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Abstra t: In this paper an adaptive -tra king ontroller is presented that in orporates
a redu ed-order high-gain observer. It is shown that this ontroller an -stabilize a
larger lass of nonlinear systems than the ontroller des ribed in Bullinger (2000).
The ontroller is similar to the ontrollers for linear systems by Mareels (1984) and
Mudgett and Morse (1989). In omparison to the ontroller proposed by Ye (1999),
the proposed ontroller uses a simpler feedba k law and an be applied to systems
having a non- onstant high-frequen y gain.
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1. INTRODUCTION
In Bullinger (2000) an adaptive high-gain ontroller for -tra king of nonlinear single-input
single-output systems with higher relative degree
was outlined. This ontroller utilizes a high-gain
observer of the same dimension as the relative
degree and an adaptive observer state feedba k.
As is shown in Bullinger et al. (2000), Bullinger
and Allgower (2000) and Bullinger (2000) this
ontroller an universally stabilize a large lass of
systems. The full-order high-gain observer used in
Bullinger (2000) an be seen as an estimator/ lter
of the output itself and its time derivatives,
see (Bullinger and Allgower, 1997) and (Bullinger
et al., 1998).
Instead of using the ltered/estimated output in
the observer state feedba k, one might ask, if it is
possible to dire tly use the measured output, thus
leading to the use of a redu ed-order observer.
In this paper we present an adaptive -tra king
ontroller that utilizes a redu ed-order high-gain
observer instead of a full-order one.

The advantage in using a redu ed-order observer
is that the dimension of the observer is redu ed
by one. The pri e to pay lays in the fa t that the
output enters dire tly the feedba k part of the
ontroller with a fa tor of ^r . This might ause
problems, espe ially for a high relative degree r
or a large adaptation parameter ^.
The basi idea behind the redu ed-order approa h
is to transform the higher-relative degree problem
into one of relative degree one (see Ye, 1999).
To a hieve a stabilizing feedba k, Ye proposed to
hoose the input u via ba kstepping. This normally results in a rather ompli ated ontroller.
Another approa h is to hoose the input as a highgain ombination of the measured output y and of
the observer states.
This approa h has been taken for linear systems
by Mareels (1984) and by Mudgett and Morse
(1989). In this paper, we follow the line of Mudgett and Morse (1989) whi h itself is based on
Luenberger (1964) for the observer design and the
normal form the linear system is assumed to be in.

The use of a redu ed-order observer for the stabilization of higher relative degree nonlinear systems
has been already proposed in (Ye, 1999). There,
the feedba k is based on a ba kstepping approa h,
and does lead to a rather ompli ated ontrol law.
Our approa h does lead to a simpler feedba k
stru ture.
This paper is organized as follows. In Se tion 2 we
will present the onsidered system lass and outline the proposed ontrol s heme whi h onsists
of a redu ed-order observer and an adaptive highgain state and output feedba k. In Se tion 3 we
give the main stability result and shortly outline
the proof.
2. SYSTEM CLASS AND CONTROLLER
STRUCTURE
In this paper we onsider the ontrol of singleinput single-output (SISO) systems that are timeinvariant and aÆne in the input:
x_ = f (x) + g(x)u
(1a)
y = h(x):
(1b)
The input is denoted by u, the output by y. The
state x(t) is in Rn , f () and g() are ontinuous
and lo ally Lips hitz fun tions mapping Rn !
Rn .
The ontrol obje tive of -tra king is to asymptoti ally tra k a referen e signal yref () while tolerating a tra king error smaller than a user-de ned
. All states should remain bounded, i.e. x 2 L1 .
The referen e signal yref () is onsidered to be in
W 1;1 , the set of all bounded fun tions that are
absolutely ontinuous on ompa t sub-intervals
and whose rst derivative is essentially bounded.
This set in ludes almost all pra ti ally relevant
signals.
To a hieve this obje tive a redu ed-order adaptive
output-feedba k ontroller is used. It onsists of
a redu ed-order observer and an adaptive highgain observer-state feedba k, as des ribed in Se tion 2.2, 2.3 and 2.4.
2.1 Ne essary assumptions and de nitions
For the proposed ontroller the system needs to
satisfy the following assumptions.
Assumption 1 (Normal form) Their exists a
hange of oordinates, su h that the system (1)
an be transformed into the following normal
form:

_ = A(; ) + (; )T + u b + v (; )(2a)
_ = (; )y + () + w(; );
(2b)


y = 1 ;

(2 )

with

(0) 2 Rr ; (0) 2 Rn r


b = 0    0 1 T 2 Rr ;
A(; ) = Jg (; ) + E (; );
and

E (; ) =

h

T
1 (; ) 0
^
(; ) E
2
0 g (; )
1

Jg (; ) = 6
4

r

i

...

2 Rrr ;
3
7
5
1
0

2 Rrr :

The matrix E^ is assumed to be lower triangular.

This normal form is a generalization of the
Byrnes-Isidori normal form (Byrnes and Isidori,
1984; Byrnes and Isidori, 1985; Isidori, 1995). If
v and A are equal to zero ex ept their last row,
then (2) is in Byrnes-Isidori normal form.
A similar normal form, but with onstant () and
g() is required in Ye (1999). As shown in Luenberger (1964) and Mudgett
and Morse (1989), any
linear system fA;~ b~; ~T ; 0g an be transformed into
the form fA; b; [1 : : : 0℄T ; 0g des ribed above.
To a hieve our results using a high-gain feedba k,
we have to additionally require boundedness of
the nonlinearities.
Assumption 2 (bounded nonlinearities)
The nonlinearities, i.e. E (), v(), w(), () and
(), are globally bounded.
In the following, we use a somehow un onventional assumption on the relative degree of the
system, purely based on the unperturbed system.
De nition 1 (Unperturbed system) The
system (2) with v()  0 and w()  0, i.e.
_ = A(; ) + (; )T + u b
_ = (; )y + ();


y = 1 ;

(3a)
(3b)
(3 )

will be alled the unperturbed system.
Assumption 3 (known relative degree r)
The relative degree of the unperturbed system (3)
is well de ned and and equal to r, the dimension
of (t).
Remark 1 The relative degree of the unperturbed
system as used in Assumption 3 di ers from the
\ lassi al" de nition of a relative degree where a
well-de ned relative degree is equal to the relative
degree of the linearized system. For example the
system

x_ 1 = x2 + tanh(xr )
x_ 2 = x3
..
.
x_ r 1 = xr
x_ r = u
y = x1
has a lassi al relative degree of 2:
y = x3 +

(4)

1
osh2(xr ) u:

However, as tanh(xr ) is bounded, we onsider it
as a \disturban e" term. Thus the unperturbed
system of (4) has a relative degree of r.
}

In the proposed ontroller, non- onstant highfrequen y gains are allowed.
Assumption 4 (g positive and bounded
from above) The high-frequen y-gain g(; ) of
the unperturbed system (3) is positive and bounded
from above by a known onstant g, i.e.
g  g(; ) > 0:
To ensure stability of the proposed output feedba k ontroller, we have to require that the zero
dynami s is exponentially stable.
Assumption 5 (minimum phase) The zerodynami s of the unperturbed system,

_ = ()

is globally exponentially stable.

Given that the outlined assumptions hold, we
propose a ontroller onsisting of a redu ed-order
observer and an adaptive observer-state and output feedba k law to a hieve -tra king.
2.2 Observer
The used redu ed state observer is given by
x^_ = A^x^ + ^bu
(5)
r
1
with x^ 2 R and


b^ = 0 : : : 0 1 T :
The observer matrix A^ 2 Rr 1r 1 is identi al to
the linear part of A() of the system ex ept that
the rst state 1 = y is not estimated:
^
A^ = J + E;
where
20 1

J =4

1

...

3

1
0

5:

In ontrary to the ase of the full-order observer,
this observer is not dire tly adapted. The adaptation is indire tly aused by u whi h is a high-gain
ombination of y and of the observer states x^.

