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Abstract: A ring R is called generalized right Baer if for any non-empty subset
S of R, the right annihilator rz(S™) is generated by an idempotent for some
positive integer n. Generalized Baer rings are special cases of generalized PP
rings and a generalization of Baer rings. In this paper, many properties of these
rings are studied and some characterizations of von Neumann regular rings and
PP rings are extended. The behavior of the generalized right Baer condition
is investigated with respect to various constructions and extensions and it is
used to generalize many results on Baer rings and generalized right PP-rings.
Some families of generalized right Baer-rings are presented and connections to
related classes of rings are investigated.
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1. Introduction

Throughout this paper all rings are associative with identity and all modules
are unital. Recall from [15] that R is a Baer ring if the right annihilator of
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every nonempty subset of R is generated by an idempotent. In [15] Kaplansky
introduced Baer rings to abstract various properties of AW *-algebras and von
Neumann algebras. The class of Baer rings includes the von Neumann algebras.
In [10] Clark defines a ring to be quasi-Baer if the left annihilator of every ideal
is generated, as a left ideal, by an idempotent. He then uses the quasi-Baer
concept to characterize when a finite-dimensional algebra with unity over an
algebraically closed field is isomorphic to a twisted matrix units semigroup
algebra.

Closely related to Baer rings are PP-rings. A ring R is called right (left)
PP if every principal right (left) ideal is projective (equivalently, if the right
(left) annihilator of any element of R is generated (as a right (left) ideal) by an
idempotent of R). R is called a PP-ring (also called a Rickart ring [4, p.18]), if
it is both right and left PP. The concept of PP-ring is not left-right symmetric
by Chase [8]. A right PP-ring R is Baer (so PP) when R is orthogonally finite
by Small [22], and a right PP-ring R is PP when R is abelian (idempotents
are central) by Endo [11]. A ring R is called m-regular if for each a € R there
exist a positive integer n = n(a), depending on a, such that a” € a”Ra" [14].
A m-regular ring is called (von Neumann) regular when n = 1. According to
Huh et al. [14], a ring R is called a generalized left PP-ring if for any x € R
the left ideal Rx™ is projective for some positive integer n, depending on x,
or equivalently, if for any x € R the left annihilator of x™ is generated by an
idempotent for some positive integer n, depending on . Von Neumann regular
rings are right (left) PP by Goodearl [12, Theorem 1.1], and m-regular rings are
generalized PP in the same sense as von Neumann regular rings.

Birkenmeier, Kim and Park in [7] introduced a principally quasi-Baer ring
and used them to generalize many results on reduced (i.e., it has no nonzero
nilpotent elements) PP.-rings. A ring R is called right principally quasi-Baer
(or simply right p.q.-Baer) if the right annihilator of a principal right ideal is
generated by an idempotent. Equivalently, R is right p.q.-Baer if R modulo the
right annihilator of any principal right ideal is projective. The class of p.q.-Baer
rings include any domain, any semisimple ring, any biregular ring, any Baer,
and any quasi-Baer ring. Some examples were given in [7] to show that the
class of left p.q.-Baer rings is not contained in the class of right PP-rings and
the class of right PP-rings is not contained in the class of left p.q.-Baer rings.
From [20], a ring R is called generalized right (principally)quasi-Baer if for any
(principal) right ideal I of R, the right annihilator of I™ is generated by an
idempotent for some positive integer n, depending on I.

We say a ring R is generalized right Baer if for any non-empty subset S of
R, the right annihilator r5(S™) is generated by an idempotent for some positive
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integer n, where S™ is a set that contains elements ajas...a, such that a; € S for
1 <4 < n. Given a fixed positive integer n, we say a ring R is n-generalized right
Baer if for any non-empty subset S of R, the right annihilator of S™ is generated
by an idempotent. Left cases may be defined analogously. A ring is called a
generalized Baer ring if it is both generalized right and left Baer ring. Baer
rings are clearly generalized right (left) Baer. Also, the class of generalized right
(left) Baer rings is obviously included in the classes of generalized right (left)
quasi Baer rings and generalized right (left) PP rings. Using Examples 2.2 and
2.1, various classes of generalized right (left) quasi Baer rings and generalized
right (left) PP rings are provided which are not generalized right (left) Baer.
On the other hand, in Example 2.3, we give rich classes of generalized right
(left) Baer rings which are not Baer.

These classes of rings arise naturally and play a substantial role in the theory
of operator algebras in functional analysis. In section 2 we provide several basic
results. In section 3 we discuss various constructions and extensions under
which the class of generalized right (left) Baer rings is closed.

2. Generalized Baer Rings

Given a ring R, for a nonempty subset X of R, rp(X) and ¢r(X) denote the
right and left annihilators of X in R respectively. For notation we use Z,(R)
and C'(R) for the right singular ideal and the center of the ring R, respectively.

The following examples show that there is rich classes of generalized PP
ring which are not generalized Baer ring.

