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Signal Reconstruction  from Fourier Transform 
Sign  Information 

Abstract-In this  paper, we present new results on the reconstruction 
of  signals  from only the sign  of the real  part  of the Fourier  transform. 
Specifically, we develop  new theoretical results which state conditions 
under which two-dimensional  signals  are  uniquely specified to  within  a 
scale  factor  with  this  information  and show that these conditions in- 
clude  a  broad  class  of  signals.  Furthermore, we apply this  result  to  the 
problem of  reconstructing  two-dimensional  signals  from their zero 
crossings. We also  present  two  algorithms for reconstructing  a signal 
from  sign.information  in  either the time or frequency  domain. 

S 
I. INTRODUCTION 

IGNAL  reconstruction  from partial Fourier  domain in- 
formation  has  been of interest to a  number of different 

authors  both for particular applications and for its inherent 
theoretical value [3]. Previous work in this area has in- 
volved developing conditions under which signals are 
uniquely specified with  Fourier  transform  magnitude or 
phase or signed-magnitude  information and developing 
.practical algorithms for recovering signals from this in- 
formation [4]-[ 101. In  this paper, we consider the problem 
of reconstructing signals from  only Fourier transform (or 
inverse Fourier  transform) sign information. This sign in- 
formation  can be viewed as 1 bit of the Fourier transform 
phase,  without  any  magnitude information. Alternatively, 
this information  can be viewed as  the  zero crossings of the 
real  part of the  Fourier  or inverse Fourier transform.  This 
latter viewpoint suggests a  number of practical applica- 
tions pertaining  to  the  reconstruction of signals from  zero 
crossing information.  One  such  application.occurs when a 
signal is clipped  or  otherwise  distorted in such  a way as 
to  preserve  the  zero crossing or level crossing information, 
and it is desired to recover  the original signal. Another 
application occurs  in  the theory of vision where studies 
have stressed  the  importance of edge  detection  as  a  means 
of classifying and  identifying  images, but  have  not suc- 
ceeded in developing  a  strong  theoretical basis for this 
work [ 111. A third application occurs in some  design prob- 
lems  where  one  might want to specify a filter response 
[ 121 or  antenna  pattern [ 131 in terms of zero crossing or 
null points (such as for interpolation) and  derive  the re- 
mainder of the  response  from  these.  The relationship be- 
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tween signals and  their  zero crossings has  also  been  ap- 
plied to inverse problems in optics [14]. 

In  our  previous  work, we  have established the  impor- 
tance of the sign of the real part of the  Fourier  transform 
(also referred  to  as 1 bit of Fourier  transform phase) both 
experimentally  and theoretically [3]. We have shown  with 
images  that if the  correct 1 bit  of phase is combined  with 
a unity or average  magnitude,  the resulting image  main- 
tains many of the  features of the  original  image,  and  in 
fact,  is identical to the phase-only version of the  even 
(symmetric)  component of the  image.  Furthermore, if an 
image is synthesized from the  correct  magnitude  and  phase 
with  the  most significant bit  of the  phase  randomized,  the 
result is unintelligible. We have also demonstrated  that 
much stronger results can be obtained for unique specifi- 
cation of signals with  signed  Fourier  transform  magnitude 
than with  Fourier  transform  magnitude alone. 

We have also previously established conditions under 
which a  one-dimensional signal is uniquely specified to 
within a scale factor  with  Fourier  transform sign infor- 
mation [3], although  these conditions are fairly restric- 
tive. One-dimensional signals are uniquely specified with 
this  information only  if the  real part of the  Fourier  trans- 
form contains a sufficient number of sign changes,  or  zero 
crossings.  In  the  two-dimensional  case,  a “zero-crossing’’ 
is actually a  contour in the (wl , w 2 )  plane,  and thus con- 
sists of an infinite number of points.  Thus, it is reasonable 
to expect  that in the  two-dimensional  problem, sign infor- 
mation in the  Fourier  domain is more likely to uniquely 
specify a signal than in the  corresponding  one-dimen- 
sional problem. 

In this paper, we present new results on  the  unique spec- 
ification of two-dimensional signals with Fourier trans- 
form sign information. Specifically, we develop conditions 
under which a  two-dimensional signal is uniquely speci- 
fied to within a scale factor  with sign information alone. 
Furthermore, we show  that  these conditions include a 
broad  class of signals. These results are  presented in Sec- 
tion 11. We also develop a  number of extensions to these 
results and  discuss  the problem of unique specification 
with sign information available only at a finite set of dis- 
crete  frequencies. 

In Section 111, we apply our  results to the problem of 
recovering  a  two-dimensional signal from its zero  cross- 
ings and  more generally, from its threshold crossings. A 
considerable amount of research has  been  devoted to  the 
problem of reconstructing  one-dimensional signals from 
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zero crossings [ 151, [ 161 and much less  to  the  correspond- 
ing  two-dimensional  problem. The problem of reconstruc- 
tion  from zero crossings  is a dual  to  the problem of recon- 
struction  from 1 bit of phase  since it involves recovering 
a signal from sign information in the signal domain  rather 
than  in  the  Fourier  domain,  and  thus  the  results developed 
in  Section I1 are directly applicable. In Section IV,  we dis- 
cuss  two  potential  algorithms for recovering a signal from 
sign information in either  domain. 

Before proceeding, it must be emphasized  that when 
discussing  the  unique specification of signals  with  Fourier 
transform  sign  information, we are  referring  to  the Fou- 
rier  transform  as a function of the continuous variable w 
and not to  the DFT. It is tempting  to  consider  the possi- 
bility of reconstructing a signal from  DFT sign informa- 
tion,  and  to  suggest a coding  scheme by which  we might 
transmit 1 bit/pixel and try  to recover  the  original  image 
from  this  information.  This is  not likely to  succeed, how- 
ever, since  any  finite  number of  bits cannot be expected  to 
represent  an  arbitrary  signal to infinite  precision.  (In  fact, 
as we shall see later, if DFT's  are  used, then  the  Fourier 
transform sign information  must be significantly oversam- 
pled in  order  to  obtain even a reasonable  approximation  to 
the  original  signal.) The information  contained in the  Fou- 
rier  sign  information is in the exact location of the  zero 
crossings  and  this  information is not  preserved by sam- 
pling. Thus, we expect  the  results developed here  to  be 
more  useful in applications  where  the  exact zero crossing 
points are available, perhaps in the examples mentioned 
earlier. 

11. UNIQUE SPECIFICATION WITH FOURIER TRANSFORM 
SIGN INFORMATION 

In this  section we present new theoretical  results  on  the 
unique specification of two-dimensional signals with Fou- 
rier  transform sign information. After introducing  some 
notation, we will  present a number of results which apply 
when the sign information  is available at  all  frequencies 
and  then  extend  these  results to situations where the sign 
information  is available only at a discrete set of frequen- 
cies. 

Notationally, we will use x [ n ,  , n 2 ]  to denote a two-di- 
mensional discrete-time  sequence X(zl , z 2 )  to  denote  its 
z-transform,  and X(ol , w 2 )  to  denote its Fourier  trans- 
form,  i.e., 

X(Z, ,  z 2 )  = c c x [ n 1 ,  n2 1 21 - nlZ2-n2 
"I " 2  

~ ( w , ,  w 2 )  = C C x [ n l ,  n21 e-Jwnle-Jwnz. (1) 

The  Fourier  transform sign  information, or 1 bit of phase, 
will be defined as 

", " 2  

1 if Re {X(wl, w 2 ) )  I 0 
w2) = 

- 1 otherwise. 
(2) 

We will  also  refer to the even (symmetric)  and odd (anti- 

symmetric)  components of a signal, defined as 

4 n l 3  n21 + x[-n1, -n2l 
x,[nl> n2l = 2 

xrn1 ,a21 - x [ - n ,  > -n2l 
x o h ,  n2l = 2 (3) 

Similarly, Xe(zI z 2 )  will denote  the  z-transform of x,[nl , 
n2J.  We will refer to z-transforms as  symmetric if  they 
correspond  to  symmetric  sequences, that is, X(zl , z 2 )  is 
symmetric if X ( Z ,  , z 2 )  = X ( Z ~ ' ,  22'). A factor of X ( Z ,  , 
z 2 )  will be  said  to be a real  symmetric  factor if it is sym- 
metric  as  defined above and if all of its coefficients are 
real.  This  does not imply that X(zI , z2) will  take  on only 
real values but does imply that %(z1 , z 2 )  will be real on 
the unit surface Izll = lz21 = 1. Furthermore,  the set of 
real  symmetric  factors of a z-transform  includes all pos- 
sible factors which satisfy the definition above and is not 
limited  to irreducible  factors. 

We shall  also  refer  to  signals  with a region of support 
over a nonsymmetric  half-plane (NSHP), defined to mean 
that if (nl , n2) is in the  region of support,  then ( -nl  , 
-n2) is not in  the  region of support unless n l  = n2 = 0. 
Ncte that if a signal has  NSHP support,  then it  is  uniquely 
specified by its even component,  since by (3) we  have the 
following: 

x , [ n l ,  n2]  n l  = n2 = 0 
X[.l , n2l = 

2x,[nl,  n2] otherwise 

(4) 
for values of (nl  , e2) in the specified region of support. 
Also, note  that  since x,[nl , n2] e Re { X(wl, w,)}, if 
x[nl, n2] has NSHP support,  then it is uniquely specified 
with Re { X ( w l ,  a,)). 