Remark 2 Systems of relative degree one have
a redu ed-order observer of dimension zero. The
ontroller therefore redu es in this ase to the
ontroller of (Il hmann and Ryan, 1994).
}

2.3 Observer-state and output feedba k
The input is given by an observer state and output
feedba k. It depends on the adaptation parameter
^:
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In omparison to the full-order ase, not only
the observer states, but also the output is used
for feedba k. The ontroller parameters qi have
to satisfy ertain onditions, as des ribed in the
following, see also Se tion 3 and Theorem 1.
q = q0 ;    ; q r

1

:

2.3.1. Constant high-frequen y gain If the highfrequen y gain g is onstant, it is ne essary that
Jg bqT is Hurwitz:
(7)
It is easy to see, that the eigenvalues of Jg bqT
are the zeros of the
for q = q0 ; : : : ; qr 1 T P
r
polynomial qg (s) = s + ri=11 qisi + qog. For
r  2, the Hurwitz ondition is satis ed if q0 , q1
are
positive. For r  3, this requires that sr 1 +
Pr 1
i 1 is Hurwitz and that q0 is suÆ iently
i=1 qi s
small, (see e.g. Bullinger, 2000).
2.3.2. Non- onstant high-frequen y gain The
ontrollers by Mareels (1984), Mudgett and
Morse (1989) and Ye (1999) require a onstant
high-frequen y gain, whereas we allow a nononstant high-frequen y gain. In ase of a nononstant g = g(; ) it is required, that there
exists a single Lyapunov matrix P for all g~ 2 (0; g℄
for the matrix
Jg~ bqT ;

i.e. that there exists a positive de nite matrix P
satisfying for all g~ 2 (0; g℄
T

Jg~ bqT P + P Jg~ bqT < 0: (8)
By Lemma 1 and 2, su h a Lyapunov fun tion
exists for any g > 0 if sr + Pri=11 qisi + g2 q0 is
Hurwitz and q0 is suÆ iently small.

Remark 3 For systems with negative high frequen y gain
g(x)  g < 0;
the ontrol law has to be hanged to:


u = +q^ y xy^ref :
}
Remark 4 This observer state feedba k ontroller is the limit ase of a ontroller with a
slower adaptation than the observer part. In
ontrary to the full-order ase, the redu ed-order
ontroller does not have a onstant Lyapunov
matrix in oordinates s aled by ^. However,
for any xed ^, it is still possible to nd su h
a Lyapunov matrix, see e.g. Khalil and Saberi
(1987).
}

2.4 Adaptation of the feedba k gain
The adaptation for the gain ^ is hosen su h that
the gain is in reased as long as the amplitude of
the tra king error e is larger than the user-de ned
bound  (the ontrol obje tive).
The ontroller gain ^ is de ned as
^ = k ;
(9)
where > 0 is a user-de ned parameter.
With  > 0, > 0, k(0) = k0 > 0 and  > 0 the
adaptation parameter k is given by
k_ = d (e; k)2 ;
(10a)
(
jej  for jej > ; (10b)
d (e; k) = ~
k 0
for jej  ;

where ~ has to satisfy
~  2  21 :

(10 )

This adaptation law ensures a monotonous inrease of the adaptation parameter k and thus of
the ontroller parameter ^.
The parameter ~ slows the adaptation down.
The more stable A^ and qg (s) are the faster the
adaptation an be hosen. This adaptation di ers
from the ones used in similar ontrollers. Mudgett
and Morse (1989) and Ye (1999) do not need to
slow down the adaptation fordlarge k, i.e. ~ = 0.
Mareels (1984) requires that dt k is bounded.

3. THEOREM AND PROOF
The following theorem states that ombining
the redu ed observer (5) with the adaptive
feedba k (6) and using the adaptation law (9)(10) to lose the loop, a hieves for any system
satisfying Assumptions 1 to 5 that the tra king
error asymptoti ally onverges to the -strip.