Example 2.1. (i) For a field F, take F,, = F forn =1,2,--- , let

R— ( H%an G%?:an >
D <D, Fuy1>

which is a subring of the 2 x 2 matrix ring over the ring II7° | F;,, where <
@D,~, 5,1 > is the F-algebra generated by @, Fy, and Ine . Then by
[7, Examplel.6], the ring R is a semiprime PP ring (and hence generalized PP
ring ) which is not p.q.-Baer. Thus by [20, Proposition 2.2(i)] the ring R is not
generalized p.q.-Baer (and hence not generalized Baer ).

(it) For a field F, let R =< €,”, F,,1 > be F-algebra generated by
@D,~, I and 1y ,. Then by [19, Example 1 (2)], the ring R is commutative
von Neumann regular (hence reduced PP) which is not Baer ring. Thus by
Proposition 2.4, we will show that R is not generalized Baer ring.
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(#4i) Let R be a reduced PP ring which is not Baer ring (e.g., Example (ii)).
Then by [14, Proposition 3] the ring S(R,n) (as Lemma 3.1) is generalized PP
for each n > 2, but we will show in Corollary 3.4 that the ring S(R,n) is not
generalized right Baer ring.

The following examples show that there are various classes of generalized
quasi-Baer ring which are not generalized Baer. We denote Z and Z,, the ring
of integers and the integers modulo n, respectively.

Example 2.2. (i) Let M3(Z) denote the 2-by-2 full matrix ring over Z.
Then by [14, Example 4], My(Z)[z|, the polynomial ring over Ms(Z), is not
generalized right PP (and hence it is not generalized right Baer) but it is quasi-
Baer (and hence is generalized right quasi-Baer), by [21, Proposition 16] and
[6, Theorem 1.2].

(i) Let R = {(CCL Z) la,b,c,d € Z, a = d, b =0 and ¢ = 0(mod2)}.

Since R is a prime ring, so it is quasi-Baer and hence generalized right quasi-
Baer. For each positive integer k, we have 2es € 7r(2e11)", where e11,e10
denote the matrix units. Also the idempotents of R are 0 and 1. Thus R is not
generalized right Baer.

(731) Assume that R is a abelian generalized right quasi-Baer ring which is
not generalized right Baer (e.g., Example (ii)). Then by [20, Theorem 3.2] the
rings S(R,n) and R[z|/(z") are abelian generalized right quasi-Baer for each
n > 2, but we will show in Theorem 3.2 that the rings S(R,n) and R[x]/(z")
are not generalized right Baer.

(iv) Let I be a nonempty finite index set and for each i € I, R; be an abelian
generalized right quasi-Baer ring and assume at least for one i € I, R; is not
generalized right Baer (e.g., Example(ii),(iii)). Then R = [] R; is a generalized

icl
right quasi-Baer ring which is not generalized right Baer, f)y Proposition 3.11.

The following examples show that there are rich classes of generalized right

Baer rings which are not Baer.

Example 2.3. (i) Let R be a reduced Baer ring. Then we will show in
Theorems 3.2 and 3.7 that for each n > 2 the rings S(R,n) and T(R,n) (as
Theorem 3.7) are abelian generalized right Baer rings but they are not Baer,
since by [5, Proposition 1.5] every abelian Baer ring is reduced but the rings
S(R,n) and T(R,n) are not reduced.

(77) Let R be a reduced Baer ring. Then the rings S(R,2) and S(R,3)
are abelian generalized right Baer by Theorems 3.2. Thus the rings S(R, 2)[z],
S(R,2)[[z]], S(R,3)[z] and S(R,3)[[x]] by Theorems 3.14, 3.20 are generalized



A GENERALIZATION OF BAER RINGS 261

right Baer which are not Baer.

(73i) Let R be a reduced Baer ring. Then we will show in Theorem 3.7, the
ring T'(R,n) for each n > 2 is abelian generalized right Baer ring. Thus the
rings T'(R,n)[z] and T (R, n)[[z]] by Theorems 3.14, 3.20 are generalized right
Baer ring but are not Baer ring.

(iv) For each positive integer n and prime number p, it is easy to show that
the ring Z,» is n-generalized Baer and the ring Z, is generalized Baer but they
are not Baer.

(v) Let I be a nonempty finite index set and for each i € I, R; be an abelian
generalized right Baer ring and assume at least for one ¢ € I, R; is not Baer.
Then we will show in Proposition 3.11, that the ring R = [] R; is a generalized
right Baer ring which is not Baer. !

Recall from [3] that a ring R satisfies the IFP (insertion of factors property)
or is semicommutative if rg(x) is an ideal of R for all x € R (equivalently, ab = 0
implies arb = 0, for each a,b,r € R).

We include the following two results to indicate conditions under which
the notions Baer ring, generalized Baer ring and generalized quasi-Baer ring
coincide.

Proposition 2.4. Let R be a ring, then:
(1) A reduced ring R is generalized right Baer if and only if R is Baer;

(2) A ring R satisfying IFP is generalized right Baer if and only if it is
generalized right quasi-Baer;

(3) A semiprime generalized right Baer ring R is quasi-Baer.

Proof. (1) Let R be a reduced generalized right Baer ring and S a subset
of R. Then rgr(S™) = eR, for some element idempotent e of R and positive
integer n. Since R is reduced, rr(S) = rr(S™), which implies that R is a Baer
ring.