A.  Unique Specijication with S,(wl, w 2 )  

In  this  section, we will develop results on  the unique 
specification of signals  with the Fourier  transform sign in- 
formation Sx ( w l  , w 2 ) ,  when this  information is available 
for all  frequencies.  These  results  can  be  stated in a num- 
ber of different  forms  since it is possible to uniquely spec- 
ify a signal with Fourier  transform sign information  under 
a number of different  sets of constraints.  After  stating  and 
proving our primary  result, we develop a number of  ex- 
tensions for different types of sequences  and different defi- 
nitions of S,(wl,  w 2 ) .  We also  show  that  the  results  de- 
veloped here apply to a broad  class of two-dimensional 
signals. 

I )  Primary Result: Since  our uniqueness theorem relies 
primarily on a well-established result from algebraic  ge- 
ometry, we shall  first  state  this  result without proof. The 
detailed proof is availakle in [ 171 and [18]. 

meorem I (171, (181: If X(zl , z 2 )  and Y(z l  , z 2 )  are two- 
dimensional  polynomials of degrees r and s with  no  com- 
mon factors of degree > 0, then  there are  at most rs dis- 
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tinct pairs (zl , z 2 )  where 

X(Z1, 22) = 0 (5)  
and 

Y(z1, z 2 )  = 0. 
In  this  theorem,  the  degree of a  polynomial  in  two var- 

iables is defined in  term of the sum of the  degrees in each 
variable (for each  term),  that  is,  the  degree of a two-di- 
mensional  polynomial p ( x ,  y) is equivalent to the  degree 
of the one-dimensional  polynomial p ( x ,   x ) .  For  example, 
a  two-dimensional  sequence  with support over 0 I n l ,  
n2 I N would have a  z-transform which is a  polynomial 
of degree 2 N .  The rs distinct  pairs (zl , z2) described  in 
this  theorem consist of rs points anywhere  in  the complex 
(21 , z2)-plane. 

Essentially, Theorem 1 places an  upper  bound  on  the 
number of points where two two-dimensional  polynomials 
can  both be  zero if they do not have a  common factor. As 
we state and  prove  in  Theorem 2, this result can be ap- 
plied directly  to  the  problem of unique specification of sig- 
nals with S, (a1 , w2) .  Consider, for example, two signals 
x[nl, n2]  and y [ n l ,  n2] for which S x ( w l ,  w 2 )  = S,,(wl, 
w2) .  First of all, we note  that since the  real part of the 
Fourier  transform  only contains information about the even 
component of the  sequence, we must  require that x [nl , 
n2] be even or be defined only  over  a  nonsymmetric half- 
plane so it can  be  precovered  from its even  part. Also, we 
note  that if Re { X ( q ,  w 2 ) )  > 0 for  all (a1, w2) ,  then we 
could not expect sign (Re { X(wl, w 2 ) } )  to be sufficient to 
reconstruct  the  original signal. Thus, we will also assume 
that  Re { X(wl,  w,)} and  Re { Y ( w l ,  w,)} are positive in 
some regions of the (ol , 02) plane  and negative in  other 
regions.  The  boundary between  these regions is a  contour 
where Re (X(wl,  w,)} = Re { Y(wl , a,)] = 0. With 
some  algebra, we can show that  this implies two  polyno- 
mials  in (zl , z2) are  zero over  the  same  infinite  set of 
points,  and since Theorem 1 states  that two polynomials 
with  no  common  factors  can only share  a finite set of com- 
mon zeros,  these polynomials must contain a  common  fac- 
tor. If we also  assume  that  these  polynomials  are  nonfac- 
torable, then they must  be equal to within a scale factor, 
and x [nl n2 ] and y [nl , n2] must  be equal to within a scale 
factor. 

Specifically, we state  the following theorem. 
Theorem 2: Let x [ n l ,  n2] and y[n l ,  n2] be real two- 

dimensional  sequences  with support over  a finite nonsym- 
metric  half-plane,  with S,(wl, w 2 )  = S,,(ol, w2) .  If Re 
{ X(wl , w 2 ) }  takes on  both positive and negative values 
and X ,  (zl , z2 ) and Ye (zl , z2 ) are nonfactorable, then x [nl , 
n2]  = cy[nl, n2] for some positive constant c. 

Prooj? From the theorem  statement, we  know that 
S x ( w l ,  w 2 )  = Sy(wl, w 2 ) ;  we will show that x [ n l  , n 2 ]  = 
cy[nl  n2] for some c. Since we  know that  Re { X(wl, 
w 2 ) }  takes on positive and negative values, there  must 
be  some  region of the (a1, w 2 )  plane  where  Re { X(wl, 
w 2 ) }  > 0 and  another  region  where  Re { X ( q ,  w 2 ) }  e 
0. The  boundary between  these regions is a  contour  where 

Re { X(wl , w z ) )  = 0, or equivalently, X,(w,, 02) = 0. 
Thus, 

X&, Y Z Z )  I = 0. (6) 
z, = e"', z2 = dm* 

if w1 and w2 are on this contour. Since S x ( w l ,  02) = S,,(wl , 
w2) for all (wl, q ) ,  (6) also holds for Ye(zl, z 2 ) .  Thus, 
we  have an infinite set of points where 

Xe(zl7 22)  = Ye(z1, Z Z )  = 0. (7) 

Since x, [nl , n 2 ]  is nonzero for positive and negative val- 
ues of n1 and n2, X ,  (zl , z 2 )  is a  polynomial in the variables 
z1 , 2 2 ,  z;' and 22'. However, if x [ n l ,  n2]  and y[nl , n2] 
have finite support,  then we can find integers N1 and N2 
such that $' $ Xe(Z1, z z )  and $' Ye(zl , z2) are poly- 
nomials  in  only z1 and z2. Furthermore, 

$' $ Xe(z1, 22) = o 
z1 z2 Ye(z1, Z Z )  = 0 N I  N2 (8) 

over  the  contour  in the (wl, w 2 )  plane  where  Re (X(wl , 
w 2 ) }  = 0 and,  therefore,  over  an infinite set of points. 
Thus, by Theorem 1, Xe(zl, z2) and Ye(zl, z 2 )  must have 
a  common  factor. If, furthermore, we assume  that Xe(zl , 
z2 ) and Ye (zl , z 2 )  are nonfactorable, then X ,  (zl , z2 ) = 

CYe(Z1, Z Z ) ,  xe[n13 n2l = cYe[nl? 1221, and x[nl> n2l = 
C Y b l ,  n2l .  

Note  here  that  any  zero  contour in the (wl , w 2 )  plane is 
sufficient to uniquely specify the sequence (since it con- 
tains  an infinite number of points) even if the region where 
Re (X(wl,  w2)> < 0 is very  small. However, it  is nec- 
essary  to have a region where  Re { X(wl, u2)}  > 0 and 
a region where  Re { X(wl , 02)) < 0 to guarantee that 
such  a  contour  exists.  It is in  general not sufficient to know 
a few isolated points where  Re { X ( w , ,  u2)}  = 0. 

Instead of constraining  the signals to be  real  and  to have 
support over  a  nonsymmetric  half-plane, we could just  as 
easily permit complex signals or signals symmetric  about 
the  origin. We will state  one  alternate form of Theorem 2 
as  a corollary since it will be  needed later in this paper 
(see Appendix I for proof). 

Corollary 1: Let x [ n l  , n2] and y[nl , n2] be complex 
two-dimensional  conjugate-symmetric1  sequences  with fi- 
nite support with S x ( w l ,  w 2 )  = S y ( w l ,  w2) .  If X(wl, w 2 )  
takes on  both positive and negative values and X(zl , z2) 
and Y(zl , z 2 )  are nonfactorable, then x [nl , n2] = cy [nl , 
n2]  for some positive constant c. 

Note  that in this  case X ( w l  , w 2 )  is  real  and that Cor- 
ollary 1 directly constrains X ( q ,  w 2 )  and X(zl ,  z 2 )  
reather  than  the  corresponding  transforms of the even 
components. 

2) Extensions: Although  Theorem 2 states  a particular 
set of constraints  under  which  a signal is uniquely  speci- 
fied with Sx(ol , w 2 ) ,  a  number of different sets of con- 

'A sequence .+,, n2]  is conjugate  symmetric if x [ n l ,  n2]  = x * [ - n ,  , 
-%I. 
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straints  are possible. In this section, we shall introduce 
three extensions to Theorem 2. The first result imposes 
most of its constraints  on  only  one  sequence, as opposed 
to imposing  a  number of constraints  on  both  sequences 
x[nl ,  n 2 ]  and y [nl  , n2] .  This result will be  convenient to 
use when discussing algorithms for reconstruction  from 
S, (wI , w 2 ) .  The second result generalizes the concept of 
Fourier transform sign information to include a  broader 
class of definitions than that given in (2). The third result 
extends  Theorem 2 to include sequences with factorable 
z-transforms by replacing the nonfactorability constraint 
with  a  constraint on each factor. 

