorithm 6 from Section 3.4.1, we see that Algo-
rithm 8 runs in time near linear in the number Nf of non-zero entries of the
gradient ∇f . This makes it very attractive in particular for recommender
systems applications and matrix completion, where ∇f is a sparse matrix
(same sparsity pattern as the observed entries), which we will discuss in
more detail in Section 4.5.

min
X∈S(n)×(n)

f(X)

s. t. Tr(X) = 1,

X � 0 (89)

min
X∈S(m+n)×(m+n)

f̂(X)

s. t. Tr(X) = t,

X � 0 (90)
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Corollary 2

After at most O
(

1
ε

)
many iterations, Algorithm 8 obtains a

solution that is ε close to the optimum of (86). The algorithm

requires a total of Õ
(
Nf

ε1.5

)
arithmetic operations (with high

probability).



Thank You!
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