(2) Suppose that R be generalized right quasi-Baer and S an arbitrary
subset of R. Then rr((< S >)") = eR for some idempotent e in R and positive
integer n, where < S > is the right ideal generated by S. Since R satisfies I F'P
we have rp(S™) = rr((< S >)"). Hence rg(S™) = eR, which implies that the
ring R is generalized right Baer.

(3) Since every generalized right Baer ring is generalized right quasi-Baer,
R is a quasi-Baer ring by [20, Proposition 2.2(i)]. O



262 K. Paykan, A. Moussavi

Proposition 2.5. Let R be a right Noetherian ring with IF'P. Then the
following conditions are equivalents:

(1) R is generalized right Baer;

(2) R is generalized right quasi-Baer;
(3) R is generalized right p.q-Baer;
(4) R is generalized right PP.

Proof. (1) = (2),(2) = (3) are clearly true by definitions. (3) < (4) follows
from [20, Proposition 2.2(ii)]. (3) = (1) By Preposition 2.4(ii) it is sufficient
to show that R is generalized right quasi-Baer. Let I be a non-zero right ideal
of R, since R is right Noetherian, rz(I*) = eR for some idempotent e € R
and positive integer k, by [20, Proposition 2.8 (ii)]. Thus R is generalized right
quasi-Baer. O

Proposition 2.6. Every prime ideal of a generalized right Baer ring R is
either generated by an idempotent or it is a right essential ideal.

Proof. Let P be a prime ideal of R not essential as a right ideal. Then there
exists a non-zero right ideal I of R such that P NI = 0. Since R is generalized
right Baer, there exists a positive integer n such that rr(I"™) =eR for some
idempotent e € R. It is clear that P C rr(I") = eR. Let x € rr(I™). So
I"zR = 0. Since P is a prime ideal, I" C Por xR C P. If I" C P then I C P.
Thus I NP = I =0, which is a contradiction. Hence x € P and it implies that
P =eR. O

As it is well know, every Baer or right PP ring is right non-singular. For
generalized right Baer rings we have:

Proposition 2.7. The right singular ideal Z,.(R) of any generalized right
Baer ring R is nil.

Proof. Let © € Z.(R). Then rgr(x) is right essential in R. Since R is
generalized right Baer, there exists an idempotent e € R such that rg(z") = eR
for some positive integer n. We show that z™ = 0. Assume to the contrary
that ™ # 0. So e # 1. Therefore rr(z") N (1 —e)R =eRN (1 —e)R =0 and
(1 —e)R # 0, which is a contradiction, since rg(x) is right essential. Therefore
" = 0. O

The following example shows that a subring of a generalized right Baer ring
need not be generalized right Baer.



A GENERALIZATION OF BAER RINGS 263

Example 2.8. (i) Let R = {(a,b) € Z®Z | a = b(modp)}, where p is
a prime number. Then R is a commutative reduced ring. Note that the only
idempotents of R are (0,0) and (1,1). One can show that rz((p,0)) = (0,p)R.
So that 7r((p,0)R) does not contain a nonzero idempotent of R. Hence R is
not generalized right Baer, but Z & Z is generalized right Baer ring.

(i) Let F' be the quotient field of the commutative domain Z[z] where Z
is the ring of integers. Letting S be the 2-by-2 full matrix ring over F', then
since S is right noetherian, S is orthogonally finite, so it is Baer by [9, Lemma
8.4]. Hence S is a generalized right Baer ring. But the 2-by-2 full matrix ring
over Z[x], which is a subring of S, is not a generalized right PP ring by [14,
Example 7], and hence it not general generalized right Baer.

In [15, Theorem 7], Kaplansky proved that the center of a Baer ring is also
Baer. By [14, Propositionll] the center of PP (generalized PP ) ring is also
PP (generalized PP ). We prove by use of Lemma 2.9, that the center of a
generalized Baer ring is also generalized Baer.

Lemma 2.9. Let S be a subset of C(R) and m,n be positive integers.
Suppose that rr(S™) = eR and ¢r(S™) = Rf, for some non-zero idempotents
e, f € R such that S"e # 0 for all h with 0 < h < m and fS* # 0 for all k with
0<k<n. Thenm=mnande=f € C(R).

Proof. First assume m < n, then fS™ # 0 by the condition. Since m < n
and e € rr(S™), S C C(R) hence eS™ = 0 and e € ((S™) = Rf. Thus we
have ef = e. Since fS™ = 0 and S is central so S™fS"™" =0 and fS" " C
rr(S™) = eR. Now, we prove that fS"~™ C eS™ ™ (**). Let z € fS™ " then
z = fajas...ap_p,, where a; € S. Since fS™ ™ C eR, z = ey for some y € R.
But ez = ey = z hence z = ez = efajas...ap_m = €a1as...ap_py € €S

Now, if n > 2m then n—m > m and so eS"™ ™ = eS™S"~2M = SMe{n—2m —
0. Hence by using (**), we have fS™ ™ = 0, a contradiction, as n > n — m.
Consequently m < n < 2m and so by using (*¥), fS™ = fSn-—mg2m-—n C
eSnTmG2mmn — oM — §me — (). Thus fS™ = 0 which is a contradiction, as
m < n. It follows that m > n. Next assume m > n. Then by symmetry of
the preceding case we also obtain a contradiction, hence we have m = n. Then
eR =rr(S™) =(r(S™) = Rf implies that e = ef = f. Since Re is a two-sided
ideal of R so e = f € C(R). O

Proposition 2.10. If R is a generalized Baer ring (n-generalized Baer),
then C(R) is generalized Baer ring (n-generalized Baer).