Let us start by considering a  case  where it  would  be 
convenient to have a result which imposes  most of its con- 
straints on only  one  sequence.  Suppose  a  sequence x [n, , 
n2] is known to satisfy the constraints of Theorem 2, and 
we  would like  to develop an  algorithm to recover x[nl ,  
n2 ] from S, (ol , w2 ) . It would be convenient to have a set 
of constraints which guarantee that there  are no other se- 
quences y [ n l ,  n2] with S,(wl, w2)  = S,,(wl, w2)  whether 
or not y [n l ,  n 2 ]  satisfies the constraints of Theorem 2. 
While it  is  simple enough to guarantee that a  recovered 
sequence y [nl  , n2] has the  correct region of support, it is 
extremely difficult to guarantee that Ye (zI , z 2 )  is nonfac- 
torable. Without  this  restriction, Yc(zl  , z2) might contain 
a real symmetric  factor which is positive on the unit sur- 
face,  and  thus we could have S,(wl , w2)  = S y ( w I  , w2) but 
x [nl , n2 1 # cy [nl , n2 1. To avoid this  problem, we note 
that since multiplication by an additional factor in the z- 
domain increases the  degree of the z-transform  polynom- 
ial, the sequence y [nl , n2 1 would then have a  larger region 
of support than x [nl , n, 1. Thus, if the exact size of the 
region of support of x [nl , n2] is known, then this infor- 
mation, together with S,(ol, q ) ,  is sufficient to uniquely 
specify x [nl , n2 1. Specifically (see Appendix I for proof) 
the following holds. 

Theorem 3: Let x [nl , 1z2 ] and y In, , n, ] be real two- 
dimensional  sequences  with support over  a finite nonsym- 
metric half-plane contained in - N  5 n ,  , n2 5 N with 
S,(wl ,  w 2 )  = S,(wll w2). If x l N ,  N l  f 0, Re { X ( w , ,  
0,)) takes on both positive and negative values, and X ,  (zl , 
z 2 )  is nonfactorable, then x [al , n2 1 = cy [nl , n 2 ]  for some 
positive constant c. 

Thus, if a  sequence x [ n I  , n 2 ]  satisfies the constraints 
of Theorem 3, then we know that there  are no other se- 
quences y [a, , n2]  with the same region of support and the 
same Fourier transform sign function.  Therefore, in a 
somewhat  more  general  sense than was  possible  with 
Theorem 2, we can say that a  sequence satisfying the con- 
straints of Theorem 3 is  uniquely  specified  to within a scale 
factor  with  the  Fourier  transform sign information  and the 
known region of support. 

It is also possible to generalize  Theorems 2 and 3 to 
allow unique specification with broader classes of sign in- 
formation than the &(wI, w 2 )  as defined in (2). Since 
S,(wl , w 2 )  can  be viewed as one bit  of Fourier  transform 
phase, we could  generalize Sx(wl  , w2)  to allow quantizing 
the phase in different ways. Specifically, we could define 

S , " (Wl>  0 2 )  

7r =i 1 if a. - - 5 &(wl, w 2 )  I a + - 
2 2 

7r 

- 1 otherwise 
(9) 

or equivalently, 

g ( w l ,  w2) = sign (Re (X(wl, w2)  da)). (10) 

The  case a = 0 corresponds to the definition of S x ( w l  , 
w 2 )  given in ( 2 ) .  Alternatively, since S,(wl , w 2 )  can  be 
viewed as  the  zero crossings of the real part of the Fourier 
transform, we could  generalize &(al , 02) to allow cross- 
ings of an  arbitrary threshold as follows: 

& W l ,  0 2 )  = sign (Re CX(w1, w2))  - PI. (11) 
This  is  analogous to the discussion in [19] on "a-points" 
of functions, defined as the points where  the function takes 
on the value a.  

To develop  a result on  unique specification with gener- 
alized sign information, we will combine  these two ideas 
and define the following: 

x,p (wl , w 2 )  = sign (Re (X(wl,  w2)d" ) - 0). (12) 

We can then develop  a result similar to Theorem 2 for this 
definition of sign information (see Appendix I for proof). 

Theorem 4: Let x [nl , n2] and y [n , n2] be real two- 
dimensional  sequences  with support over  a finite nonsym- 
metric  half-plane,  with gS'(wl, w 2 )  = $ , p ( w l ,  w 2 )  for 
any a. and p such  that  Re { X(wl , w 2 ) e j o )  - P takes on 
both positive and negative values. Also, let 

i r n 1 ,  n21 = 
x[nl, n2] 2" + x * [ - n I ,  -n21 e-Ja 

2 

- P d b l ,  n21 

9b1, n21 = 
y [ n l ,  n2] da + y *  [ -nl ,  -n21 e-ja 

2 

- P n21 

where 

If R(zl , z2) and P(zl,  z2)  are nonfactorable, then x [ n l ,  
n2 1 = cyln, ,  n2]  for ( n l ,  n 2 )  # (0, O), and x[O, 01 cos 
a. - 0 = c ( y  [0, 01 cos Q - 0) for some positive constant 

The ambiguity at (nl , n2)  = (0, 0) is not just  a scale 
factor; it is a scaling of the value with respect  to  a thresh- 
old Plcos CY. Note that if a. = kn/2 for some odd integer 
k ,  then Sz'p (wl , 02) contains no information  about x [0, 
01, and even if /3 = 0, x[O, 01 cannot  be recovered. 

The definition of Fourier sign information  could  also  be 
modified to include complex values of (wl , w2) .  In partic- 
ular, from  a  z-domain viewpoint, the  real values of (wl , 

C .  
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w 2 )  correspond to values of (zl , z 2 )  on  the unit surface 
lzl I = lz21 = 1; we might also be  interested in sign in- 
formation on  the  surface Izl I = rl , 1z21 = r2.  In this  case, 
it  is easily shown  that if the sequence x [ n l ,  n 2 ]  rlnl rTnz 
satisfies the  constraints of the results developed earlier, 
then x [nl , n2]  is uniquely specified with sign information 
over  this surface. 

A  further extension to Theorem 2 involves replacing the 
nonfactorability constraint  with  a  constraint  on  each  fac- 
tor. Let us express X ,  (zl , z 2 )  as  a product of real sym- 
metric  factors Fi(zl, z2) .  Observe that if Fi(zl, z 2 )  = 0 
for any i ,  then X ,  (zl , z 2 )  = 0; similarly, if X ,  (zl , z 2 )  = 
0, then at least one of the  factors Fj(z l  , z2) must  be zero. 
Thus, if each  factor  contributes  a set of zero crossing con- 
tours,  each  factor will be  uniquely specified by its own 
zero crossing contours,  and thus we can develop a set of 
conditions under which Xe(zl , z 2 )  will be uniquely  spec- 
ified by the complete set of zero crossing contours.  Spe- 
cifically, we state  (see Appendix  I for proof). 

Theorem 5: Let x[n,, n 2 ]  and y [ n l ,  n2] be real two- 
dimensional  sequences  with support over  a  finite  nonsym- 
metric  half-plane,  with Sx(wl, w 2 )  = S, , (wl ,  w2) .  Con- 
sider  the  factorization of X ,  (zl , z 2 )  and Ye (zl , z 2 )  into real 
symmetric  factors which are irreducible over  the set of real 
symmetric  factors. If each of these  factors  has multiplicity 
one and takes on  both positive and negative values on the 
unit  surface, then x [ n l ,  n 2 ]  = c y [ r i l ,  n 2 ]  for some posi- 
tive constant c .  

Theorem 5 can be easily modified to permit complex 
signals or  symmetric  signals,  to  impose most of its con- 
straints  on  one  sequence,  or to permit different definitions 
of the  Fourier  transform sign information Sx(wl, w 2 )  as 
was done  earlier in developing extensions to Theorem 2 .  
This  theorem  could also  be  stated in a slightly different 
manner by considering all possible factorizations of X ,  (zl , 
z 2 )  and Ye(zl  , z 2 )  rather  than  one  particular  factorization. 
In this case,  the requirement would be that every possible 
factor of X,(z, , z 2 )  and Y,(zl  , z 2 )  must  take on both pos- 
itive and negative values on  the unit surface.  The multi- 
plicity constraint is then unnecessary since if a factor F(z l  , 
z 2 )  occurs  with multiplicity two  (or higher),  then  there 
will also be  a  factor F2(z1 , z 2 )  which is nonnegative  on 
the unit surface  and  violates  the  constraints of the theo- 
rem. 