Further the adaption onverges, no nite es ape
time an o ur and all states remain bounded.
The main theorem requires the following de nitions of a subset of the Hurwitz polynomials and
Hurwitz matri es.
P
De nition 2 A polynomial p(s) = sr + ri=11 si pi +
p0 is in the set H (; ) if there exists a symmetri ,

positive de nite matrix P su h that the ompanion
matrix
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p0 p1 :::

1
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5
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satis es for  = diagf0; 1; : : : ; r 1g the inequalities
AT  P + P  A
 2P (11a)
( + I )  P + P  ( + I )  0:
(11b)
Remark 5 Equation (11a) implies, that H (; )
is a subset of the Hurwitz polynomials. It an
easily be shown that if p(s) 2 H (; ) then
p(s) 2 H (; ) for all    and for all   : }
Remark 6 For polynomials of degree r = 1 (systems with relative degree one),  = 0. In that
ase,  = 0 and ~ = 0 are valid hoi es.
}
De nition 3 A matrix is in the set H (; ) if its
hara teristi polynomial is in H (; ).

Using these de nitions we an state the following:
Theorem 1 Redu ed-order -tra ker
Assume that for all g~ 2 (0; g℄, A^ and qg~ (s) are
of lass H (; ) for some  > 0,  > 0 and that
q(s) satis es (7) or (8). Then the appli ation of
the -tra ker (5), (6), (9), (10) to any system
satisfying Assumptions 1 to 5 with any referen e
signal yref () 2 W 1;1 results in a losed-loop
system whi h independently of the initial values
x(0) 2 Rn , x^ (0) 2 Rr , k(0) > 0 has a unique
solution existing on the whole half axis t 2 [0; 1)
and, moreover,
a) (x(); x^ (); k()) 2 L1 (0; 1),
b) limt!1 jy(t) yref (t)j  .
Proof (of Theorem 1)
Outline of the Proof of Theorem 1. The
proof of Theorem 1 is similar to the one in
(Bullinger, 2000). The main di eren e lie in the
di erent losed loop equations. This makes the use
of di erent oordinate transformations ne essary.
Proof 1.a Boundedness of the adaption parameters. Due to la k of spa e, this part of the
proof is only sket hed here. The proof is done
by ontradi tion. It is based on the fa t that
for suÆ iently large adaptation parameter, it is
possible to nd a Lyapunov fun tion. This implies
that the losed loop is then exponentially stable.
The onsequen e is that the adaptation parameter
annot be unbounded.
1.b) Boundedness of the observer
states.
As k() is bounded, d () 2 L2 [0; !). This, (10)
and the Holder inequality implies that



je()j 2 L1 [0; !) :

(12)
By boundedness of k there exist a k! su h that
k(t)  k! for all t 2 [0; !):
De ning A^! = A^ b^q^Tk! , A^1 = A^ b^q^Tk A^! , (5)
is equivalent to
(13)
x^_ = A^! x^ + A^1 x^ qk1 b^e;
where A^! is Hurwitz, kA^1k de reases monotonially to zero and kqk1 b^k is bounded. Therefore,
it follows from Variation of Constants that x^ is
bounded, i.e.

x^ () 2 Lr1 [0; !) :
As u = qk x^ , it follows that also

(14)
u() 2 L1 [0; !) :
1. ) Boundedness of the states of the plant.

By (12) e is bounded almost everywhere, as is yref
by assumption. Thus, also y is bounded almost
everywhere.
In a rst step, we analyze the internal dynami s
of (2),
_ = () + (; )y + w(; ):
It follows from Variation of Constants that
n r [0; ! ):
() 2 L1

In a se ond step we look at the remaining states,
i.e. at , whi h satisfy


_ = J  + E () + b T () + u() + v()
= (J + E ())  + v~;
(15)

where v~ 2 Lr1 [0; !) , As E is lower triangular,
it follows from the observability of (15) that ~ 2
Lr1 [0; !) , see (Bullinger, 2000).
1.d) Global existen e of a unique solution.
As k, x and x^ are bounded on [0; !), it follows by
maximality of ! that ! = 1.
1.e) Convergen e of the tra king error. It
remains to show b). For this we prove that
limt!1 d(e(t); k(t)) = 0. Sin e e() and k()
are bounded
it follows that k_ () = d ()2 2