Proof. Let S be a subset of C(R). Since R is generalized Baer, so rg(S™) =
eR and ((S™) = Rf for some idempotents e, f € R and positive integer



264 K. Paykan, A. Moussavi

m,n. We may assume that m,n are the smallest such ones. Then m = n and
e = f € C(R) by Lemma 2.9. Now, we claim that ro(g) (S™) = rr(S")NC(R) =
eC(R). Since S"e = 0, so eC(R) C ro(g)(S™). Conversely if a € rog)(S™)
then a = ea € eC(R). Consequently, 7c(r)(S™) = eC(R) and thus C(R) is
generalized Baer. O

Example 2.8(ii) show that the concept of generalized right Baer ring is not
a Morita invariant property. Because Z[z] is Baer ( and hence is generalized
Baer) but the 2-by-2 full matrix ring over Z[z] is not generalized right Baer.
But we may find a kind of subring of generalized right Baer rings which may
be generalized right Baer as follows.

Proposition 2.11. Let R be a generalized right Baer (resp. n-generalized
right Baer) ring. Then the ring eRe is generalized right Baer (resp. n-generalized
right Baer), for every idempotent e € R.

Proof. Suppose that S is a subset of eRe. Since R is generalized Baer, there
is an idempotent f € R such that rg(S™) = fR, for some positive n. Note
that 7ere(S™) = rr(S™) NeRe. So rere(S™) = fRN eRe. Now, we show that
1—e € rr(S™). Let a; € S C eRe for every 1 < i < n. Thus there exist elements
r; € R such that a; = er;e. Hence ajas...an(1 —e) = (er1e)(erze)...(erpe)(1 —
e) = 0. It follows that 1 —e € rr(S") = fR. Thus 1 —e = f(1 —e) and
ef = efe. Let ¢ = ef. Then clearly ¢g> = g € eRe. Now we prove that
rere(S™) = g(eRe). Since S™ = S"e, S"g = S"(ef) = (S"e)f = S"f = 0.
It follows that g(eRe) C rege(S™). Conversely, if y € rege(S™) then y = ey.
Since y = ey € Tere(S™) = fRNeRe thus y = ey = fy = eye. Consequently
y=-ecy =e(fy) = gy € g(eRe). Hence r.g.(S™) C g(eRe). Therefore the ring
eRe is a generalized right Baer ring. O

We will use the following lemma in the sequel.

Lemma 2.12. Assume that S is a subset of R and rr(S™) = eR for some
positive integer n and a central idempotent e € R. Then rr(S™) = rr(S™) for
each positive integer m > n.

Proof. Tt is enough to show that rr(S™) = rr(S"*!). Let x € rg(S"t)
then S"tz = 8"Sx = 0. Hence Sz C eR. It follows that for every a € S
there exists » € R such that ax = er. Now we show that Sz = Swze. Let
y=ax € Sx. Soy =ax =er =ere=axe € Sre. Thus Sx C Sxe. Conversely

if t = axve € Swe, then t = axe = ere = er = ax € Sz, so Sx = Sre. Hence
Sty = 8" 1Sy = S 1Sze = S"we = S"ex = 0. Thus = € r(S™). O
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In the next result we investigate a condition for which a ring R being gen-
eralized Baer implies R/Nil(R) is a generalized Baer ring where Nil(R) is the
set of nilpotent elements of R.

Proposition 2.13. Let R be a commutative generalized Baer ring. Then
R/Nil(R) is a commutative PP ring.

Proof. Let R = R/Nil(R) and 0 # T € R. Since R/Nil(R) is a reduced
ring, (7(Z) = Eﬁ(f’“) for every positive integer k. Since R is generalized Baer,
there exists a positive integer n such that ¢g(2") = Re for some idempotent
e € R. We show that ¢5(T) = Re. Let T € (%(T), then ra € Nil(R). So
there is a positive integer m such that (rz)”™ = 0. So r™ € Lr(x™") = lr(z™)
by Lemma 2.12. Since ¢r(z") = Re, r™e = r™ implies r™(1 — e) = 0. Then
(r(l —e))™ =0. Sor(l—e) € Nil(R) thus (r —re) € Nil(R). Therefore 7
€ = 7. It follows that (5(Z) C Re. Also since ex” = 0, it implies (ex)" = 0.
So ex € Nil(R) and this means € € (5(T), so Ré C (5(T) and the proof is
complete. O

A ring R is called orthogonally finite if there are no infinite sets of orthogonal
idempotents in R. By [18, Proposition 6.59] for any ring R, the following are
equivalent:

(1) R satisfies ACC on right direct summands;
(2) satisfies DCC on left direct summands;
(3) R has no infinite set of nonzero orthogonal idempotents.