Theorem 5 is related to a result developed in [ 3 ]  on the 
unique specification of one-dimensional signals with  Fou- 
rier transform sign information.  The  one-dimensional re- 
sult states  constraints on the zeros of the z-transform X ( z )  
which guarantee that Xe(z )  has zeros only on  the unit cir- 
cle (and that these  zeros  are  simple  zeros),  and thus that 
sign { X e ( w ) }  is sufficient to uniquely specify x [ n ] .  This 
result could be  stated in a  form  similar to Theorem 5 by 
considering the  factorization of X ,  ( z )  into  real  symmetric 
factors irreducible over the set of real  symmetric  factors. 
In this case,  the  factors will all  be  second-order  and will 
have either two  complex conjugate zeros on  the unit circle 
or two real  zeros.  Restricting  each of these  factors  to have 
simple zeros  on  the unit circle is then equivalent to  re- 

quiring that  each  factor  take  on  both positive and negative 
values on the unit circle,  as  in  Theorem 5. In addition, we 
require each  factor  to have multiplicity one so that we can 
guarantee  that  there  is  a sign change in X ,  (w)  correspond- 
ing to each zero on the unit circle.  The  primary differ- 
ence,  then,  between  the  one-dimensional  problem  and  the 
two-dimensional  problem is not in the  type of constraints 
imposed but in the likelihood of a signal satisfying these 
constraints.  While  only  a small class  of  one-dimensional 
signals will satisfy the  appropriate  constraints, we will 
show in the next section that  a  broad class of two-dimen- 
sional signals will 'satisfy these  constraints. 

3) Applicability: Having established a  set of conditions 
which guarantee that a signal is uniquely specified by some 
partial information, it is worthwhile to determine whether 
or not these  conditions  are likely to apply to a typical se- 
quence  encountered  in practice. While it is difficult to  an- 
swer  this question without  making  some  assumptions  about 
the  type of application involved, it  is  still possible to show 
that  a  broad  class of signals will satisfy the  constraints of 
the results developed earlier. In this discussion, we will 
refer primarily to Theorem 3 since this is the basic result 
which states  constraints primarily upon the actual signal 
we'are  trying  to recover; similar results can be easily de- 
veloped for the  other extensions developed  in the  preced- 
ing section. 

-Let  us first note  that in many  applications,  the  assumed 
region of support of a finite-length signal is somewhat  ar- 
bitrary,  and thus signals can often  be considered to have 
any desired region of support. However, since  the real part 
of .the  Fourier  transform is modified when the  assumed 
region of support of a  sequence is modified, care must be 
taken to ensure  that  the data available as S,(wl , w2') truly 
corresponds  to  a  sequence  with  a  region of support as 
specified in  Theorem 3. In the  remainder of this  discus- 
sion, we will assume  that the region of support  constraint 
is satisfied. 

With  some  informal  arguments, we can next  show that 
the probability of a  random signal satisfying  the  remaining 
conktraints of Theorem 3 very rapidly approaches unity as 
the  number of points in the signal increases.  First, we note 
that since  "almost all" two-dimensional  polynomials are 
nonfactorable, the  nonfactoribility.  constraint is satisfied 
with  probability  'one [6 ] ,  [ 2 0 ] .  Similarly, almost  all se- 
quences will have x [ N ,  N] # 0. 'Next, consider the  con- 
dition requiring Re {X(wl , w z ) }  to  change  sign. If the 
coefficients of the  sequence  were  random,  there would be 
some  small, but finite,  chance  that  the first coefficient x [0, 
01 would be  greater than the sum of the magnitudes 'of the 
others,  and  thus Sx(wl , w 2 )  = sign (x[O, 01) for all (wl , 
w 2 ) .  Thus, we cannot  claim  that  almost  all  sequences  sat- 
isfy the  sign-change  constraint, but  we can  argue that the 
probability of a  random first-quadrant sequence satisfying 
this constraint  very rapidly approaches unity as  the-num- 
ber of points in the signal increases. 

To see  this,  assume  that x[nl,  n 2 ]  is a first quadrant 
sequence  with  support N 1  X Nz and  form the one-dimen- 
sional sequence 
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+ N1n2l = x[n1, n21. (14) 
If A ( z )  has at least one  zero outside the unit circle,  then 
Re { A  (a)} is guaranteed to have at least one sign change 
over the  interval (0, T )  [3]. Since by the projection-slice 
theorem 1211, [6], A ( w )  is  a slice ofX(wl,  w 2 ) ,  Re {X(wl,  
w 2 ) }  must change sign somewhere in the (wl, w 2 )  plane. 
If we assume that the  zeros of A ( z )  are equally likely to 
be inside the unit circle as  outside,  then the probability of 
A ( z )  having at least one  zero  outside  the unit circle is 

p = 1 - (0 .5 )N1N2-1  (1 5 )  

since a [nl is N L N 2  points long. Since  this condition is suf- 
ficient but not necessary for Re (X(wl,  w,)) to  change 
sign, p represents  a  lower  bound  on  the probability that a 
random first-quadrant sequence would satisfy the sign- 
change  constraint of Theorem 3. We can  also  note that p 
approaches unity very rapidly even for small two-dimen- 
sional sequences.  For  example, for a 3 X 3 sequence, p = 
0.9961, and for a 4 X 4 sequence, p = 0.999969. For  a 
64 X 64 sequence, p = 1 - 10-’200. 

Thus, we  have shown that the probability of a  random 
first-quadrant signal satisfying the  constraints of Theorem 
3 very rapidly approaches unity as  the  number of points 
in  the signal increases.  Since the type of signals encoun- 
tered in practice varies considerably from  one application 
to another, this probability does not necessarily apply in a 
particular application (for example, it does not apply to 
Gaussian  signals).  It  does, however,  show that the result 
applies to  a  broad  class of signals. 

B. Unique Specijication with Samples of Sx(wl  , w 2 )  

Many types of signals or functions can  be uniquely 
specified with  a finite set of samples evaluated on a fixed 
grid. For  example, the DFT is a  method of sampling the 
Fourier transform of a  sequence and DFT points are known 
to uniquely specify a finite length sequence. Also, in 
phase-only  reconstruction  problems, it has been  shown 
that samples of the  phase function will, for the most part, 
uniquely specify any  sequence which is uniquely specified 
by its complete  phase function [4]-[6]. 

In the problem considered here, however, the  informa- 
tion in S,(wl, w 2 )  is contained in the exact location of the 
zero crossings and this information is lost when Sx(wl  , 
w 2 )  is sampled.  From  another point of view,  we can say 
that a finite set of samples of S,(wl , w 2 )  contains a finite 
number of bits of information, and thus cannot be ex- 
pected to uniquely specify a signal to infinite precision. 
This is distinctly different from typical sampling problems 
where  each  sample is of (theoretically) infinite precision, 
and thus does not contain a finite number of bits of infor- 
mation. (Note, however, that we are  referring strictly to 
theoretical sampling  problems; in practical applications 
signals are  generally  represented with  a finite number of 
bits, and it  may be possible for a signal to be  represented 
to sufficient accuracy  with  a  finite  set of samples of S,(wl , 
wz). )  

In this section, we shall take a  somewhat different ap- 

proach to sampling S, (wl , w 2 ) .  Instead of using the values 
of S,(wl,  w 2 )  over  a fixed grid, we shall use  the location 
of points on  the  zero crossing contours of Re { X ( w l ,  w2)>  
as the  “samples.”  Since  these  contours consist of an in- 
finite number of points, it is worthwhile to determine if a 
finite set of such points will uniquely specify a  signal. 
Since  Theorem 1 specifies the number of points where two 
two-dimensional  polynomials  can  both be zero, we can  use 
this  theorem to establish that a particular number of arbi- 
trarily  chosen  zero crossing points is guaranteed to be suf- 
ficient for unique specification. Although we shall pri- 
marily  refer to  zero crossings corresponding to real values 
of w1 and w2 , the results are equally valid for complex 
values of w1 and w2 as long as the indicated number of 
zeros  are available. We shall  also show that this number 
of points may not be necessary for unique specification; 
in particular, if the  zero crossing points are not chosen 
arbitrarily but are chosen in some particular way, a smaller 
set of zero crossing points can be sufficient for unique 
specification. 

Since  rectangular regions of support are common in ap- 
plications, we will develop  a result which states require- 
ments in terms of such  regions.  The result could  be easily 
modified for different regions of support or could  be  ap- 
plied directly  to  a problem  involving a different region of 
support by simply assuming  a  rectangular region of sup- 
port large enough to enclose the actual region of support. 
If reference to a region of support R(N) specifies only that 
a  sequence is zero outside the region -N 5 nl , n2 I N ,  
then we can state the following. 

Theorem 6: Let x [nl , n2]  and y [nl , n2] be  two-dimen- 
sional sequences  with region of support over  a  nonsym- 
metric half-plane contained in R(N). If X ,  (zl , z2) and 
Ye (zl , z2) are nonfactorable and  Re { X ( w l  , w 2 ) )  = Re 
{ Y ( w l ,  w 2 ) )  = 0 at more than 16N2 distinct points, then 
x [ n l ,  n2] = cy[nl  , n 2 ]  for some real constant c. 

Proof: Recall that the proof of Theorem 2 requires 
stating that two  polynomials # $ Xe(zl , z2) and # $ 
Ye (zl , z2) are equal to within a scale factor  given that they 
are both  zero at an infinite number of points. In the case 
of Theorem 6, we  know that # .$X&, , z 2 )  = # 8 Ye (zl , 
z,) = 0 at more than 16N2 points. These  polynomials are 
of degree 4N, and  thus, by Theorem 1,  can have at most 
16N2 common  zeros.  Thus, $.$ Xe(zl , z 2 )  = c# 8 
Ye(zl , z2) and  the  theorem follows. 