L1 [0; !) . From e_ = g( r 1 1 + 2 ) y_ref and
using the boundedness
of () we on lude that

e_ () 2 L1 [0; 1) . As
!
ee_()
k_
d 2
d = 2d
~ d 2 L [0; !);
dt 

k ~ jej

k

1

d ()2 is uniformly ontinuous.
This, together
with d ()2 2 L1 [0; 1) yields, by Barbalat's
Lemma (Barbalat, 1959) that limt!1 d (t)2 = 0.

This ompletes the proof.

CONCLUSIONS
This paper presents an adaptive -tra king ontroller whi h utilizes a redu ed-order high-gain
observer. By slightly modifying the adaptation
law ompared to Mareels (1984) and Mudgett and
Morse (1989), the same properties an be a hieved
for nonlinear systems as has been shown for linear systems. The ontroller a hieves -tra king,
namely it is guaranteed that all states and the
adaptation parameter remain bounded and that
the tra king error y yref asymptoti ally onverges to the -strip. The width of this strip is
a parameter whi h hosen by the user and does
usually depend on the spe i ations, on model
un ertainties and on the quality of the measurement. Stability and onvergen e of the adaptation
is proven for tra king a large lass of smooth
referen e traje tories. The design of the ontroller
is very simple and intuitive, only few parameters
have to be tuned.
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APPENDIX
5. SPECIAL HIGH-GAIN NORMAL FORM
The following lemma is needed in the proof of
Theorem 1. It allows to onsider non- onstant
high-frequen y gains.
Lemma 1 If qg~ (s) 2 H (; 2) with
qg~(s) = sr +

r 1
X
i=1

si qi + q0 g~;

(16)

then

qg (s) 2 H (; ) for all jg g~j
Proof (of Lemma 1)

 : (17)
As qg~(s) 2 H (; 2)

it is easy to show, that there exist a symmetri ,
positive de nite matrix Pg~ satisfying
ATg~ Pg~ + Pg~ Ag~  4Pg~
(18)
with
3
2
0 g~ 0
7
6 0 0 1 0
7
6
7
6
...
Ag~ = 6
7:
7
6
4 0
1 5
q0 : : : : : : : q r

With

1







b = 20 : : : 0 1 T 3; q = q0 : : : qr

1

T

;

3
0 g~ 0
0
1
0
7
001 0 7
. . . 77 ; X = 6660 0 0 .0 777
Jg~ =
.. 5
7
4
0
15
0
0
0
0
we an write
Ag~ = Jg~ bq:
Then,
Jg = Jg~ + (g g~)X:
De ning Qg~ = Pg~ 1 and restri t P su h that
q = P b, it follows from (18) that
Jg~ Qg~ + Qg~Jg~T 2bbT  4Qg~:
Therefore,
Jg Qg~ + Qg~JgT
+(g g~) (XQg~ + Qg~X ) 2bbT  4Qg~:
As kX k = 1,
  jg g~j  jg g~j kX k
whi h implies that
2Qg~  jg g~j XQg~ + Qg~X T  :
Therefore,
Jg Qg~ + Qg~ JgT 2bbT  2Qg~;
or, equivalently,
ATg Pg~ + Pg~ Ag  2Pg~ ;
whi h on ludes the proof.
A straightforward result of Lemma 1 is the following lemma.
P
Lemma 2 Let qg (s) = sr + ri=11 qi si + gq0 . If
qg (s) 2 H (; ) for all jg g~j  ;
(19)
then for any g^ > 0
q^g (s) 2 H (; ) for all jg g~j  g^;
(20)
P
where q^g (s) = sr + ri=11 qi si + gg^ q0 .
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6
6
6
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