Proposition 2.14. Let R be a orthogonally finite generalized left Baer
ring. Then for every right annihilator L there exists an idempotent e € R such
that L=eR® (LN (1 —e)R) and LN (1 —e)R is nil.

Proof. If L is nil then there is nothing to prove. Assume to the contrary
that L is not nil. So there exists some x € L which is not nilpotent. Since R
is generalized left Baer, so /r(z") = Rf for some positive integer n and some
idempotent f # 1. Thus ¢r(L) C ¢r(z"™) = Rf and hence (1— f)R = rgr(Rf) C
rr(¢r(L)) = L. Thus L has a non-zero idempotent element. Now let e be a non-
zero idempotent in L such that rz(e) is minimal among all right annihilators of
idempotent elements of L. Then, by a similar argument as that in [18, Theorem
7.55], one can show that LN(1—e)R is nil. Since R = eR$G(1—e)Rand eR C L,
it is easy to see that L =eR @ (LN (1 —e)R). O
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3. Extensions of Generalized Baer Rings

For a ring R and (R, R)-bimodule M, let T(R,M) = {(a,z) | a € R,x € M}
with the multiplication defined by (a1, z1)(a2,z2) = (ajaz,a1x2 + x1a2). Then
T(R, M) is a ring which is called the trivial extension of R by M. Notice that

x
" ),whereaER,xeM

T(R, M) is isomorphism to the ring of matrices ( g

and the usual matrix operations are used.

Lemma 3.1. [14, Lemma 2] Let R be an abelian ring and define

a az a3 -+ Qin
0 a ags v aon
S(R,n) := 0 0 a - as | a,a;j €R p,
0o 0 0 - a
with n a positive integer n > 2. Then every idempotent in S(R,n) is of the
f 0 -+ 0
0 f
form | . . , with f2 = f € R and so S(R,n) is an abelian matrix
00 - f
ring.

We now prove the following result which enables us to generate examples
of generalized right Baer rings which are not Baer.

Theorem 3.2. Let R be an abelian ring. Then R is a generalized right
Baer ring if and only if S(R,n) is a generalized right Baer ring, for each positive
integer n > 2.

Proof. We proceed by induction on n. First, we claim that the trivial
extension S(R,2) of R by R is a generalized right Baer ring. Let S be a subset
of S(R,2) and J be the set of entries of main diagonal of the elements of S.
Since R is generalized right Baer, rr(J™) = fR for some idempotent f € R
and positive integer m. Since R is abelian, rr(J™) = rr(J™!) = ... =

rr(J*™) = fR, by Lemma 2.12. For any ( Cg ZZ

aj b1 a9 b2 Qo bm o a1a9...Qm, b ith b
0 ag 0 as 0 am ) 0 a1a9...Gm wi

has m terms, and any term of it contains m — 1,as and one b; (*). Assume

€ S where, 1 <17 < m,
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0 f
eS(R,2). On the other hand rr(J™) = fR, so using by (*), we have

ap by azm  bom /0 m
( 0 >< 0 > 0 f > = 0. Thus eS(R,2) C ’1”5(112,2)(52 )-

that e = ( S0 > then e? = e € S(R,2). Now we show that rg(g2)(S*") =

aj a2m
fc d om a1as...aom b c d\
Conversely, if (0 c) € r5(R,2)(S7™) then ( 0 alag...an) (0 )=
0, for each (alanan b > € S?m Tt follows that ajas...agmc =0 =
0 a1a9...a2m

a1as...a9md + be. Consequently ¢ € fR |, and ¢ = fe¢, since rg(J™) = fR.
Therefore by using (*), bc = bef = 0, hence ajas...as,d = 0. Thus d = fd, as

c d f 0\ [c d 9
rr(J™) = fR. Consequently (0 c) = (0 f) (0 c>’ hence rg(p,2)(S7™) C
eS(R,2), and S(R,?2) is generalized right Baer ring. Therefore if rr(J™) = fR
where f2 = f € R, then we have TS(RQ)(SQ’“) = <£ ?) S(R,?2).
Now, assume that S is a subset of S(R,n). Consider the set S; of elements B
in S(R,n —1) such that B is obtained by deleting n-th row and n-th column of
a matrix in S, and the set Sy of elements in S(R,n — 1) such that B is obtained
by deleting 1-th row and 1-th column of a matrix in S.
Then by the induction hypothesis and Lemma 3.1, there exists e? = ¢; in
S(R,n — 1), f? = fi € R and positive integers k; for i = 1,2 such that

TS(R,nfl)(Sz‘(nil)ki) =e;S(R,n—1), e; = fil,—1 and rg(J*) = fiR.