As we did with  Theorem 2, we can  modify this result 
slightly so that  only  one  sequence is required to  have a 
nonfactorable z-transform. 

7heorem 7: Let x [n ,  , n2] and y [nl , n2] be two-dimen- 
sional sequences  with region of support over  a  nonsym- 
metric half-plane contained in R(N). If X,(zl , z2) is non- 
factorable, x [ N ,  Nj # 0, and Re (X(wl ,  w 2 ) }  = Re 
{ Y ( w ,  , w,)} = 0 at  more than 16N2 distinct points, then 
x [ n l ,  n2] = c y [ n l ,  n2]  for some real constant c. 

The proof is analogous to the  proof ofTheorem 3. 
Note that for this  result, it is necessary to assume the 

nonfactorability constraint of Theorem 2. If a  sequence 
satisfies the  constraints  of  Theorem 5 but not the con- 
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straints of Theorem  2,  then  a  finite  set of zero crossings 
is not guaranteed  to  uniquely specify the  sequence  since 
these  zero crossings may all  correspond  to  the  same  fac- 
tor.  However, a  similar result is easily developed by con- 
straining  the  set of zero crossings to include N j  zero cross- 
ings of the ith factor, where  each Ni is chosen  in 
accordance  with  the  degree of the factor. It would also  be 
necessary to know  which zero crossings correspond to the 
same  factor in order  to successfully recover  a signal under 
these  conditions.  These  constraints would be difficult to 
verify in  an  actual signal reconstruction  problem, but 
would be  easier  to verify in a situation such as  a filter 
design  procedure 1121 which involves first specifying the 
zeros of the response  and  then  generating  the  remainder 
of the response  with signal reconstruction techniques. The 
results mentioned here might  then  be useful if it was de- 
sired to design  a filter with specific zero crossings that 
could be implemented  with  cascaded  sections  (and  would, 
therefore,  have  a factorable z-transform). 

Next, note  that  the  number of arbitrarily-chosen zero- 
crossing points sufficient to uniquely specify a signal is 
somewhat greater than  the  number of points in  the signal. 
Specifically, if a  sequence x [nl, n2] has support over the 
largest possible nonsymmetric half-plane contained  in 
R ( N ) ,  then it has 2N2 + 2 N  + 1 distinct points. Accord- 
ing to Theorem 6, x [nl, n2] is uniquely specified with m 
zero crossing points if m > 16N2. If x [nl, n2] is  real, then 
due  to  symmetries  in  the  Fourier  transform, x [ n l ,  n2] is 
uniquely specified with m > S N 2  points if these points 
are chosen  over  an appropriate range of frequencies.  This 
means  a  sequence consisting of p real points is uniquely 
specified with  approximately 4p zero crossing frequen- 
cies. If a  sequence  has support over only one  quadrant, 
then it  has  approximately N 2  points,  and  approximately 
S N ~  zero crossing points are sufficient for unique speci- 
fication 

Although  Theorem 6 states that a particular number of 
zero crossing points is sufficient for unique specification, 
it does not state  that  this number of points is necessary 
for unique specification. In particular, as we show next, it 
is possible to specify a signal consisting of p samples  with 
p - 1 zero crossing points if the  zero crossing points are 
not chosen  arbitrarily but are specifically chosen so that 
they uniquely specify the signal. To establish this result, 
note  that we can write  a set of linear equations of the  form 

x [ n l ,  n2] cos (wlnl + w2n2) = 0 (16) 

where  each  equation uses a different pair of frequencies 
(al, w2)  on  a zero crossing contour, i.e., where the equal- 
ity is known to hold. If  we assume that x [nl, n2] satisfies 
the  constraints of Theorem 7, then x [ N ,  N] # 0, so we 
can  substitute x [ N ,   N ]  = 1 and obtain a  nonzero solution. 
Thus, if x [nl , n2] consists of p points,  these equations con- 
tain p - 1 unknowns.  Although we  have not shown that 
p - 1 equations of this  form are  guaranteed  to have a 
unique solution, we  know from  Theorem 7 that if a suffi- 
cient  number of equations is used (say, m equations) then 

nl n, 

these equations are  guaranteed to have a  unique solution. 
If we have m equations in p - 1 unknowns  and m > p - 
1, then  some of the equations must  be  dependent  and  can 
be  eliminated.  Thus, it is possible (theoretically) to find 
p - 1 independent equations from  the  set of m equations, 
and thus the  corresponding p - 1 zero crossing frequen- 
cies  are sufficient to uniquely specify x [nl, n2].  This re- 
sult, however, does not suggest  a practical algorithm for 
choosing thep - 1 zero crossing points so that these points 
uniquely specify the signal. 

111. APPLICATION TO RECONSTRUCTION FROM 
ZERO  CROSSINGS 

A considerable amount of research in  the field  of com- 
munication  theory  has  been  devoted to  the  problem of re- 
constructing  one-dimensional signals from  zero crossings 
(see Requicha [15] for a  survey).  These results are  pri- 
marily  based  upon  the  fact  that .a band-limited function is 
entire  and thus is uniquely specified by its zeros  (real  and 
complex).  Some of this work involves identifying condi- 
tions under which signals have only  real  zeros (so that  the 
signal is uniquely specified by  zero crossings) and devel- 
oping  methods for modifying  a signal so that  all of its 
zeros  become  real [22], [23]. Additional work has  in- 
volved identifying conditions under  which  a signal may be 
uniquely specified with its real  zeros  despite  the  fact that 
the signal also contains complex  zeros. The most  recent 
work in this  area  is by Logan [ 161, who states  a  set of 
conditions under  which  one-dimensional  bandpass signals 
are uniquely specified by zero crossings.2 

Although  the  problem of reconstruction of one-dimen- 
sional signals has  been studied in  great  detail,  very little 
work has  been  reported  on  the  corresponding  two-dimen- 
sional problem. As  we mentioned in the  Introduction,  one 
promising application for the results presented in Section 
I1  involves reconstructing  a  two-dimensional signal from 
its zero  crossings,  or  more generally, from its threshold 
crossings. By interchanging  the roles of the signal and 
transform  domains  in  Theorem  2,  that  is, by exploiting the 
duality of the Fourier  transform in a  straightforward way, 
we can develop a new result on the unique specification of 
two-dimensional signals with  zero crossings. Specifically, 
if a  continuous-time signal corresponds to the Fourier 
transform of a finite-length discrete-time sequence., and if 
this finite-length sequence satisfies the conditions of any 
of the  theorems  developed  earlier,  then  the signal is 
uniquely specified to within  a  scale  factor by its zero 
crossings. 

To illustrate  this in more  detail, consider a  real,  band- 
limited,  continuous-time, periodic signal f ( x ,  y) with pe- 
riods TI and T2 in  the x- and  y-directions, respectively. 
With the substitution of variables w1 = 21rx/T,, w2 = 27ryI 
T2, f will be  periodic  with  period 27r in  each of the vari- 
ables wl, w2 and will correspond to the  Fourier  transform 
of some  complex  conjugate-symmetric finite-length dis- 

'An elegant  relationship  between  Logan's  theorem  and  the  results  pre- 
sented in [4], [7] on  the  reconstruction of one-dimensional  signals  from 
Fourier  transform  phase  or  magnitude is presented in [24]. 
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Crete-time sequence F(nl,   nz):  

or in terms of x and y: 

From  this  equation, F(n, ,  n2) can  be  considered to be coef- 
ficients of a Fourier series  expansion of f ( x ,  y) .  By the 
results developed earlier, F ( n l ,  nz) will be uniquely  spec- 
ified  by sign { f ( x ,  y)> if the  z-transform of F(n, ,  nz)  is 
nonfactorable. The  z-transform of F(nl ,   nz)  can  be ob- 
tained from  the right-hand side of (17) with  the sub- 
stitution of ( z ~ ' ,  z ~ ' )  for (e  %', e -Ju2> [or equivalently, 
from (18) with  the substitution of (z; ' ,  z g ' )  for (e-j(2?rx'TI), 
e-j(2?ryiT2')] and thus represents  a complex extension of the 
signalf(x, y ) ,  wheref(x, y )  is considered to be known  over 
the unit surface in the (z , ,  zz) complex space.  Therefore, 
the  z-transform of F ( n l ,  nz) will be factorable if and only 
iff(x, y ) ,  expressed as a polynomial  in (18), is factorable. 

Let US state  our dual result as  a  theorem. 
Theorem 8: Let f (x ,  y )  and g (x, y )  be real,  two-dimen- 

sional,  doubly  periodic, continuous, band-limited func- 
tions with signf(x, y )  = sign g (x ,  y ) ,  wheref(x, y )  takes 
on both positive and negative values. If f (x ,  y )  and g (x, 
y )  are nonfactorable when  expressed as polynomials in the 
form (18), thenf(x, y )  = cg(x, y ) .  

Proufi This  theorem follows directly  from  Corollary 
1 to  Theorem  2.  Since f ( x ,  y )  and g(x,  y )  have Fourier 
series coefficients which are complex conjugate  symmet- 
ric, have finite support,  and have nonfactorable z-trans- 
forms, they satisfy the  constraints of Corollary 1. Thus, 
the  Fourier  series coefficients must  be equal andf(x, y )  = 

Although we  have constrained the signals in Theorem 8 
to be real,  this result is easily extended to include complex 
band-limited signals with  no  energy for negative frequen- 
cies (often referred to as "analytic" signals in communi- 
cation theory literature). In this case, the signals would 
be uniquely specified by the sign of their real part. How- 
ever, as  one  might  expect, it is not possible to uniquely 
specify arbitrary  complex  band-limited signals (with in- 
dependent real and  imaginary  parts)  with only the sign of 
the  real part. 

Since many two-dimensional signals encountered in 
practice  are not periodic, but  have finite support, we will 
next modify  Theorem 8 so that it applies to these  signals. 
We will consider the  case  wheref(x, y) is a finite segment 
of a periodic signal satisfying the  constraints of Theorem 
8. For  example, iff(x, y) represents  one  period of a  band- 
limited  periodic  function 

cg (x7 Y ) .  

f ( x ,  Y )  = Cf(x + n,T,, Y 1- n2T2) (19) 
AI n2 

then it is possible to recoverf(x, y )  from its zero crossings 
provided  that f(x, y )  satisfies the  constraints of Theorem 
8, even thoughf(x, y )  itself is not band-limited. In gen- 

eral, it is not necessary for the duration of f ( x ,  y )  to be 
equal to  one  period of the  corresponding periodic func- 
tion. Thus, f ( x ,  y )  can  represent  a finite segment of a va- 
riety of different periodic  functions. In order  forf(x, y )  to 
be  uniquely specified by its zero crossings, we  only need 
one  periodic function containing f (x ,  y )  to be band-lim- 
ited. Specifically, let us state (see Appendix I for proof): 

Theorem 9: Let f ( x .  y )  and g (x, y )  be  two-dimensional 
continuous functions defined over  the  same known region 
R of finite extent with signf(x, y )  = sign g ( x ,  y), where 
f ( x ,  y )  takes on both positive and negative values. Iff(x, 
y> = &(x, y )  in R and g(x,  y )  = g p ( x ,  y )  in R for any 
periodic, continuous, band-limited functions &(x, y )  and 
gp(x, y )  which are nonfactorable when expressed as poly- 
nomials  in the form (18), then&, y )  = cg(x, y )  for some 
positive constant c .  

Note  that since Theorem 2 applies to  discrete-time sig- 
nals (with periodic Fourier transforms), the dual theorems 
(Theorems 8 and 9) apply specifically to periodic signals 
and do not imply that  an arbitrary (nonperiodic) band- 
limited  continuous  function, or a finite segment of one, is 
uniquely specified by its zero crossings. This result would 
be equivalent to developing  a result similar to Theorem 2 
for continuous-time  signals.  While it is quite possible that 
such  a result could  be  developed, we  have  not done so 
here.  Thus  this issue remains  an  open question for future 
research. 

Although  Theorems 8 and  9  were developed from  Cor- 
ollary 1 to Theorem 2, the  other extensions developed for 
Theorem 2 can  also  be useful here. Of particular interest 
to us is the fact that the definition of sign information can 
be  extended to  include crossings of an  arbitrary threshold 
instead of just  zero crossings. This result is important 
since in a  number of applications, particularly image pro- 
cessing, signals are constrained to be  nonnegative and thus 
have no  zero  crossings. Nevertheless, it might  be desirable 
to recover  such  a signal from  knowledge of the points 
where it crosses some particular level. The  same proce- 
dure  used to establish Theorem 4 can also be used to show 
that Theorems 8 and  9  can be extended to include recon- 
struction  from sign cf(x, y )  - 0) provided that p is chosen 
so that the signal actually crosses the threshold 0. In this 
case, if  we  have sign cf(x, y )  - @) = sign (g (x ,  y) - p),  
thenf(x, y )  - @ = c ( g  (x, y )  - p) for some c. 

IV. RECONSTRUCTION  ALGORITHMS 

Having established that  particular  classes of signals are 
uniquely specified by some partial information, it is of  in- 
terest to develop algorithms for recovering the original 
signal from this information. One  common  approach to 
developing algorithms for reconstruction  from various 
forms of partial information is to develop an iterative al- 
gorithm which alternately  imposes  constraints in the space 
and  frequency  domains (usually referred to as the  Gerch- 
berg-Saxton  algorithm [25]) .  Another  approach is to ex- 
press  the solution as  a  set of simultaneous  linear equa- 
tions. In this  section, we will discuss each of these 
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methods  and  present  experimental results obtained  with 
each  method. 

A .  Iterative Algorithm 
The  class of iterative  algorithms  mentioned  above  can 

be applied to  the problem of reconstruction  from Fourier 
sign information by imposing  the  correct sign of  the  real 
part of the  Fourier  transform in the frequency  domain  and 
imposing the known  region of support in  the  space  do- 
main.  It  can also  be applied to the  problem of reconstruc- 
tion from sign { f ( x ,  y ) >  by imposing  the  correct sign (per- 
haps  with  respect to  some threshold) in  the  space  domain 
and  the  band-limited  constraint  in  the  frequency  domain. 
For the  sake of clarity, in this section and  the  one that 
follows we will primarily  refer  to  the  reconstruction  from 
Sx(wl, w2);  however, it should be realized that the  same 
algorithms  can be applied to  reconstruction  from sign 
( f ( x ,  y)} by interchanging  the roles of the two domains. 

Since  knowledge of the exact points of discontinuity is 
necessary for the signal to  be uniquely specified (in either 
problem), the convergence of an  iterative  algorithm to the 
correct solution necessarily depends  upon  the  use of the 
exact zero crossing points. Thus,  an algorithm for recon- 
struction  from Sx(wl, w2) which uses a  DFT, and thus 
makes  use of only those values of Sx(wl, wz) corresponding 
to  DFT points cannot  be  guaranteed  to  converge to the 
correct solution. However, it can be shown that the  con- 
tinuous-frequency version of the  algorithm (that is, a sim- 
ilar  algorithm  imposing  the  correct value of Sx(wl, w2) for 
all  frequencies  and  thus using an  actual Fourier transform 
and not a  DFT) will converge to the  correct  sequence. It 
is also possible to show  that  the  sampled-frequency version 
of the  algorithm will converge to a  sequence which satis- 
fies both  the  space  and  frequency  domain  constraints  (pro- 
vided  such  a solution exists),  although  the solution is not 
unique.  These results can be developed within the theory 
of projections  onto convex sets,  as was used in [26] to 
establish the convergence of a  number of different signal 
reconstruction  algorithms. Specifically, the results devel- 
oped  in [26] apply directly to this problem  provided the 
constraints  in  each  domain  are  imposed in such  a way as 
to be  projections  onto convex sets;  the  details will be pre- 
sented  in  Appendix 11. 

Once  the theoretical properties of a  reconstruction  al- 
gorithm have been determined, it is important to empiri- 
cally determine  the effectiveness of the algorithm in re- 
covering an  actual signal. In particular, it is worthwhile to 
determine if a practical size DFT  limits  the  set of  solu- 
tions  to  a sufficiently small set and if convergence (or a 
good  approximation)  can be obtained  with  a practical 
number of iterations.  It  is  also  worthwhile to investigate 
the effect of using different initial  estimates in the itera- 
tion. 

Experimentally, we  have found that different types of 
signals require different DFT sizes to  limit  the  set of pos- 
sible solutions to a  reasonable size. Specifically, signals 
with  most of their energy  near the origin inherently con- 
tain  fewer zero crossing contours  in  the  Fourier  domain, 

and  thus  each  zero crossing point must  be  known to  a 
greater accuracy, requiring  the sign function to be signif- 
icantly oversampled.  When  recovering signals from  Fou- 
rier sign information, this is usually not  a  problem,  since 
points near  the  origin  are generally not significantly dif- 
ferent  from  other points in  the  image.  When recovering 
signals from  zero crossings (in the  time  domain),  this  is  a 
serious  problem  since  most signals which are  band-limited 
(and would thus satisfy the  constraints of Theorems 8 or 
9) do not have their  energy  uniformly  distributed  through- 
out  the  passband.  For  these  signals,  the  energy at fre- 
quencies  near zero  is  often several orders of magnitude 
greater than the energy at frequencies near  the  band edges. 
Thus,  the problem  of  recovering signals from Fourier sign 
information  tends to  be more stable numerically  (when 
typical pictures are used)  and is less susceptible to inac- 
curacies  in  zero crossing locations caused by sampling the 
sign information. 