Put k = max{ky,ka2}. Then rg(J*) = rr(J*¥) = rr(J*?), by Lemma 2.12.
Hence f1 = f2, 1 = eg and e1S(R,n — 1) = e2S(R,n —1). Since S(R,n — 1) is
abelian, by Lemma 3.1, so by using again Lemma 2.12, we have:

k
")

)kl) (n—l)k‘Q)

= 1r3(Rn—1)(5

= TS(R,n—l)(Sén_l)k)~

TS(R,n—l)(SYl_l :TS(R,n—l)(SYl_l

Now, suppose that

r T2 o T

0 = - 2z
€ TS(Rn) (Snk)u
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ap---ank Y12 Yin
0 al...ank .. an
0 0 ceeag G

be in S™. Since TS(Rﬁn_l)(S?_l)k) = TS(Ryn_l)(Sén_l)k) = e S(Ryn—1), x
and T8 are in fiR for each i and j except z1,. We have ay---appx1, +
Yy12%2, + -+ + y1nxr = 0. Since T8 except x1, are in fiR and fi is central,
a1 -+ AppTin+y1nz = 0. Now, we know that 2 = fiz = xf and rg(J") = fiR,
SO a1 -+ AnkTinf1 + Y1nxf1 = a1 @k f1T1n + Y1nt = y1px = 0. It follows that
ai - appxip, = 0, then zy, € fiR. Hence Ts(R’n)(Snk) C e1S(R,n). Con-
versely, since e; is central and f; € rr(J*), S™e; = (S¥e;)® = 0. It implies
that e; S(R,n) C TS(RW)(S”]“), hence S(R,n) is a generalized right Baer ring.

Now, let S(R,n) be a generalized right Baer ring, we show that R is also
generalized right Baer. Let S be a subset of R. Put B = {al,la € S
where I, is the identity n X n matrix}. Since S(R,n) is generalized right
Baer, rg(gn) (B*) = eS(R,n) for some 2 = ¢ = fI,, and positive integer k,
where f?2 = f € R, by Lemma 3.1. Hence for any a; € S where 1 < i < k
we have ai---apfl, = 0, since B¥e = 0. It follow that aj---arpf = 0.
Thus fR C rr(S*). Conversely if b € r(S*) then for any a; € S we have
ap---agb = 0. Hence ay---agbl,, = 0. Thus bl, € TS(R,n)(Bk) = eS(R,n).
It follows that b € fR. Therefore rz(S¥) = fR, and R is generalized right
Baer. U

Corollary 3.3. Let R be an abelian Baer ring. Then S(R,n) is a n-
generalized right Baer ring, for each n > 2.

Corollary 3.4. Let R be a reduced ring. If S(R,n) is a generalized right
Baer ring, then R is a Baer ring.

Proof. By Theorem 3.2, the ring R is generalized right Baer. Since R is
reduced, so R is Baer by Proposition 2.4. O

Since every n-generalized right Baer ring is n-generalized PP, we have:

Corollary 3.5. [I14, Proposition 6] Let D be a domain. Then S(R,n) is
an n-generalized PP ring.

Corollary 3.6. [20, Corollary 3.5] Let D be a domain. Then S(R,n) is
an n-generalized right p.q-Baer ring.
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Let R be a ring. Consider the following set of triangular. matrices

a, a ag - (47%%
0 ar ax -+ ap_1

T(R,n) := 0 0 a - an2 ||g;€Rp,
o 0 0 -

with n > 2. It is easy to see that T(R,n) is a subring of the triangular ma-
trix ring, with matrix addition and multiplication. We can denote elements of
T(R,n) by (ay,a2, -+ ,a,), then T(R,n) is a ring with addition pointwise and
multiplication given by

(al,ag, s ,an)(bl, bg, s ,bn) = (albl,albg + agbl, ce ,albn + agbn,l + -+
anbr), for each a;,b; € R. On the other hand, there is a ring isomorphism

¢ : R[z]/{z™) — T(R,n), given by, p(a1+asr+---+a,z" ') = (a1,a2, - ,an),
with a; € R, 1 < i < mn. So T(R,n) = R[z]/(z™), where R[z] is the ring of
polynomials in an indeterminant z, and (z") is the ideal generated by x".

Theorem 3.7. Let R be an abelian ring. Then R is a generalized right
Baer ring if and only if T(R,n) is a generalized right Baer ring, for each positive
integer n > 2.

Proof. The proof is similar to that of Theorem 3.2. ]

Corollary 3.8. Let R be an abelian ring. Then R is a generalized right
Baer ring if and only if R[z]/(z™) is a generalized right Baer ring, for each
positive integer n > 2.

Corollary 3.9. Let R be an abelian Baer ring. Then R[z]/(z") is a
n-generalized right Baer ring, for each n > 2.

Corollary 3.10. Let R be a reduced ring. If R[x]/(z™) is a generalized
right Baer ring, then R is a Baer ring.

Proposition 3.11. Let R;, i € I be a ring for a nonempty index set I.