When  recovering signals from  Fourier sign information, 
we  have found that it is  necessary  to  use  a  DFT size at 
least four times  the signal size,  and that it is extremely 
desirable to start  with  an initial estimate which in some 
sense  resembles  the original signal. Specifically, we  have 
had  some  success  when using an  initial  estimate  formed 
from  the  correct  one bit of Fourier transform  phase  and  a 
Fourier transform  magnitude which is  the  average of a 
number of unrelated  images.  This is because  images  often 
have most of their  energy at low frequencies,  and thus the 
Fourier  transform  magnitudes  corresponding  to different 
images are  often  quite similar. In  fact,  as was shown in 
[3], an  image synthesized from the  correct 1 bit  of Fourier 
transform  phase  and  an  average  Fourier  transform  mag- 
nitude bears  a  strong  resemblance  to  the original image. 
When the initial estimate has a flat Fourier  transform 
magnitude (such as if random noise is used),  then  the  re- 
covered signal appears  to  be  a noisy version of the original 
signal. 

An example of an  image  reconstructed  with  this  tech- 
nique is included in Fig. 1, where we show the original 
image (a) and the image  reconstructed  from Fourier sign 
information (b). In this example, the original image is 
64 X 64 points, 256 X 256 DFT's were  used,  and  the 
results shown  were  obtained  with 25 iterations, acceler- 
ated  with  a  method similar to that  used in [6]. The initial 
estimate  used  here was the  correct Fourier transform  phase 
and  an  average  Fourier  transform  magnitude.  Although  a 
large  number of iterations  are required for the algorithm 
to converge to  a sequence satisfying the  space  and  fre- 
quency  domain  constraints, the improvement of image 
quality after  the first 20 iterations  or so is somewhat  neg- 
ligible even if the  image at  this  stage  does not satisfy the 
frequency  domain  constraints at every  point. 

B. Linear Equation Method 
As  mentioned  earlier, it is also possible to express the 

solution to  the problem of reconstruction  from 1 bit  of 
phase as  a  set of linear equations. Thus,  another possible 
reconstruction  algorithm would  involve solving the set of 



(b) 
Fig. 1. Reconstruction with iterative method. (a) Original  image. (b) Re 

covered image. 

equations 

c c x[n1, nJ cos (w,nl + w2n2) = 0 (20) 
nk n2 

where  each  equation  uses a different  pair of frequencies 
(ol, w2)  for which the  equality  is known to hold. 

As  mentioned  earlier, if we assume  that x [al ,  n2l sat- 
isfies the  constraints of Theorem 7, then x [ N ,  N ]  # 0 and 
we can  substitute x [ N ,  N ]  = 1 and obtain a nonzero so- 
lution. If the  number of equations  is  chosen  in  accordance 
with  this  theorem, then these  equations are  guaranteed  to 

(b) 
Fig. 2. Reconstruction with linear equation method.  (a)  Original  image. 

(b) Recovered image. 

have a unique  solution. However, this  number is signifi- 
cantly  higher  than  the  number of equations usually re- 
quired  in  practice. Our experience is that for a sequence 
with p nonzero  points, p - 1 equations in p - 1 un- 
knowns will generally have a unique  solution,  although 
the  results can  be particularly sensitive to numerical errors 
in the values of the  zero crossing  frequencies.  As  men- 
tioned earlier,  the degree of sensitivity to numerical errors 
depends  strongly  on  the  nature of the original  signal. We 
have also found that  the quality of the  reconstruction can 
often  be improved significantly if the  number of equations 
used is only slightly greater than  the  number of  unknowns 
and a least-squares solution is obtained. 

An example  of an image  reconstructed from Fourier sign 
information is  shown in  Fig.  2, which shows  the  original 
image (a) and  the  image  reconstructed by solving the 
above  equations  (b). In this example,  the  original  image 
is 16 X 10 (160 points)  and 178 equations in 159 un- 
knowns  were used. The  zero crossings points were  deter- 
mined to  within  four or five decimal  places. The recon- 
structed  signal is accurate  to approximately 1 percent  rms 
error. 

This  method  can  also be applied to the problem of re- 
construction  from  zero  crossings  in  the  space  domain by 
considering x [ n , ,  n2] in (20)  to  represent  the  Fourier 
transform  points.  (In  this  case, x [n, ,   n2] will be a complex 
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(C) 

Fig. 3. Reconstruction from zero  crossings. (a) Original  image. (b) Zero 
crossings of (a). (c)  Recovered image. 

sequence,  and  the equations must  be  modified accord- 
ingly.) The procedure is then to first recoverx [a, ,  n2] from 
the  zero  crossings of the  original  signal,  and then to re- 
cover  the  original signal by taking the inverse Fourier 
transform of x [ n , ,  n2 ] .  

Examples of two  images  recovered  with  this  method  are 
shown in Figs. 3 and 4, which  show the  original  image 
(a), an  image consisting of the threshold crossings (i.e. 
the original image  quantized to one bit) (b)  and the image 
reconstructed by solving the  linear equations and then tak- 

ing  the inverse transform (c). These  images  were  obtained 
from  very  similar  images by low-pass filtering and setting 
some  small  Fourier  transform points to zero so that it 
would be practical to solve a  set of linear equations for the 
remaining points. The exact size and  shape of the band- 
width of the  resulting  image  (i.e.,  the  region of support 
of the Fourier  transform) was then  assumed to be known. 
In these  cases,  the  zero crossing points were  found to ap- 
proximately 16 digit accuracy by expressing  the  image as 
a  polynomial as  in (18) and using a  numerical  technique 
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(c) 
Fig. 4 Reconstruction of X-ray  from zero crossings. (a) X-ray of coronary 

artery. (b) Zero crossings of (a). (c)  Recovered image. 

to  determine  the  exact  zero  crossing  points.  The  equations 
were  then solved by using a QR decomposition [27] and 
double-precision  arithmetic. In the case of Fig. 3, the im- 
age  has a bandwidth of 240  points,  and a total of 602 equa- 
tions in 478 unknowns  were used (here  the  points.  are 
complex so each point contributes  two  unknowns),  and the 
normalized  rms error  (rms error!rms signal) is approxi- 
mately 2 X In  the  case of Fig. 4, the  image has a 
bandwidth of 222 points, a total of 844 equations  in 442 
unknowns  were  used,  and  the  normalized  rms error is ap- 
proximately 0.03. 

V. CONCLUSIONS 

In  this  paper, we have developed conditions  under which 
two-dimensional signals can be  reconstructed  from Fou- 
rier  transform sign information. We  have also  shown  that 
these  conditions apply to a broad  class of signals by show- 
ing that if the coefficients of the  signal are random, the 
probability of a sequence  satisfying  these  conditions very 
rapidly approaches  unity as the  number of points in  the 
signal approaches infinity.  From the basic result, we  have 
developed a number of extensions  to  different  types of sig- 
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nals, different constraints,  and different types of sign in- 
formation. We have also applied these results to  the prob- 
lem of reconstructing  a  two-dimensional signal from  the 
zero crossings of the signal itself. In addition, we  have 
discussed some possible algorithms for reconstruction from 
1 bit of Fourier  transform  phase  or  from  the signal zero 
crossings. Examples of images  reconstructed  with  these 
algorithms have also  been included. 

APPENDIX I 
PROOFS 

This  Appendix  contains proofs of some of results pre- 
sented  earlier. 

Proof of Corollary 1 to Theorem 2: This  proof fol- 
lows  the  proof of Theorem 2, with  a  few modifications. 
First of all,  since  the sequences are  permitted to be  com- 
plex, the  real part of the  Fourier  transform  Forresponds  to 
the  conjugate  symmetric  component of a  sequence,  i.e. 
(keeping  the notation x,[nl, n2] )  

With  this  substitution,  the  proof of Theorem 2 is then  di- 
rectly applicable to  the  case of causal complex signals, with 
the  exception  that  Im { x[O, O ] ]  is not recoverable from 
xe[n1, n 2 ] .  For  conjugate  symmetric  signals, we note that 
xe[nl, n2] = x Enl, n 2 ] ,  and thus Theorem  2  and its proof 
are  directly applicable with the substitution of x [nl, n2] 

Proof of Theorem 3: Following the proof of Theorem 
2, we  know that since Sn(wl, w2) = S,,(wl, w2),  X,(zl, z2) 
and Ye(zl, z2) must contain a  common factor. Since X&, , 
zz)  is nonfactorable, then if x [nl, n2] # cy [nl, n2j, Y,(zl, 
z2) = X,(zl, z2) F ( z l ,  z2) for  some real symmetric  factor 

where f [nl, n2] is even. Thus, ye [nl, nz] # 0 for some 
values n1 > N or n2 > N ,  violating the  constraints of the 
theorem.  Thus, x[nl, n2] = cy[nl, n2].  

Note  that  since  the convolution involves x,[nl, n2] and 
not x [nl, n2], knowledge that x [0, 01 # 0 is not sufficient 
to  guarantee  uniqueness, but knowledge that x[N, N ]  # 
0 is sufficient. The information required is the exact size 
of the  region of support x,[nl, nz], which is the  same re- 
gardless of the value of x [0, o]. 

Proof of Theorem 4: Note  that  with  the definitions 
given in the  theorem  statement 

for xe[nl> n2l. 