(1) R; is an n-generalized right Baer ring for each i € I if and only if R =
[1 R; is an n-generalized right Baer ring;
el
(i) If R = [] R; is a generalized right Baer ring, then R; is a generalized
i€l
right Baer ring for each i € 1.
(13i) If | I |< oo and for each i € I, R; is abelian generalized right Baer ring

then R = [] R; is generalized right Baer ring.
el
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Proof. (i) Suppose that every R; is n-generalized right Baer. Let S be

a subset of R. Hence S = []S; for some subsets S; of R;. Since R; is n-
iel
generalized right Baer, rg,(S}') = e;R; for some idempotents e¢; € R;. Since
’I”R(Sn) = H TRZ'(S?): ’I”R(Sn) = H e;R;. Put e = (ei)iej € R = H R;, it is
icl icl icl
clearly that e is idempotent. Thus rg(S™) = eR. The converse is clear.
(ii) The proof is obvious.

(iii) Let for every ¢« = 1,2,...,k the rings R; are abelian generalized right
k

Baer ring. We show that the ring R = [] R; is generalized right Baer. Let S
i=1

k

be a subset of R. Hence there exist subsets S; of R; such that S = [] S;. Since
i=1

for every ¢ the rings R; are generalized right Baer, rg,(S]") = e;R; for some

e? = e; € R; and positive integer n;. Put n = max{ni,na,..ny}. Since R; is

(2
k
abelian, by Lemma 2.12, rg, (SI') = e;R; for every i. Hence rgr(S™) = [] e;R;.
i=1
k
Put e = (¢;)%_, € R = [] Ry, it is clear that e is idempotent. Hence rg(S") =
i=1
eR. Therefore R is generalized right Baer ring. O
The following example shows that the direct product of abelian generalized

right Baer rings, when the index set is infinite, may not be generalized right
Baer.

Example 3.12. Let D be a domain. Then S(D,n) is abelian gen-
eralized right Baer for each n > 2, by Lemma 3.1 and Theorem 3.2. Put

R =[] S(D,n). Then by [14, Example 5] the ring R is not generalized right
n=2

PP, so R is not a generalized right Baer ring.

From [1], a ring R is called an Armendariz ring if whenever two polynomials
f(z) = > a;z’ and g(z) = 3 bja’ satisfy f(x)g(z) = 0 we have a;b; = 0 for

i=0 §=0
each ¢ and j. Following [13], for a ring R and for each positive integer n, put
rAnnR(QR)(n) ={rr(U")|U C R}
and
rAnn g (27 ) = {rRp (VIV C R2] ).

Also for a polynomial f(x) € R[], let Cy denotes the set of coefficients of f(x)
and for a subset S of R[z], let Cs denotes the set (J;cq Cy-.
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Proposition 3.13. Let R be an Armendariz ring. Then for every positive
integer n; the map ¢ : rAnng(2%),,) — rAnnR[x}(QR[”])(n);A — AR|x] is
bijective.

Proof. Let U be a subset of R. Since rg(,(U") = rr(U")R[z] so ¢ is a well-
defined mapping. Obviously ¢ is injective. Now we prove that ¢ is surjective.
First we show that for every fi, fa, ..., fn € R[x] then

TR[m](flf?fn) = TR[:E](Cﬁ CfQCfn)

Let g(z) = Y bjal € TR[z) (f1f2--fn). Then (fife...fn)g = 0. Since R is
j=0
Armendariz, by [1, Proposition 1] (aias...a,)b; = 0 for every a; € Cy, and
b € Cy. Thus Cf Cy,..Crg(x) = > CfCy,..Crb; = 0. It follows that
j=0

g(w) € rg)(CpCf,...Cy, ). Conversely we can prove similarly. Now, let S
be a subset of R[z]. Hence we have rg;)(S") = rrp(Upesififo--fo}) =
Npes TR f1f2fn) = Nj,es TREN(CHC--Cr) = TR (Uj,es CrnCra--Cr)-
On the other hand, it is clear that (Cs)" = U;cqCnCf,..Cy,. Since for
every subset U of R, rg(,)(U) = rr(U)R[z], thus rg;)(S") = rgp)((Cs)") =
rr((Cs)™)R[z]. It implies that ¢ is surjective and the proof is complete. O

Theorem 3.14. Let R be an Armendariz ring. If R is a generalized right
Baer (resp. m-generalized right Baer) ring, then R|x] is generalized right Baer
(resp. m-generalized right Baer).

Proof. Assume that S is a subset of R[x]. Since R is generalized right Baer,
rr((Cs)™) = eR for some idempotent e € R and positive integer n. Hence by
Proposition 3.13, 7g[;)(S™) = rr((Cs)") R[x]. Tt follows that 7, (S™) = eR|[x],
and R[x] is a generalized right Baer ring. O

Theorem 3.15. Let R be a ring. If R[x| is a generalized right Baer
(resp. n-generalized right Baer) ring, then R is a generalized right Baer (resp.
n-generalized right Baer) ring.

Proof. Let S be asubset of R. Since R[z] is generalized right Baer, g, (S™)
e(z)R[x] for some (e(r))? = e(x) € R[r] and positive integer n. Assume eq is
the constant coefficient of e(x). Then €3 = eg. Since S™e(x) = 0, S™ey = 0.
Hence egR C rr(S™). Conversely, if b € rr(S™) then S"b=0,b € rr(S")NR =
e(z)R[x] N R. So b = e(x)h(x) for some h(x) = hg + hix + ... + hpa* € R[z].
It follows that b = ephg hence b € eyR. Therefore rg(S™) = egR, and R is
generalized right Baer ring. U
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Since every reduced ring is Armendariz, by Theorems 3.14 and 3.15, for
some n = 1 immediately implies the following corollary.