F(z1, ~ 2 ) -  Equivalently, ye[nl, n21 = xe[n1, n2I *f [nl, 1221, 

g ( w l ,  wz) = Re { X ( o l ,  w2) ej"] - p 

f(w,, w2) = Re { Y(wl,  02) e'"} - p. (A2) 

Then, we note  that Sz'p(wl ,  w2) = .S2(wI, w2) ,  and since 
S Y , ~ ( ~ , ,  wz) = s;J?(wl, w2), s2(wl, w2> = s j (w l ,  w2). Since 
R [nl, n2] and 9 [n,, n2] are complex  conjugate  symmetric 
sequences and  satisfy  the  constraints of Corollary 1 to 
Theorem 2, R [nl, n2] = cy [nl, n2] for some positive con- 
stant c. Then, with  some  algebra, x En1, n2] = cy [nl, n2] 
for (nl ,  n2) # (0, 0), and x [0, 01 cos a - p = c(y  [0, 01 
cos a - p) for  some positive constant c. 

Proof of Theorem 5: Recall  from  the  proof of Theo- 
rem 2 that if Xe(zl ,  z2) and Ye(zl ,  z2) have common  zero 
contours  on  the  unit  surface,  then they must  have  a  com- 
mon factor. We will assume  that x [nl, n2] # cy [nl, n2] 
and  attempt  to  reach  a  contradiction.  For  convenience, let 
us assume  that  there  is  some irreducible factor of Xe(z l ,  
z2) which is not a  factor of Ye(zl ,  z2). First of all,  note that 
if this  factor,  denoted F(zl ,  z2 ) ,  is complex,  then F*(zl, 
z2) will also  be  a  factor of Xe(zl, z2) ,  and  thus Xe(z l ,  z2) 
will contain a  real  symmetric  factor F ( z l ,  z z )  F*(z l ,  z2)  
which is nonnegative  everywhere, violating the con- 
straints of the  theorem. If this F ( z l ,  z2) is  real, but non- 
symmetric,  then F(z; ' ,  z;') will also  be  a  factor Gnce 
Xe(zl ,  z2)  is  symmetric.  In  this  case, Xe(z l ,  z2) will contain 
a  real  symmetric  factor F ( z l ,  z2) F(z; ' ,  z;'), which  on the 
unit surface  is  equal  to F ( w l ,  w2) F*(wl ,  oz), a  nonne- 
gative function,  again violating the  constraints of the 
theorem.  Thus,  the  factor F ( z l ,  z2)  must be  real  and sym- 
metric,  and  since  according  to  the  theorem hypothesis, it 
has  both positive and negative values and  has multiplicity 
one,  then we must have Sx(wl ,  02) # Sy(wl, 02) for some 
values of (wl, w2),  and we  have reached  a  contradiction. 
Thus,  there  cannot  be any  factor of Xe(zl, z2) which is not 
a  factor of Ye(zl, z2) and  thus, x [nl, n2]' = cy [nl , nz] . 

Proof of Theorem 9: First we note  that  iff,(x, y) and 
gp(x, y )  are not simply periodic replications of f(x, y )  and 
g(x, y),  then&@, y) and gp(x ,  y)  may contain zero cross- 
ings  that  cannot  be  obtained  from  the  zero crossings of 
f(x, y) and g(x, y). Thus,  Theorem 9 does  not  quite follow 
directly  from  Theorem 8. However, as we  saw in the proof 
of Theorem 6, unique specification in  terms of zero  cross- 
ings  does not require  knowledge of all the  zero crossing 
points; it  requires  only  a  finite set of them.  In  this  case, 
as long as  f(x, y) contains  both positive and negative val- 
ues, it will contain at least one  zero crossing contour  with 
an infinite number of points.  Thusf,(x, y )  = gp(x, y )  = 0 
at an  infinite  number of points, and using  arguments  taken 
from  the proofs of Theorems 2 and 8, &,(x, y )  = cgp(x, y ) .  
Since  f(x, y )  and g ( x ,  y) are both  known to be defined 
over the  same  region R and  over R ,  f(x, y )  = &(x, y )  and 
g(x ,  Y) = g&, Y),  thenf(x, Y) = cg(x, y). 

APPENDIX I1 
CONVERGENCE OF ITERATIVE 
RECONSTRUCTION  ALGORITHM 

In this  Appendix, we establish the  convergence of our 
algorithm for reconstruction  from 1 bit of Fourier trans- 
form  phase by using  the  theory of projection  onto convex 
sets, using the  approach  presented in [26] for establishing 
the  convergence of a variety of signal reconstruction  al- 
gorithms. Specifically, the result we shall  be using is as 
follows:3 

Theorem AI [26/, [28]: Let H be  a  Hilbert  space, G be 
a  composition of projection  operators  onto closed convex 
sets, at least one of which is finite-dimensional, and G* 

3Theorem A1 is a weak form of the  results in [26] ,  [ZS] but it is sufficient 
for our purposes  here. 
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denote  the  intersection of these  sets. If G* is nonempty, 
then for all x E H ,  the sequence G”x converges to a point 
in G * .  

The results developed in [26] include  showing that a 
wide variety of constraints  often  imposed  in signal recon- 
struction algorithms can  be  imposed in such  a way that the 
transformations will satisfy the  constraints of Theorem 1. 
In  fact,  the  constraints used in our algorithm for recon- 
struction  from Sn(wl, w2) differ from  some of those dis- 
cussed in 1261 in only  trivial ways. The basic approach 
shall  be  repeated  here  although  the  mathematical  details 
shall  be  omitted. 

To show  that  Theorem 1 applies to  our  iterative algo- 
rithm, we must first carefully define the transformations 
applied in the time (or space) and  frequency  domains at 
each  iteration so that they can be  characterized as projec- 
tion operators  onto closed convex sets.  First, let us note 
that  although the continuous-frequency variables (wl , w2) 
will be  used  throughout  the discussion below, the  prop- 
erties of the  transformations in the  time and frequency do- 
mains  apply equally well  if the  discrete frequencies (kl, 
k2) corresponding to a  DFT  are used. The only difference 
is that in the  continuous-frequency case,  the set G* will 
contain exactly one  sequence  (provided the proper  con- 
straints  are  satisfied), whereas in the discrete-frequency 
case,  the  set G*  will contain an  infinite  number of se- 
quences. 

Let h [nl, n2] denote  the  sequence we are  trying to re- 
cover which is known to satisfy the  constraints of Corol- 
lary 1 to Theorem 2 and is thus uniquely specified by 
&(al, w2). Let T* denote  the  set of sequences which sat- 
isfy the  time  domain  constraints 

x [ n l ,  n2] = 0 for n1 or n2 $ [0, N ]  

x [ N ,  N1 = h[N,  N1 043) 

and F* denote  the set of sequences which satisfy the fre- 
quency  domain  constraints 

Re {X(ol, w2) )  z 0 if Sh(wl ,  w2) = 1 

Re (X(w1, w2)) 5 0 if Sh(wI,  w2) = - 1. (A4) 

Note that the set T* is finite-dimensional even if the 
space H includes infinite-length signals. Also  note that the 
definition of the  set F* is not precisely the  same as stating 
Sx(w,, w2) = &(al, wz) ;  the difference occurs if  Re { H ( w l ,  
w2) }  < 0 and  Re { X ( w , ,  w,)} = 0 at some point. It is 
necessary to use  the definition of F* given in (4) in order 
for F* to be  a closed set (a set which includes its limit 
points). 

Next  we will define the  operators T and F to be  projec- 
tions onto  the  sets T* and F * .  For T and F to be projec- 
tions, we need 

1 1  Tx - X I ]  I I)y - x11 for all y E T* (A5) 

and 

1 1  Fx - x11 5 IIy - xlj for all y E F*.  (A6) 

Thus,  the  operator T we need to impose  time  domain 
constraints is 

m ( n l 3  n2)l 

x(n1, n2) 0 I nl, n2 I N (nl ,  n 2) f ( N ,   N )  

= h(N, N )  (4, n2) = (N ,  N )  

( 0  n 1 , n 2 > N  

(A71 
or in words, simply substituting the  known values of h [nl, 
nzl. The  operator F we need to impose  frequency  domain 
constraints is 

F[x(n,, %)I Ff[X(W,, w2)l (A81 
where 

q x ( w l 9  w2)I 

= w2) 

if &(Ol2 w2) = U w 1 ,  w2) 

Im (X(w1, q)} otherwise 

or  in words,  keeping  the  imaginary part constant and set- 
ting the real part to zero if its sign is incorrect. 

Next, we express our  iterative  algorithm in the form 

xk + 1 = Gxk 649) 
where G = TF is a  composition of projection operators. 
Then, by Theorem 1, the  sequence in (A9) will converge 
to a point in G *, that  is,  a  sequence which satisfies the 
time  and  frequency  domain  constraints. Thus, if h [nl , n2] 
satisfies the constraints of Theorem 3, and the iteration 
imposes  the  correct &(wI, w2) for all frequencies (i.e., 
actual Fourier  transforms  are  used), then G* contains ex- 
actly one  sequence,  and  the  iteration  must  converge to that 
sequence. If & ( q ,  w2) is sampled (i.e.,  a DFT is used), 
then  the  iteration must converge to a  sequence in G*, i.e., 
a  sequence which satisfies the  time and frequency  domain 
constraints,  although  this solution is not unique and the 
solution actually obtained  depends on the initial estimate. 
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