Corollary 3.16. [2, Theorem B] Let R be a reduced ring. Then R is a
Baer ring if and only if R[z] is a Baer ring.

Corollary 3.17. [16, Theorem 10] Let R be an Armendariz ring. Then
R is a Baer ring if and only if R[z| is a Baer ring.

The following example shows that there is a large class of Armendariz and
generalized right Baer rings which are not Baer and satisfying in Theorem 3.14.

Example 3.18. (i) Let R be a reduced Baer ring. Then by [16, Proposi-
tion 2] the rings S(R,2) and S(R, 3) are Armendariz. Also the rings S(R,2) and
S(R,3) are generalized right Baer by Theorem 3.2. Thus the rings S(R,2)[z]
and S (R, 3)[x] are generalized right Baer which are not Baer, since the rings
S(R,2) and S(R,3) are not reduced.

(m) Since by [1, Theorem 2] the ring R is Armendariz if and only if R[z]
is Armendariz. Hence the rings S(R,2)[z] and S(R, 3)[z| are also Armendariz.
Thus the rings (S(R,2)[z])[y] and (S(R,3)[x])[y] are generalized right Baer by
Theorem 3.14.

(13i) Let R be a reduced Baer ring. Then by [1, Theorem 5], the ring
Rlx]/(z"), (and hence the ring T'(R,n)) is Armendariz for each n > 2. Also
by Corollary 3.9, the ring T(R,n) is n-generalized right Baer. Thus the ring
T(R,n)[x] is generalized right Baer which not Baer.

From [17], a ring R is called an power-serieswise Armendariz ring if when-
ever power series f(x) = > a;a" and g(x) = ) bja’ satisty f(z)g(z) = 0 we
i=0 §=0

have a;b; = 0 for each ¢ and j. Power-serieswise Armendariz rings are Armen-
dariz.

Following [17], for a ring R and for each positive integer n, put

rAnnR(QR)(n) =
{reU™)|U C R}, rAnngy 8 ) = {rg;(V™M)IV C R[] }.

Proposition 3.19. Let R be a power-serieswise Armendariz ring. Then
for every positive integer n; the map

P rAnnR(QR)(n) — rAnnRHx}(QR[ H)(n) A — AR|[[z]]

is bijective.
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Proof. The proof is similar to that of Proposition 3.13. U

Theorem 3.20. Let R be a power-serieswise Armendariz ring. If R is a
generalized right Baer (resp. n-generalized right Baer) ring, then R[[z]] is also
a generalized right Baer (resp. n-generalized right Baer) ring.

Proof. The proof is similar to that of Theorem 3.14. ]

Theorem 3.21. Let R be a ring. If R[[z]] is a generalized right Baer
(resp. n-generalized right Baer) ring, then R is a generalized right Baer (resp.
n-generalized right Baer) ring.

Proof. The proof is similar to that of Theorem 3.15. ]

Since every abelian Baer ring is reduced and by [16, Lemma 2.3 (1)], reduced
rings are power-serieswise Armendariz, for n = 1 by Theorems 3.20 and 3.21,
it immediately implies the following:

Corollary 3.22. [16, Corollary 2.7] Let R be an abelian ring. Then R is
a Baer ring if and only if R[[z]] is a Baer ring.

The following example shows that there is a large class of power-serieswise
Armendariz ring and generalized right Baer which are not Baer ring and satis-
fying in Theorem 3.20.

Example 3.23. (i) Let R be Baer reduced ring. Then the rings S(R,2)
and S(R,3) are power-serieswise Armendariz ring and generalized right Baer
by [17, Proposition 3.3 , Corollary 3.6] and Theorem 3.2. Thus the rings
S(R,2)[[z]] and S(R,3)[[z]] by Theorem 3.20 are generalized right Baer but
those are not Baer rings, since the rings S(R,2) and S(R, 3) are not reduced.

(77) Let R be a reduced Baer ring. Then by [17, Proposition 3.3| the ring
R[z]/{z™), (and hence the ring T'(R,n)) is power-serieswise Armendariz for each
n > 2. Thus the ring T (R, n)[[z]] is generalized right Baer, by Theorem 3.20.

The following example shows that condition “Armendariz” in the Theorem
3.14 and condition “power-serieswise Armendariz ” in Theorem 3.20 are not
superfluous.

Example 3.24. Let R be the 2-by-2 full matrix ring over Z. Then R is
Baer and hence is generalized right Baer but by [14, Example 4], R[z] is not
generalized right PP (and hence it is not generalized right Baer). But R is not
Armendariz (and hence it is not power-serieswise Armendariz). This is because,
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if we take f(z) = ((1) 8) + (é _01> x and g(z) = (8 (1)) + (8 i) x, then
gty =0. 3t (5 0) (5 1) #o
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